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GREATER LOWER BOUNDS FOR ODD PERFECT NUMBERS
By
Beauregard Stubblefield

IyTRODUCTION. A number N is perfect if the sum of its factors is twice
that number. The problem of finding perfect numbers dates back to ancient times.
The foremost pioneer in this area of study was Euclid [1} who proved in his
ninth book the following theorem:

1f P and 2%*p - 1 are prime numbers, then the number

(2%*(P-1)) (2**P - 1)

is an even perfect number. This condition is both necessary and sufficient.

Euler has discovered eight values of P satisfying the above conditions.
They are: P =2, 3, 5, 7, 13, 17, 19, and 3l.

As of today there are twenty-four known perfect numbers. Each of these is
even. Neither has anyone £found an odd perfect number nor has anyone determined
whether or not one exists.

Kanold [2] has proved that if an odd perfect number exists then that num-
ber is greater than 18**23. Tuckerman {5] showed that there is no odd per-
fect number less than 18**36. More recently the writer [4] provided a newer
method by which, when a natural number M is given, one either {a) can f£ind an
odd perfect number less than M or (b) can determine that an odd perfect num-
ber less than M does not exist. Using this method the writer showed that any
odd perfect number, if one exists, is necessarily greater than 18**58. Using
this same method, nouhit is shown that there is no odd perfect number less than

18**1Gd. In this case, we let M be lg**1808 and prove both Theorem A and

Theorem B below.
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Theorem A: 1f an odd perfect number has a prime factor less than 8, then that
number is greater than 18%*194.
Theorem B: If an odd perfect number has no prime factor less than 8, then that
number is greater than l@**1p8@. %
Proof of Theorem A: This theorem is proved by exhausting all of the pos-
sil.:le cases for the primes 7, 3, and 5 in that order. Several propositions are
used to eliminate these cases. Most of these propositions have proofs which are
based on the following considerations:

(1) 1I1f N = P1**gl x P2**E2 x ... X Pn**En where the Pi's are distinct
primes apd the sum of the factors of N is s, then the sum of the
factors of 1 is giwven by

n
5/ N o(Pi**Ei) (1)
i=]

(2) If N is a perfect number, (i.e., the sum of its factors is 2 x N)
then

n
1/2 = T Pi**Ei / o{Pi**Ei) (2)
i=1
. This latter condition is sufficient as well as necessary.

The following propositions are used repeatedly in the detailed proofs of

lemmas and theorems which are included in this paper. In the propositions, let

P**E{ |N stand for *E is the largest power of P in N." In the proofs of the

lemmas and theorems, we let P**E sgtand for P**E||N.

.
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PROPOSITION 1:

PROPOSITION 2:

PROPOSITION 3:

PROPOSITION 4:

PROPOSITION 5:

Suppose

{1) that N is an odd perfect number,

(2) for some prime P and natural number E, P**E||N,

(3) r{P**E) has a factor Q that is not a perfect square,and

{4} there is no prime factor F of Q and natural number X,
where X(Mod 4) = 1, such that F#**Xj|N.

Then, for some prime factor R of Q it is true that R % ¢ di-

vides N. In particular, if in addition Q has no prime factor

less than or egual to its cube root, then Q**2 divides N.

If N is an odd perfect number,exactly one of the applicable num-

bers o(Pi**Ei)" is even and that one contains 2 as a factor

exactly once. (Note: This can happen only for primes FP{Mod 4)

= 1.}

The proof follows from (2} in that each Pi is odd and the

expression on the right reduces to 1/2.

No prime P Ean appear as a factor of an odd perfect number

exactly E times where E{Mod 4) = 3. The procf follows from

the fact that if P ig a prime and E(Mod 4) = 3, then the

integer o{P**E} is a multiple of 4.

If N is an odd perfect number written as a product of powers

‘of distinct primes, then no prime P(Mod 4) = 3 can appear to

an odd power.

For an arbitrary integer M, let 0 be an odd perfect number
less than M, P be any prime nuhbe; and let € be a positive
integét such that P¥* {2XE} is greater than 2 x M. Then P**E

cannot be a factor of O.



PROPOSITION 6: If
n
IT (Pi**Ei)/ o(Pi**Ei) < 1/2
i=]
for n distinct primes Pi, then
n
n (Pi**E{i)
i=1
cannot be a factor of an odd perfect number.
PROPOSITION 7: The number 33 5x7 cannot be a factor of an odd perfect number.
For the indicated primes P the numbers listed in the next proposition
cannot be factors of any perfect number.
PROPOSITION 8: (A) The number 3x5x11xP where 12 < P < 72.
(B} The numbe=r 3x7xl1lxP where 16 < P
{C} The numberr 3x7x11x29xP where 3@ < P < 138.
{D} The numbe=r 3x7x1lx31xP where 36 < P < 104.
{E} The numberr 3x5**2x11xP where for any P.
(F) The numberr 3x5**2x13xP where 16 < P <- 44,
{(6) The number 3x5**2x17xP where 18 < P < 128.
() The numbe=r x5**2x19xP where 22 < P < 98.
(I) The numbe=r 3x5**2x23xP where 2B < P < 48.
PROPOSITION 9: Let N be an odd perfect number.
1f:
{A) P(Mod 18) = 1 and P**Z||N or
() P{Mod 18) = -1 and P**xX||N,
where Z{Mod S) =4 and X{(Mod 4) = 1, then

3 x 7 cannot divide N.

——— =




PROPOSITION

LEMMA O

THEOREM O:
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13: No odd perfect number N which is relatively prime to 185 car

be less than 16**1868. (This is actually Theorem B.)

If 0 is an odd perfect number, P is a prime, E is a natural
number such that P#**E||0, then there exist m distinct primes
Pl, P2, ..., Pm and natural numbers El, E2, ...,Em such that
for each i, '
Pi**Ei| [0, Pla(Pi**Ei)
and
m
P**E | 1 o(Pi**Ei). Note: E > m.
i=1

Proof: The proof follows immediately from (1).
Let the Pi's and the Ei's be given as provided in Lemma O
for the given P**E, then

n

M (Pi**Ei} > P**E/2% 4R,

i=1
Proof: For each i, from

Pi**Ei > «@Pi**(Ei-1)
it follows that
Pi**E{ > 1/2 o (Pi**Ei).
Hence:

m mn
N({pi**Ei) > n{(l/2 o (Pi**Ei} 2 P¥¥E/2%*E,
i=1 i=1 .
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DEFINITION l: Let N be am o0dd perfect number and M be a natural number,
Two primes ® and Q are said to be minimal with respect to
N and M prowided
.{A) P**T||N and Q| o(P¥**T), for some natural number T.
(B} Other tham the prime R=PFP "or pessibly for primes
R{Mod Q) == O-1, and except possibly for W{Mod 4) = 1,
there is mo ordered pair (R,W) where R is a prime
and W 48 a natural number for which a{R**W) :ls‘ di-
visible b= Q and at the same time, R**W < M.
PROPOSITION 11: Let N be awx odd perfect number and M be a natural number.
If two primes P and Q are minimal with respect to N and M,
and if at the =Same time thete exists a prime R{other than R=P),
and a natural munber ] such that R**W|IN and Q| o(R**W),

then either R **H > M o0or W(Mod 4) = 1.

THE MAIN THEOREM

The main result of this paper follows immediately from the following two

theorems.

THEOREM A: IF AN ODD PERFEC™C NUMBER EXISTS AND CONTAINS A PRIME FACTOR LESS
THAN 8, THEN TH.AT NUMBER IS GREATER THAN 10**100.

THECREM B: IF AN ODD PERFECT NUMBER EXISTS AND CONTAINS NO PRIME FACTOR LESS

THAN 8, THEN TH AT NUMBER IS GREATER THAN 10**100.
The proof of Theorem-A m ay be obtained on micrefiche at the Environmental
Research Laboratories, National Oceanic and Atmospheric Administration, Boulder,

Colorado, 80302. The proof of " Theorem B is appended.
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Now, we can state our main Theorem.

The Main Theorem. There is no odd perfect number less than 10*%100.
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PROOF FOR THEOREM A

Except where otherwise indicated, for each case or sub-case of each
block or sub-block, lemma or theorem, used in the proof of Theorem A, we let

X(Mod 4) = 1, Y(Mod 3) = 2, Z(Mod 5) = 4, U(Mod 7) = 6,

V(Mod 11) = 18 and W(Mod 13) = 12.

In the proof of a theorem, in many cases, we represent a large fac-
tor of S{P**E) by the letter Q. Although in most cases this factor igs deter~
mined to be composite, wusually it is stated that 4] has no prime factor less
than a certain number, say 10,808,809, Sometimes this is indicated by

QHNPFLT 18 ,006,088.

The following sub-block is used in Block 151.

(A) 3941**% Prop 1 (D) 3841**g N Exceeds M
2x3x%x3x13x13 29x337x9871x811651xP
(B) 3841**Y N Exceeds M (E) 3041**A N Exceeds M
P
{C) 3041**7 N Exceeds M
5x1lx6481xP

Block 151 This block, labeled Block 151, is used in the proof of several of
the following related theorems. Except where indicated to the con-
trary, each subcase is eliminated by N exceeding M. It is used only
when it is assumed that the prime 5 divides W or whenever suffi-
ciently small primes divide N.

Note 5(411448913311%**4) = 5x1#1x191x251x251x80651x415861xQ

{ 1) 151%*Y Proposition 6
3x7x1093

{ 2) 151+*%Z 104678301%*X 43649%*Y 26557**Y Proposition 7
5xP 2x11x1@9xp Tx37x277xP 3x283xP

( 3} 151%*7 184678301%*X 43649%*Y 26557%*2 N Exceeds M
SxP 2x11x189xP Tx37x277xP 1llx161x541xP

- ( 4) 151**3Z 104676301 **X 43649**Y 26557%*A N Exceeds M

5xp 2x11x109xP 7x37x277xP )

{ 5) 151%*g 1946783@81**X 43649%%4 411448913311**2 Proposition 7
5xP 2x11x109xP 61lx61x2371xP 3x7x129x439x2311x22839xP

{ 6) 151*%37 1846783081 **X 43649%*4 411448913311 %*4 N Exceeds M
SxP 2x11x189xpP 61x61x2371xP (See above)

{ 7) 151**z2 104678301%*X 43649*%%4 411448913311**8 Proposition 5§
S5xp 2x11x189xP 6lx61lx2371xP

{ 8) 151**2 1846783081 *%*X 43649**p N Exceeds M
SxP 2x11x189xP - 43xQ Q is composite and (QHNPFLT 10,800,008

PR
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(10)
(in
(12)
(13
{14)
(15)
(16)
(17
(18)
(19}
(20}
(21)
(22)
(23)
(24)
(25)
{26)

151%**Z
5xP
151%%g
5xP
151#**2
SxP
151+%*g
5xP
151**2
SxP
15]1%**z
5xP
151**2
Sxp
151%%37
SxP
151*+Z
S5xp
151*%#*2
Sxp
151**z
SxP
151##g
1499xp
151**6
1499xp
151%*§
1499xP
151*#*g
1499xpP
151**5
1499xP
151**g
1499xP
151**10

104670301%*X
2x11x109xP
104670301**%
2x11x109xP
104670301*>Y
3x1549xP
104670301%*y
3x1549xP
104670301**y

3ix1549xP QHNPFLT 3 million

10467030)**y
3x1549xp"
104670301**4
5x1376461xP
104670301%*¢
5x1376461xP
104670301**4
S5x1376461xP
104670301**5
7x631xQ
104670301**E

7960538843 %*Y
P
7960598843*»y
P

7960598843**Y
4
7960598843%*4

31x41x11897351xQ QHNPFLT 11,897,351

7960598843%*6

7x197x337x743x3389x117209xQ QHNPFLT 4,200,001

7960598843%*p

23x14864609x18145704541823

{27)
{28)
{29)
(30}
(31)
(32)
(33}

151*%12 1414519880078598368963321713*%]

P

P
151*#%12 1414519880078598368963321713%*G

4
151**16

148768021xQ

151**18
3041xp

151%%*22
599x9109xQ Q

151#%%g

9

43649%*]10 BK 18742307

11x23x89x18742307xQ QHNPFLT 23,199,947 )

43649**C BK 43649
2357622555649 %*X BK 339226267
2x5x5x139x339226267
2357622555649*»2 Proposition 7

Ix7x31x20959xQ

2357622555649%*4 Proposition 6
11xQ
2357622555649**D Proposition 5

17440542156505477796383741%%]1 Propesition 1
2x53x17417xP
17440542156505477796383741*%*2 Proposition 7
3x7x109x763x124819x0
17440542156505477796383741**DD Proposition 5

BK 631
Qg is composite and QHNPFLT 10,000,000
Proposition 5

63371133947133537493**]
2x113x1493x1736347xP
63371133947133537493#%%2 BK 694951

3x103x1009x694951x0 QHNPFLT 8,799,997

63371133947133537493**EE Proposition 5§

Proposition 11

N Exceeds

M
N Exceeds M
Proposition 5

M

B Exceeds

Proposition 1

2x7x29x31xQ Q 1is composite and QHNPFLT 48,499,999
151+%*12 1414519880078598368963321713%%2 : BK 43
3x43x2647xQ QHNPFLT 600001

Proposition 5

N Exceeds M

Q has no prime factor less than 148,000,000

Block 3041
BK 9109

is composite and has no prime factor less than 213 million

N Exceeds M
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Block 79 This block is used as a sub-block in Block 23. The details are giv-
en elsewhere in this paper. -
T9krZ 39449441**x PR11 - 79%%¢ 1289%**Y 13093**Y 57146581**YPR 6
To**g 39449441**Y PR 6 79%%g 1289*%*Y 13993%*Y 57146581**Z NO>M
TFgrug 39449441**4 PR 7 79%%g 1289%*Y 13893**Y 57146581**C N>M
79% %3 39449441**¢ N>M  79*%6 1289%*Y 13893**4 N>M
T9**Z 39449441*%A PR 5 79%*%*g 1289%*Y 13893*+%¢ N>M
7o*eg 1289**% PR 7 79*%g 12B89%%Y 13893**D N>M
79*%6 1289**Y 19293%%X £547**Y PR 6 79**1@ 1750258119644519**E N>M
79%%§ 1289%*Y 1P393%*Y §547*%%¢ PR 6 79*#12 PR 1
79%*§ 1289**Y 1@393**X 6547**1@ N>M T79%*)1§ PR 1
79%%§ 1289*%*Y 18393**X 6547**12 N>M 79%+*18 N>M
79%k§g 1289%*Y 1@393%*X 6547**B PR & 79*%22 N>M
Tortg 1289*%*Y 1@2393%%Y 57]146581**XN>M T9¥+F N>M
Block 23 This block of sub-cases is used in several lemmas and theorems., Ex-
cept where indicated otherwise, each sub-case leads to the contra-
diction, N Exceeds M. Whenever this block is used, the assumption
is that 3**4 divides N and at least one of the primes 11 and 13
divides N. An alternative is to have a collection of sufficiently
small primes each to divide N.
Note S(75013**4) = 11 x 491 x 2851 x 1046881 x 1975511
5(4B80393499**2) = 3 x 19 x 43 x 18] x 463 x 1123547317
5(889453**4) = 1] x 1851 x 1381 x 4691 x P
23%*y 79%*yY PR 6 23%*§ S336717%*X B889453%*y N>M
Tx79 3Ix7x7x43 29xP 2x3x889453 3x37xP
23**Y To*+R Bk79 23¥%*g 5336717**X B889453**3 N>M
7x79 29xP 2x3x889453 (See above)
23x%7  292561**X 7699%*y 249]19%*y 23%*%g 5336717**X BBI4AS3I*+F N>M
P 2x19x7699 3x13x61xP 3xP 29xp 2x3xB889453
23%%7  292581**X T699%*Y 249]9%*4 23**§ 5336717**Y 70671349069**XPR7
P 2%19x7699 3x13x61xP 11xP 29xP 13x31xP 2x5x7x7xP
23%*3  292561**X 7699%*Y 249]19%*A 23*%6 5336717%*Y 7P6T71349969**LN>M
P 2x19x7699 3x13x61xP 29xP 13x31xp
23*%Z  292561**X 7699%+%4 N> M 23%%§ 5336717*%4 N>M
P 2x19x7699 14746751xp 29xP P
23%%7  292561**X T699**6 N> M 23%%g 5336717*%6 Jr*g N>M
P 2x19x7699 379xP 29xp 7xQ Q is composite 10m
23%%3 2092561 %*x 7699**B N> M 23%%§ 5336717**H PRS
P 2x19%x7699 29xPp
23**7 292561**Y 168820969**X PR & 23**]¢g 393723P404603**2 N>M
P 3x13x13xP 2x5x16882097 1lxp 463x3511xP
23%%7  292561**Y 168BB20969**Y PR & 23**10 3937230494603 **] PR5
P 3x13x13xP 3x7x79x97xP 11xP
23**7  292561**Y 168820969%*4 N> M 23%%}2 489393499%+*2 N>M
P 3x13x13xP 11x661x153871xQ{com) 1Bm47691619xP {See above)
23*%*7  292561**Y 16B320969%*C N> M 23%*]12 480393499*+J N>M
P °~  3x13x13xP 47691619xP

vl ——— . - .~
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23%%2 292561%#4 T151**y PR 7 23**16 62246266355102810647**2 NO>M
7x79 5x11x7151xP 7x19x19x37x547 103xP 3x7x21751x526657xQ 9.6M
23%%7  292561**4 T151%%4 PRBE 23**16 62246266355102810647**K PRS
P 5x11x7151xP 5x211x751xP 103xP
23**%  292561**4 7151 %%§ N> M 23**18 2129%*]1 N>M
Tx79 5x11x7151xP 1051xP 2129x%Q 2x3x5x71
23%%7  292561%%4 7151**p N> M 23**13 2129%*L, N>M
P Sxlix7151xPp 2129xQ Q 1is composite 2l6m
23%Rg  292561**§ N> M 23*4R N>H
P 911x75013x180307x17551493x2899469274619
23%%Z  292561**E PR 5
In Block 23 it is given that S({7151**6) = 1051 x 1 2725026295 6073990307.

To show that Q = 1 2725026295 6073990307 is a prime number, for each prime

factor P of Q-1w= 2 x 3 x 7 x 47 x 53 x 49843 x 24402341261, we find a

prime Px which is relatively prime to Q such that both of the following are

true.
Px**{Q-1) [Mod Q) is 1 and Px**[(Q-1)/P] [Mod Q] is not 1
{See Table I below)
P Px Px**(Q-1) [Mod Q] Px**[{(Q-1)/P] {Mod Q]
2 3 1 1 2725026295 6073990306
3 5 1 7057563201 8757572883
7 3 1 1 0854797986 7438308051
47 3 1 6483710127 1726662474
53 3 1 91643383850 1012710895
49843 3 1 8258383564 5609679796
24402341261 3 1 7370846911 6711502041

TABLE I

-



Lemma 1.1
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If 5 x 11 x 13 x 17351*%2 x 21787%*2 is a factor of an odd perfect
number N which is less than M, then _ -

{1) there is no Y such that Y¥(Mod 3) = 2 for which 1063**Y||N
(2) there is no 2 such that 2Z{Mod 5) = 4 for which 1063**Z|]|N

In the proof of this Lemma, we consider the following fractions in
which each denominator is the sum of the factors of the correspond-
ing numerator.

(A) 1063%*2
3x377011
(B) 1063**4 989955251**2 31576445701%*]
1291x989955251 43x823x877x31576445701 2x103x503x304739
() 1063%%3 989955251%*2 31576445701%*2
1291x989955251 43x823x877x31576445701 3xQ (composite)

Proof for (1)

First, we assume that the hypothesis of Lemma 1.1 is true and that
for some Y such that Y(Mod 3) = 2, 1063**Y{{N. S(1063**2) which
is equal to 3x377011 necessarily divides N contradicting Prop 8A.
Therefore, the first assumption is false and (1) is proved.

Proof for (2)

Next, we assume that our hypothesis is true and that for some
such that Z{Mod 5) = 4, 1063**Z2||N. S5(1063**4) = 1291:989955251
divides N, By Prop. 4, {f 989955251**W||N for positive W, W
is even. By Prop. 5, there is no integer W greater than 5 for
which 989955251**W| |N. Hence, either (A) 989955251**2||N or
(B) 989855251**4||N.

If (A), then $(989955251**2) = 43x823xB77x31576445701 divides N.
If for some positive integer X such that X{(Mod 4) = 1}, it fol-
lows that 31576445701**X||N, then 103x503x304739 divides N mak-
ing N greater than M, contradicting our hypothesis., Prop. BA
makes 3156445701**2||N false and Prop. 3 shows that the expression
31576445701**3| [N is false. If 31576445701**4||N, then N is
greater than M, again contradicting our hypothesis. All of the
possibilities for 3176445701 have been exhausted.

Finally, if 989955251**4||N, then it is true that the product of
{A) 5x11x11x13x17351x17351x21787x21787x1063**4x98995525]1**4 and
(B) the sum of the factors of 989955251**4 also divides N. It
follows that W is greater than M under these conditions., Thus,
we have a contradiction of our hypothesis. Hence, our second as-
sumption is false and Lemma 1.1 is true.

el by wr
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Theorem 1 Suppose both that N is an odd perfect number less than M and that
for some Y such that Y{Mod 3) = 2, 17351**Y||N. Then for no 2
such that Z(Mod 5} = 4 does 31#+*Z||N.

Note S(31%**4) = 5 x 11 x 17351 S(17351**2) = 13 x 1063 x 21787

Block 1409

1409**x PRBE 1409**6 7830225998024225671**Y PREA

2x3x5xP P 3x1543xQ

1409%%y 283813%%¥ PR11 1409*%g 7830225998024225671**B PR 5
7xP 2xp P

1409+**y 283813**y PR 7 1409**10 PR 1
TxP 3x433xP 11x23x331x419x617x34871xP

1409%*y 283813%*A N> M 1409**C N> M
7xP

1409%%yg N> M

431x10151xP

Proof It is sufficient to show that, except for the conclusion, any other

possibility leads to a contradiction.

Possibilities And Reasons By Wnich They May Be Excluded

10g3**¥ where Y 1is congruent to 2 {Mod 3) Lemma 1.1
xP
1063**2 where 7 1is congruent to 4 (Mcd 5) Lemma 1.1
1291xP
1063**6 1768581264143%*2 62204210394254443**2 Proposition 8A
337x2423xP 19x19x139291xP 3xQ
1063*%*5 . 1768581264143**2 62204210394254443%*a Proposition 5
337x2423xP 19x19x139291xP
1063**g 1768581264143**B N Exceeds M
337x2423x%P
1063**1¢ 1409%*E Block 1409
1409xQ Q is composite and has no prime factor less than 100 million
1063%%]12 1951%*Y Proposition 8A
1951xP 3x79xP
* 1063%*12 1951**4 % N Exceeds M
1951xP 5x11xP :
1063**12 ' 1951**g 4765137847**Y Proposition 8A
1951xP 43x113x197x12097xP IxQ
1063**12 1951%*%§ 4765137847%%4 N Exceeds M
1951xP 43x113x197x12097xP Q{Comp) QHNPFLT 22 million
1063**]12 1951#%%¢ 4765137847%*p Proposition 5
1951xP 43x113x197x12097xP
1063%%]2 1951**G N Exceeds M
1951xP

1063**H N Exceeds M




Lemma 2.1

Proof

11*xy
7x19
11**y
7x19
1) **y
7x19
11>y
7x19
11**>y
7x19
11x*y
7x19
11**Y
7x19
1i**y
7x19
11w+*y
Tx19
11**Y
7x19
11**y
7x19
11%*y
7x19
J1w%y
7x19
11%+*y
7x19
11%*y
7x19
11**Y
Tx19
1i**y
7x19
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1f N 1is an odd perfect number less than M, and if for some 2,

Z(Mod 5) = 4, 31**Z||N and also 17351%*6|IN, then neither of the
following can happen.

(R} 11**Y|IN (B 11**z||N

Note S(31**4})= 5 x 11 x 17351 and S({17351**6) is'composite and

"has no prime factor less than 1,000,000,000.

It is gufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

19**y Proposition 7
Ixlz27

19**3 Block 151
151x911

19**g 70B41%*X Proposition 8E
701xPp 2x3xP

19*+g 70841%*y 39103**y Proposition 7
701xP 128341xP 3Ix7561xP

19**p 70841**Y 39103%+%3 N Exceeds M
701xP 128341xP - 11x57344741xP

19**g 70841**Y 39103%*¢ N Exceeds M
701xP 128341xP 7x43x7547x13004671xP

19**p 70841%*y 39103%*A N Exceeds M
701xp 128341xP

19**6 70841%**4 1163018639068051**2 Proposition 7
701xp 5Xx61x71xP 3xQ

19**¢ 70841**4 1163018639068051**8 Proposition §
701xP 5x61x71xP

19% %5 70841**6 N Exceeds M
701xP 7x29x6301xP

19**6 70841**C N Exceeds M
701xP

19**10 62060021**X Proposition BE
104281xP 2x3x3x47x109x673

19*+10 62060021%*Y 17748600316039%*2 Proposition 7
104281xP 7x31xFP 3xQ

19%%]1Q 62060021**y 17748600316039**D Proposition 5
104281xP T7x31xP .
19**]10 62060021*%*4 N Exceeds M
104281xPF 5x71%251xQ CQ is composite and QHNPFLT 16,000,000
lo*+*10 62060021**E N Exceeds M
104281xpP

19+#%12 133338869**X Proposition 7

599x29251xP 2x3x3x5x7x113x1873




li
i5
l 11**Y 19**12 133338869*%2 29251 **y Proposition 7
Txl9 599x29251xP 56094673xP Ix193xP
11**Y lg*#12 133338869%*2 2925)**4 N Exceeds M
7x19 599x29251x?P 56094673xP 5x41xP
l 11%+Y 19%*]12 133338869%*2 29251**¢ N Exceeds M
Tx19 599x29251xP 56094673xP
11%*Y 19#%12 1333388693**4 N Exceeds M
7x19 599x29251xP 11lxP
11**Y 19*#%12 133338869**G N Exceeds M
Tx19 599x29251xP
1lawy 19#*]¢ 99995282631947*%2 N Exceeds M
7x19 3044803xP 67x87403x1311127x10050613x129574807 .
11%*y 19%*16 9999528263194 7**H Proposition 5
l Tx19 3044803xP
1lw*y 19*+18 109912203092239643840221%*1 Propesition 1
Tx19 P 2xQ (composite) QHNPFLT 40,000,000
i ll#a»y 19%+18 109912203092239643840221**] N Exceeds M
Tx19 P s
I 11%2*y 19%*22 N Exceeds M
7x19 277x2347xQ Q is composite QHNPFLT 141 milliocn
- 1l1l**Y 19*%*28 N Exceeds M
7x19 59x233xQ Q 1is composite QHNPFLT 160 million
1l#*y 19%#30 243270318891483838103593381595151809701**1 Proposition 1
Tx19 P 2x24229%32579x327689x886799x10857851xP
11**y 19*%30 243270318891483838103593381595151809701**F Proposition 5
Tx19 P
11l#**y 19**K N Exceeds M
Tx19
11%*Z 3221%*L, 4 Block 3221
5xP
_ Note:
l 5(99995282631947%*2) .. 67 x 87403 x Q where Q = 17 0748887314 7914650757,
To imply that { is composite, it is sufficient to state the fact that
3**x{Q-1) [Mod QI = 8 5463011244 5861196967
l which is not congruent to 1 modulo Q.

-



Lemma 2.2

Proof

17351%%*6
17351%*6
17351*%¢6
17351**§
17351%*6
17351*%*6
17351*%¢
17351*%¢
17351**6
17351**6
17351**6
17351**6
17351**6
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If N is an odd perfect number less than M, and if for some I,
Z(Mod 5) = 4, 31*%*z|iN, then neither of the following can happen.

{a) 17351**6}|N {B) 17531**10I11iN
Note §(31**4) = 5 x 11 x 17351

Block 15797

15797**X Proposition 8E 15797*%6 N Exceeds M
2x3x2633 {Comp) 43x337xQ QHNPFLT 200 million
15797*vy N Exceeds M 15797**10 N Exceeds M
249561007 (Comp)11x463xQ QHNPFLT 10,000,000
15797**2 N Exceeds M 15797%*A Proposition 5
17311991xP

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Note S(17351**6) has no prime factor less than 1,000,000,000

Possibilities And Reasons By Which They May Be Excluded

11%*Y where Y(Mod 3) = 2 Lemma 2.1

11**g where 2(Mod 5) = 4 Lemma 2.1

lle*g ~ 45319%*Y Proposition BA
43xP 3x127xP

11**6 45319%*4 27935336611728311%*A N Exceeds M
43ixP 151xP

11**6 45319**§ N Exceeds M
43xP 7Tx953x4327x7841x108B66969xP

11**§5 45319**B N Exceeds M
43xP

11**10 1806113%*x where X(Mod 4) = 1 Proposition 8E
15797xP 2x3x17xP

11*#10 1806113*%*Y 171686630257**X Proposition 1
15797xP 19xP 2x11x13x7727xP

11**30 1806113%*Y 171686630257**C N Exceeds M
15797xpP 19xP

11**10 1B806113*%%4 4051**Y Block 15797
15797xP 4051x0Q 3xp

11**1Q 1806113*%4 4051**D Block 15797
15797xP 4051xQ Q is composite and QHNPFLT 11,100,000
11**10 1806113**E N Exceeds M
15797xP

11%*32 3158528101**X 1579264051**2 Proposition 8E
1093xP 2xP 3Ix19xP
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17351%*¢ 11ls¥%]2 3158528101%*X 1579264051**F Proposition 1
1093xp 2xp
17351*%%g 11%*12 3158528101*%2 Proposition &
1093xP IxpP
l' 17351+*¢ 11*%12 3158528101**G N Exceeds M
1093xP
17351*%*¢ 11l**16 50544702849929377**) Proposition
P 2%x23x4591xP
l 17351%%¢ 11**16 50544702849929377**H N Exceeds M
P
17351%#*6 11*%18 6115909044841454629**1 Proposition 1
P 2x5x31x70911041xP |
l 17351%**¢ 11#%]18 6115909044841454629%*] N Exceeds M
P
17351**6 11%*%22 g29%*y Proposition 1
829x28878847xP 2x5x63
17351+%g 11%*22 g29**y 1087**2 Proposition 7
829x20878847xP 3Ix211xp 3x7x199xP
I 17351*%¢ 11#%22 829%%y 1087**] N Exceeds M
829x28878847TxP 3x211xP
17351*%*6 11%%22 820%%4 N Exceeds M
829x28878847xP 11lx461ixP
I 17351%%p 114+%22 g29*x%g N Exceeds M
829x2887884TxP 71x31149623xP
17351*%5 11%%22 §29¥%*K N Exceeds M
829x2887884TxP
I 17351%%6  114#28 523%4y proposition 8A
523xp 3x13xP
17351%*¢ 11%#%2g 523%%y N Exceeds M
523xP 3491xP
17351**%¢ 11+%*28 B23R*y, N Exceeds M
l 523xP
17351**6 11**39Q 2428541**1 Proposition BE
2428541xQ 2x3x3x3x3x3x19x263
17351*%¢6 11**30 2428541**R N Exceeds M
l 2428541xQ Q is composite and has no prime factor less than 1Bil
17351%**¢g 11*%36 N Exceeds M
2591x36855109x136151713xP
17351**6 11l%*5 . N Exceeds M
l 17351**]0 11#*»T Block 11
™ 23xQ Q is composite and QHNPFLT 100 million
S{11**30) = 2428541 x Q where Q = 79036 5182048606 4699099041. The condition
"0 is composite* is implied by the fact that
E 5% (-1} {Mod Q] = B153 2140900143 4360868085,
]

- A——



Lemma 2.3

Proof
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If B is an odd petrfect number less than M, then not both of the
following can happen simultaneously.

(A} 31**6| |N (B) 917887137**4||N

Note Q = S(9170887137**4) is composite, is not a perfect square and
has no prime factor lees than 1,0008,000,088. BHence, if ( divides
N and if Q has no factor which appears to an odd power in the prime
factorization of N, then there is some factor P(>1,000,000,0080)
of Q such that P x @ divides N also.

It is shown easily that {f N is an odd perfect number less than M
and both 31**6| [N and 917887137**4||N, then none of the follow-
ing primes can be a factor of N.

19, 7. 3.
With this fact N must contain at least 14 factors and consequently,
it must be greater than M. We have a contradiction.
Case (1) The prime 19 divides N.

Possibilities And Reasons By Which They May Be Excluded

19**y 127%*y 5419%*2 N Exceeds M
Ix127 3x5419 3x31x313x1999

19%*y 127#%+Y 5419**a N Exceeds M
3Ix1l27 3x5419

19**y 127*%4 262289281%*] Proposition 1
Ixl27 P 2x3x3137xP

19%*y 127%*4 262209281**B N Exceeds M
3x127 P %
19**y 127%**¢ N Exceeds M
Ix127 7x43x86353xP

19**y 127#%+C N Exceeds M
Ix127

19%*g 151#%*%2 N Exceeds M
151x911 Ix7x1893

19**32 151**4 N Exceeds M
151x911 5xP

19%*2 151**6 N Exceeds M
151x911 1499xP

19**g 151**D N Exceeds M
151x911

19**§ 76841**1 : Proposition 1
781xP 2x3xP

19*%*6¢ T88414%*2 N Exceeds M
781xP 128341xP

19#%%§ 78B41**E N Exceeds M
781xP

_.m,
. e B B

[Py

-. -“

E
=




ppr=-C}

i9
19**19 N Exceeds M
184281xpP
19**312 N Exceeds M
599x29251xP
19%*1 g N Exceeds M
3044803xP
19**p N Exceeds M
l! Case (2) The prime 7 divides N.
Possibilities And Reasons By Which They May Be Excluded
II Tury Case 1
3xl9
Th*g 28@1**X Proposition 11
2801 2x3IxP
E Jang 28@1**2 4933**] Proposition 1
2801 37x43xP 2xP
Thug 2801*%%2 4933*%p N Exceeds M
2881 37x43xP
Teng 2861**B N Exceeds M
2881
Targ 4733%%] Proposition 1
29xP 2x3x3x263
T**s 47332432 N Exceeds M
29xP P
l Thug 4733%*C B Exceeds M
29xP
7**18 N Exceeds M
1123xP
I Tre]12 N Exceeds M
P
T**16 N Exceeds M
148909xP
7**18 N Exceeds M
l 419xp
Tr*22 N Exceeds M
47x3883xP
l T**D N Exceeds M
Case (3) The prime 3 divides N.
E Details for the proof in Case (3) are found elsewhere herein.
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Lemma 2.4 Suppose N is an 0dd perfect number less than M, then neither
31**2{{N nor 31**4}|N where Z(Mod 5) = 4.
1451**Y PREB 1451**6 PR]1
Tx7x19x231x73 2381x52584967x74590391
1451**4 PRBE 1451**a N>M
5x41xP
Block 93169
93169**Y 163411**Y 2045761**Y PR6 93169**Y 163411**E PRS
3x17707xP 3x19x229xP 3x7x13x43x277xP 3x17707xP
93169**y 163411**Y 2045761**4 PRG 93169¥%*Z Bkl451
3x17707xP 3x19x229xP 5x11xQ 181x24662101xP
93169%*Y 163411**Y 2045761**D N>M 93169*%%¢§ N>M
3x17707xP 3x19x229xP 12377xp
93169%*Y 163411%*2 PRSE 93169%%10 N>M
Ix17707xP 5x3011xQ & 11551xQ(composite) QHNPFLT 10m
93169%*Y 163411*%§ N>M 93169%*+F ’ PRS
3x17707xP 29x43x0) O is composite and QHNPFLT 13,599,979
Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.
Possibilities And Reasons By Which They May Be Excluded
31%%2 1735]1*%*Yy Theorem 1
5x11x17351 13x1063x21787
31%*Z 17351**4 1648012040336791**2 Proposition BE
5x11x17351 5x11xP 3x163xQ
31%%g 17351+*+%4 1648012040336791*%%8 Proposition §
5x11x17351 S5x11xP
J1r*g 17351**5 Lemma 2.2
5x11x17351 Q Q is composite and QHNPFLT 1,000,000,000
1%y 17351**10 Lemma 2.2
5x11x17351 23xQ QHENPFLT 100,000,000
31%tz 17351**C N Exceeds M
5x11x17351
31**6 917087137**X 28729%*y Block 93169
P 2x11x1451xP 3x2953x93169
31**g 9170B7137**x 28729%*4 T670501%+2 N Exceeds M
P 2x11x1451xP 2179391x7670501xP 19x47161xP
J1l**g 9170B7137%**% 28729%*%4 7670501**D N Exceeds M
p 2x11x1451xP 2179391x7670501xP
31**g 917087137%*X 28729*%p N Exceeds M
P 2x11x1451xP Tx71x197xpP
31**g 91708B7137**X 28729%*)0 N Exceeds M
P 2x11x1451xP 23xP

——tan s m oot
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31**6 917087137**X 28729**E Proposition 5
P 2x11x1451xP

314%g 917087137%*Y 38533987**Y 38047+%%Y Proposition 6
P Ix43x4447x38047xP 3x7x19x241xP Ix7x13x5302609

31**g 917087137*%*Y 38533987**Y 38047%*%4 Proposition BB
P 3x43x4447x38047xP 3x7x19x241xP 11xQ

31r*g 917087137**Y 38533987**Y 38047%%6 N Exceeds M
P Ix43x4447x38047xP 3xT7x19x241xP 43x491x547xP

I1r*g 917087137**Y 38533987 *Y 38047 **F N Exceeds M
P 3x43x4447x38047xP 3xTx19x241xP

Jl¥wg 917087137%*Y 38533987%*%4 N Exceeds M
P Ix43x4447x38047%P 93151x347071xP

J1*r*g 917087137**Y 38533987%*6 N Exceeds M

P 3x43x4447x38047xP 11243x2402107xQ(comp) QHNPFLT 15,000,000
31**g 917087137**Y 38533%87**¢G Proposition 5

P 3x43x4447x38047xP
J1nxg 917087137%*4 Lemma 2.3
Q Q is composite and QHNPFLT 1,000,000,000
31**6 917087137**H Proposition 5

For the tenth case of Lemma 2.4 it is assumed that 2B8729**g||N, This implies
that S(28729%%*6) = 7 x 71 x 197 x 57 4269244945 2968574979 divides N. Show-
ing that Q = 57 4269244945 2968574979 is prime, for each prime factor P of
Q-1=2x 3**3 x 7 x 47 x 241 x 7109 x 7177 x 26287991
we find a prime Px which is relatively prime to @ such that both of the fol-
lowing are true.
px**(Q-1) [Mod Q] is 1 and Px**[(Q-1)/P] [Mod Q] is not 1

(See Table II below)

P Px Px** (Q-1) [Mod Q] Px**[(Q-1) /P] [Mod Q]

2 3 1 57 4269244945 2968574979

3 3 1 5 3905888536 5124446960

7 3 1 68121160 3988304481

47 3 1 18 4772962671 6346081454

241 3 1 2031848477 3439737581

7109 3 1 16 2546610740 8802747656
7177 3 1 1 1512839171 0459804237
26287991 3 1 54 1893495241 1447549849

TABLE II
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Theorem 2 If 31 divides an odd perfect number N that is less than M, then
for some ¥, Y(Mod 3) = 2, 31%*Y||N.

Block 42407. The block labeled, Block 42407, 4is used in Theorem 2. Except

where indicated otherwise, each sub-case is eliminated because N exceeds M.

42407% %y 33331**Y 1230331%*y M>M 4240Q7%*y 33331**p PR5
42407% vy 333314*y 1230331**4 PRY 42407%%4 3234152111453204401**]1 N>M
42407%*Y 33331%*Y 1230331*%6 NOM 42407+%4 3234152111453204401**2 N>M
42407%*Y 33331%*y 1230331**A PRS 42407%*4 3234152111453204401%*C PR5

42407%*Y 33331%%4 N>M 42407*%6 617**D N>M
42407%%y 3333]1%*¢ N>M 42407*%*10 N>M
42407**Y 33331**10 N>M 42407%*E PR5

Block 642646908601

642646908601 **X 321323454301%%2 N>M 642646908601%*2 N>M
2xP 3x433x317071xP 3x]13xp
642646908601 **Y 321323454301*%*4 N>M 642646908601**4 N>M
2xp 5x11x11x11x265711x969011xQ 5x11x37021x717091x0
642646208601**x 321323454301 **A PR5 642646908601 **C PR5S
xP

Block 1509987

1509997#%*x 107857+%*y PRI 1509997**x 107857*+*C PRS
2x7xP 3x13x463x631x1021 2x7xP

1509997%*x 107857*#%4 Bl**y 97x#%2 N>M 1509997**Y 389559619%*2 NO>M
2x7xP 31x61xP 3x13x97 3x3169 3x1951xP AIx373x33967xP

1509997%%x 107857**4 Bl**Y Q7%*p N>M 1509997+*Y 389559619**D N>M
2x7xP 31x61xP 3x13x97 3x1951xP

1509997%*x 107857%%4 61**4 N>M 1509997*%4 N>M
2x7xp 31x61xp 5x131x21491 11x17049871xP

1509997**y 107857%*4 61**g N>M 1509997**¢ N>M
2x7xPp 31x61xP P 29xQ QHNPFLT 16,000,000

15099974+ 107857%%4 61**B N>M 1509997++E N>M
2x7xP 31x6]1xP

150999 7%*X 107857%*p N>M
2x7xP 7xQ Q is composite and QHNPFLT 10,000,000

Proof 1t is sufficient to show that, except for the conclusion, any other

possibility leads to a contradiction.

Note 5(31**10) = 23 x 397 x 617 x 150332843 S(31**%12) = 42407 x 2426789 x P

Py —




ﬁ
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31%*g
dl**p

3i*vig
23x397x617xP
31+*]10
23x397x617xP
31**10
23x397x617xP
Al*=*]1Q

23x397x617xP
31*+1Q

23x397x617xP
J1**]12

3lwx]12
31%*12
3l**12

31**16
P

31le*]g
P

il**1g
571x14251xp
3l**18
571x14251xP
31**1§
571x14251xP
31%**22

23

Possibilities And Reasons By Which They May Be Excluded

Lemma 2.4
Lemma 2.4
150332843**y See Block
139x253x642646908601
150332843%*4 6l7%*] Block 23
Q 2x3x103
150332843% %4 617%*C See Block 617
Q Q is composite and QHNPFLT 10,000,000
150332843 %*6 B Exceeds M
113xQ Q is composite and QHNPFLT 10,000,000
150332843**%3 Proposition 5
7908811%*2 Block 42407

Ix43x73x349x571x33331

7908811%%4 N Exceeds
5x11x11xP

7908811%**6 N Exceeds
7x463xQ Q is composite and QHNPFLT 10,000,000
7908811**B Proposition

751670559138758105956097+*1
2x3x11xP
751670559138758105956097**D

807006057569188747%%2

-

3x7xQ
807006057569188747**E

88770666332610762169**]
2x5x11xP

868770666332610762169**1
2x5x11xP

88770666332610762169**F

1509997x61562537x929592461824389

31**28
349x10789xQ
J1#**28
349x10789xQ
J1*%28
349x10789xQ
31%228

349x107895xQ
31**30
P
31**30
4
31**L,

10789%%]
2x5x13x83
10789%%]
2x5x13xB3
10789**2
3x7x554349)
10789**G
Q is composite and QHNPFLT 263,124,541
568972471024107865287021434301977156534824481**1
2x71713xQ
568972471024107865287021434301977158534824481%*1

349%*2
Ix]19x2143
349**H

-

N Exceeds
N Exceeds
Proposition
Proposition

N Exceeds

M
M
5
M
M

7
5

M

Block 1509997

Propoéition
N Exceeds
N Exceeds
N Exceeds
N Exceeds
Proposition
Proposition

aF
M

M

M
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If N 1is an odd perfect number less than M

then it is not true that

331**z2| |

Note 5(331**4) = 5 x 37861 x 63601

Block 37861

Bkl51
N>M
PR7
PR6

N>M

37861%*%32
5x41x101xP
37861%*2
Sx4Ix101xpP
37861*%*4
29x43xP
37861**10
23x376729x
37861**C

N.

3 divides

99244068137581**2

3x13xQ

99244068137581**B

P

N,

PEF

PR5
PR6
PR6

PR6

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction,

5(63601**4) = 5 x 41 x 271 x 1381 x 4231 x 50408381

Pogsibilities And Reasons By Which They May Be Excluded

26010319**y
3x43x9949xP
26010319%*y
3x43x9949xP
26010319**y
3x43x9949xP
26010319%*y
3x43x9949xP
26010319%%4

11x271x5806121xP

26010319*%*¢
29x71xP
26010319**p

37861% %y

11x151x421x4861x6701xP 2x11x1721

37861**C

37861%*y 10753%+y
3x37x1201xP 3x151x397x643
37861 %y 10753%*3
3x37x1201xP P
37861%*y 10753%%§
3x37x1201xP 7x29x71x0Q
37861*%*Y 10753%*10
3x37x1201xp 23x0
37861%rY 10753%%p
3x37x1201xP
Proof
Note
63601%*X
2x7x7x11x59
63601*%y 612067%+Y
3x2203xP 3Ix4B01xP
63601%*y 612067%%Y
3x2203xP 3x4801xP
63601*%*y 612067%*Y
3x2203xP 3x4801xP
63601%*y 612067%*Y
3x2203xP 3x4B01xP
63601**Y 612067**y
3Ix2203xP 3x4801xP
63601%*Y 612067%*Y
3x2203xP 3x4801xP
63601%*y 612067%*y
3x2203xP 3x4801xP
63601**Y 612067**4
3x2203xP
63601**Y 612067%*%4
3x2203xP 11x151x421x4861x6701xP
63601%*y 612067%*%¢
3x2203xP 7xP
63601**Y 612067**D
Ix2203xP

527135461**X
2x7x37652533
527135461*%2
3x41233xP
527135461**4

Proposition
Proposition
N Exceeds

N Exceeds

5x491x2537551x3563501xP

527135461**3

Proposition

N Exceeds

N Exceeds
Proposition
Proposition
N  Exceeds
Proposition

Proposition

[E] = = -

= =

BE

ey
"
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63601*%4
63601**4
63601%%4
63601**%4
63601**4

63601*%*6
43xP
63601*%¢
43xP
63601**10
23x2927xP
63601**R

In the following lemma

To show that

factor P‘ of Q-1

50408381**X
2x3xP
50408381**Y
7x31xQ
50408381**4
5x241xpP
50408381**6

Q@ Q is composite and

50408381**F
37861**X

2x11x1721

37861**G

O = 7 0320745112 1161180833

25

37861**E

that both of the following are true.

Px** (Q-1) [Mod QI

(See Table III below)

P

2

3

11

71

97

1373
21881
1072829

Px

[ PR R PN PEECIL S B E )

is 1 and

Px**(Q-1) [Mod Q]

L T

TABLE III

~J

W & & pun

QHNPFLT 16,000,000

is a prime number,

Px{(Q-1)/P} [Mod Q]

Px**[{Q-1)/P]}

0320745112
5541221865
7780455063
2741809450
8591758280
4083584758
8138717322
0949054808

Block 37861

Proposition
N Exceeds
N Exceeds
Proposition
N Exceeds
N Exceeds
N Exceeds

Proposition

7
M
M
5
M
M
M
5

S(331**10) = 11 x 23 x 89 x 7 0320745112 1161180833,

for each prime

we find a prime Px which is relatively prime to ¢

is not 1

(Mod Q]

1161180832
0601489820
6451775560
4723824845
4934717341
9682025719
6267932939
0933938960

such



Lemma 3.2

Proof

Note

331%%§
2180921xP
331#%%g
2180921xP
331*%g
2180921xP
331*%*¢
2180921xP
331**g
2180921xP
331**¢
2180921xP
331**g
2180921xP
331**6
2180921xP
331%%5
2180921xP
331*%5
2180921xP
331%*10
11x23x89xP
331**10
11x23x89x%P
331**10
11x23x89xP
331**10
11x23x89xP

26

If R is an odd perfect number less than M and both 3 and 331
divide N, then neither 331*#*5||N nor 331**10]||N.

It is sufficient to show that, except for the conclusion, any othex
possibility leads to a contradiction.
8({331**6) = 2180921 x 604842179 S§(331%**10) = 11 x 23 x B9 x P

Possibilities And Reasons By Which They May Be Eliminated

604842197%*X 100807033**2 3387352667690041**2 N Exceeds M
2x3xPp 3xP Ix67x283xP
604842197%*x 100807033**2 3387352667690041**3 Proposition 5
2x3xpP 3xp
604842197%*X 100807033%24 N Exceeds M
2x3xP 229181xQ Q is composite and QBNPFLT 10,000,000
604842197%*X 100807033%**B N Exceeds M
2x3xp
604842197%*2 365834083876629007%*2 N Exceeds M
P Ix)13x19x23563x1510819xF
604842197*%2 365834083876629007**E Proposition 5
P
604842]197%*4 218092]1%*] N- Exceeds M
11x2291041xQ 2x3x103xP
604842197*%%4 . 2180921%%2 N Exceeds M
11%2291041x0 3217xP
604842197%%4 2180921%*C N Exceeds M
11x2291041xQ Q is composite and QENPFLT 10,000,000 s
604842197**D ) Proposition 5
703207451121161180833**) 5959385178992891363**2 Proposition 8B
2x59xP 720
703207451121161180833**] 59593851768992891363**F Proposition 5
2x59xP
703207451121161180833%%2 Propesition 8B
3x7xQ
703207451121161180833**3 ’ ’ Proposition 5




27

Theorem 3 If N is an odd perfect number less than M and both 3 and 331
divide N, then for some Y where Y{Mod 3) = 2, 331**Y||N.

Block 307
307>y T33%%] 367*%2 NOM 3Q7*xy T3i3**p N>M
3Ix43xpP 3xP 3x13xP 3x43xP
307%¥%y 733%%] 367**4 NOoM 307*%%4 N>M
Ix43xp 3xP 11x281xP 1051x5231x1621
307**Y 733%%] IGTHRp N>M 307**6 N>M
3x43xP 3xP 659xP
307%%y Ta3%*2 N>M 307*%%10 N>M
3x43xP 3Ix19xpP 23x26731xP
307%*y 733%%4 N>M 307**C N>M
3x43xP 5641xp
Proof It is sufficient to show that, except for the conclusion, any other

possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

331**g Lemma 3.1
331**¢ Lemma 3.2
331**10 Lemna 3.2
331#%%12 1099917i%*Y N Exceeds M
53x37181x10999171xP 3x1929637xP

331%*12 10999171**%4 N Exceeds M
53x37181x10999171xP 5x250031x537091xP

331%+12 10999171**% N Exceeds M
53x37181x10999171xP Tx449xQ QHNPFLT 10,000,000

331**12 109991714+ Proposition 5
53x37181x10999171xpP

331**16 Block 307

307xQ Q is composite and QHNPFLT 100,000,000

331**g N Exceeds M

Corollary 3.1 If N is an odd perfect number less than M then it is not true
that S x 31 divides N.

Corollary 3.2 If N is an odd perfect number less than M then it is not true
that 3 x 5 x 331 divides N.



Lemma 4.1

Proof

Note
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If N 1is an 0dd perfect number less than M, then not both of the
following can happen simultaneously.

409%*X| IN and 41**Y| |N
where X(Mod ¢4) = 1 and Y(Mod 3) = 2,
S({OQ**I) = 2 x 5 x 41 S{41%*2}) = 1723

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

§({1723**§) = 71 x 113 x 5503 x 6014337547541

Block 990151

990151**Y
3x147739xP
990151**Y
3x147739xP
990151 **Y
3x147739xP
990151%*Y
3x147739xP
990151%*Y
3x147739xP

2212009**y PR7? 990151*%4 131%*2 17293%%2 PRE
3x7x232999334671 5x131x1021xQ 17293 Ix13xp
2212009*%4 Cor3.1 980151*%*4 131%%*2 17293%*B PR]
31xQ 5x131x1021xQ 17293
2212009**6 147739**2 PRT 990151**4 131%+C PRl
421xP 3x7x9721x106921 . 5x131x1021x493450561x2912698091
2212009**6 147739**E N>M 990151**6 N>M
421xP 7x747xQ {composite) QHNPFLT 34.4m
2212009*%*A PRS5 990151**D PR5

Block 1445413861

1445413861*%*2 43853794861**2 PR7 1445413861%*4 457091%*2 N>M
3x43x73x5059xP 3x7x19xQ 5x72161x457091xPp 220923xP
1445413861**2 43853794861*%%4 N>M 1445413861*%4 457091**B N>M
3x43x73x5059xP 5x211xQ{(comp)l2m 5x72161x457091xP
1445413861**2 43853794861 **A PR5 1445413861%*C PR5
3Ix43x73x5059xP
Block 2377 (For more details, see Lemma 13.4)
2377%*y PR7 2377%*p N>M
Ix7x629167 2213x2927149xP
2377%%4 467531%*2 9800731%*2 N>M 2377**10 PR1
401x170351xpP 22303xP 3x241x256561xP 11x23x199x10781x6963023xP
2377F %4 467531%*2 9800731**A NOM 2377%%12 N>M
401x170351xP 22303xP 4993xP
237Tn*4 467531%*%4 N>M 2377%*C PR5
401x170351xP 5x11xP
2377%%4 467531**B N>M
401x170351xp

et

-
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=

Note: S(467531%*3) = 5 x 11 x 8 6872013774 0337952351. To show that
Q = 8 6872013774 0337952351 is a prime number, the entries in Table IV

are given,

P Px Px**(Q-1) ([Meod Q] Px**[{Q-1)/P] [Meod Q]
2 3 1 8 6872013774 03137952350
3 7 1 1 8255192103 9125825032
5 3 1 8 6861794214 7798166567
6421 3 1 5 9118800537 6861825527
100217473653041 3 2 8033735183 9966439632

I
.
[

TABLE IV

Possibilities And Reasons By Which They May Be Excluded

Cra st

1723*%*Y Block 990151
r 3xP
1723%%4 Bk 1445413861
6101xP
1723**g 6014337547541 %*2 Note S(P)» 1Q¥**25 Proposition 5
7x113x5503xP P
1723*%g 6014337547541*%B Propesition 5
7x113x5503xP
1723%%]0 Block 2377
89x617x2377x() QENPFLT 1,210,000,000
1723%*]12 Jox*y Proposition 7
I 79x%x157xQ 3x7x7xP T
1723%*%12 TFIr w3 39449441**2 N Exceeds M
79x157xQ P 19x271x349x6163xP
1723%*12 Jakkz 39449441**C N Exceeds M
E 79%x1572Q P
H 1723**12 19%*6 N Exceeds M
" 79x157x0Q 281x337x1289x2017
1723++%12 79%*1J0 i N Exceeds M
- 79x157xQ 5479xP
I 1723%%12 F9%x32 157%%2 Proposition 6
E 79x157xQ 13xQ Ixp
1723*#*12 T9**12 - 157%=g Corollary 3.1
79x157xQ 13xQ 11x31xP
z 1723%#12 79%*%]12 157**p N Exceeds M
a 79x157xQ 13xQ
1723**]12 T9**E N Exceeds M
79x157xQ Q is composite and QHNPFLT 30,000,000
1723**p Proposition 5

i

.
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Lemma 4.2 If N is an odd perfect number less than M, then not both of the
following can happen simultaneously.

(A} 409%*%| N {(B) 41%*Z]|N

where X{(Mod 4) = 1 and Z2(Mod 5) = 4 ,

Note S5{409**]1) = 2 x 5 x 41 5{41**4) = 5 x 579281
1051**y 368551*%*Y 14347**Y PR? 1051%**6 165161219987*%2 N>M
IxP 3x367x14347xP 3x7x31x1E81xP 7x29x40237xP (Comp)Q QBNPFLT 30m
1051**y 36B551**Y 14347+%*7 P8E 1051*%¢ 165161219987**4 NO>M
3xP 3x367x14347xP I11x71xP 7x29x40237xP 11x11x101xQ (com)dm
1051**y 368551 %%y 14347%%§ N>M 1051*%6 165161219987**D PRS
IxP 3x367x14347xP 113x421x3697x12769xP
105]1%*y 368551%*Y 14347**A WOM 1051%**10 R>M
3xp 3x367x14347xP 23xQ Q is composite QHNPFLT 59m
1051**y 368551**4 N>M 1051**]12 4447%%Y N>M
3xP 5x2741x448631xP 53x4447xQ IxT7x79xP
1051**y 368551**6 PR7 1051**12 4447%%4 N>M
3xP Tx0 53x4447xQ 11x281xP
1051%*y 368551 **B PR5 1051%*]12 4447%*¢ PR1
IxP . 53x4447xQ 71x127xP
1051**Z 14275091%+*y N>M 1051%*]12 4447+4E N>M
5x71x241xP 19x19x31x37xBl1lxpP 53x4447x263953xP
1051*%*2 14275091*%4 N>M 1051**)¢ N>M
5x71x24]1xP 5x251x4051xP 2687xQ
1051#%*2 14275091**C N>M 1051%*F PR5
5x71x241xP 2
Proof It is sufficient to show that, except for the conclusion, any other

possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

579281**Y 1783**y Corollary 3.2
331x541x1051xP 3x829x1279

579281 *%*y 1783%%4 Corollary 3.1
331x541x1051xP 31xp

579281**Y 1783**¢ 32147832919817717593%*2 Corollary 3.2
331x541x1051xP P 3xQ

579281%*Y 1783%*p 321478B32919817717593%*A Proposition §
331x541x1051xP P

579281**Y 1783**]0 Block 1051
331x541x1051xP 11x23x727xQ Q is composite QBNPFLT 22,374,901

579281*%*y 1783x*%12 Block 1051

331x541x1052xP 131x9049xP
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579281%*Y

1783%*p

331x541x1051xP

S79281%*§
5x2131xQ
579281%*4
$x2131xQ
579281%%4
5x2131xQ
579281%*%4
5x2131xQ
579281%%4
5x2131xQ
579281%%4
5x2131xQ
579281**4
5x2131x0Q
579281%%4
5x2131x0Q
579281*%*4
5x2131xQ
579281%*%4
5x2131xQ
579281%*4
5%2131xQ
5792B1n*4
5x2131xQ
579281%%4
5x2131x0Q
579281%*¢
9241x28351xP
579281%*§
9241x28351xP
579281**¢

9241x28351xP

579281%%¢
9241x28351xP
579281**¢
9241x28351xP
579281%*g
9241x28351xP
579281*%6
9241x28351xP
579281%*4
9241x28351xP
579281%%¢
9241x28351xP
5792B1%**g
9241x28351xP
S792B1*%*K

2131**y
Ix307xp
2131**Y
3x307xP
2131**Y
3x307xp
2131%*Y
3x307xP
2131%*y
3x307xP
2131**y
Ix307xP
2131**2
SxP
2131%*7 .
5xP
2131*%*p
P

2131* %6
P
2131*%*10

1231xQ ©Q is composite and QHNPFLT 20,000,000

2131%*]12
7541xQ
2131*%*F
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4933%%Y

3x127x193x331

4933%%4

11x31x7541xP

4932%%6

3221x360851xP

4933**10
Q
4933**12

Q Q is composite

4933%*C

4126364997061%*2

3x43x163x4774387x6853933xP

4126364997061**D

93692438982092641237**2

3xQ

93692438982092641237%*2

¢ is composite and QHNPFLT 39,249,991

Q¢ is composite

Propesition

5

Corollary 3.2

Proposition 8E

N Exceeds
Proposition
59,499,901
N Exceeds
24,624,991
Proposition
N Exceeds
Proposition
N Exceeds
Proposition
N Exceeds

N Exceeds

Proposition

Q is composite and QHNPFLT 147,999,811 (Apply Prop 1)

28351%*Y
3x61x631xP
2B8351**y
Ix61lx631xP
28351 **Y
3x61x631xP
28351**y
3x61lx631xP
28351**Y
3x61x631xP
28351**y
3x61x631xP
2835]1%%4

5x11x2864261xP

28351*%6

7x1544957xQ QHNPFLT 22,599,991 Q is composite

28351**10
5347x6733xQ
28351**J

9241**Y
Ix19x421xP
9241%*Y
Ix19x421xP
§241%*7
5x41xP
9241%*6
7xQ
9241**10
11xQ
9241**H

4101224731**1

Q is composite QHNPFLT 59,499,901

3559**Y Corollaty

3x31x136237
3559%*G N Exceeds

N Exceeds
Proposition
Proposition
N Exceeds
N Exceeds
Proposition
N Exceeds
Proposition

Proposition

Q¢ is composite and QHNPFLT 8,274,00

3.

M
1

= 2 vkHEX vt oW

=

[T I S - 4

n
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Lemma 4.3 If N is an odd perfect number less than M, then there is no X
such that X{(Mod 4) = 1 for which 409**X||N and one of the fol-
lowing is true. :

(A)  41**§] N (B) 41**101IN (C) 41**12|IN (D} 41**16|IN
{E} 41**]18|IN

Note S(409%**]1) = 2 x 5 x 41

Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

41*%%*g 113229229%+*2 Proposition BF
43xp 3x13x249811xP
41%*p 113229229*%*4 83791**2 Proposition BE
43xP 1ix83791xQ 3x409xP
41**p 113229229%*4 B3791%%4 N Exceeds M
43xP 11x83791xQ Sx11x6271x140611xP
41**g 113229229%*4 83791*%¢6 N Exceeds M
43xP 11x83791xQ 7x164011x631751xP
41%*§ 113229229*%4 B3791%*A N Exceeds M
43xP 11x83791xQ0 O is composite and QHNPFLT 31,000,001
41**6 113229229%%¢ N Exceeds M
43xP 7x3767xQ Q¢ is composite and QHNPFLT 10,000,000
41*#%p 113229229*+*B Proposition 5
43xP :
41**10 4499415031**2 6748245208562715331**BB Block 23
23x132947xP 3xP
41**10 4499415031**4 N Exceeds M
23x132947xP 5xP
41%%10 4499415031**C Proposition 5
23x132947xP
41%*12 17615988547 **2 1764479442181%**2 N Exceeds M
3x379x154681xP 3x61x193x1618807xP
41**12 17615988547**2 1764479442181**4 Corollary 3.1
3x379x154681xP 5x11x31x101x1511x0
41**12 17615988547%+2 1764479442181**D Proposition 5
Ix379x154681xP
41%*12 17615988547+%*4 Corollary 3.1
11831x110969xP 11x31x0
41**]12 17615988547**F Proposition 5
11831x110969xP
41**)6 201815909**2 31330508713311707**%2 K Exceeds M
201815909xP 13xp 7x7x13x37x139xP
41**1¢ 201815909%*%2 31330508713311707*%G N Exceeds M
201815909xPp 13xP

]
—
- ;
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41**16 2G1815909**4 Propeosition 1
201815909xP 11x11x41x402551xQ @ is composite and QHNPFLT 100,000,000

4l%wlg 201815909**H N Exceeds M
201815909xp

41%*18 12541**y Proposition 7

12541xQ 3x7x13xP

41**18 12541*%4 S1175171%%2 N Exceeds M

12541xQ 5x151x640261xP 3ixp

41%%1§ 12541*%4 $1175171%%4 N Exceeds M

12541xQ 5x151x640261xP 5x11x41x101xQ (comp)QMNPFLT 31,000,001

41#%*18 12541%*%4 51175171**§ N Exceeds M

12541xQ 5x151x640261xP 43x1176701xP

41**18 12541%*4 51175171*+*1I Proposition 5

12541xQ 5x151x640261xF

41**18 12541**6 3770630847520851329**2 N Exceeds M

12541xQ T1x14533xP 127xP

41**18 12541**6 3770630847520851329%*J N Exceeds M

12541xQ T1x14533xP

41**18 12541**10 N Exceeds M

12541xQ 11x23x2003xP

41**18 12541#*K N Exceeds M

12541xQ Q is composite and QHNPFLT 100,000,000 (Apply Prop 1)

In the last case of Lemma 4.3 it is assumed that 41I**18f!IN. With this
S(41*%18) = 12541 x Q

also divides N. The number Q is not a perfect sgquare and there is no prime

factor P of @ such that for some natural number X{Mod 4) = 1, F**X| IN.

Also, since Q has no prime factor less than its cube root, then Q**2 divides

N by Proposition 1.
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Block 617

This block, labelled Block 617, is used in Theorem 2, and Lemma 5.4
Each case or subcase is eliminated for the reason indicated.

617**X Block 5233 617**2 145159381141%*X Proposition 1l
2x3x103 P 2x17%x31x1439xP

Gl7**Y 3931**Y 23743%*Y N Exceeds M 617**2 145159381141**2 Proposition 1
97xP 3Ix7x3IxP 3x37xpP P 3x)126691xP

617*%Y 3931%*Y 23743*%*4 N Exceeds M 617*%*7 145159381141**4 N Exceeds M
97xP 3Ix7x31xP 1llxllx25]1xP P Sx11x401xP

617**Y 3931%*y 23743**%§ N Exceeds M 617**Z 1451593B81141**C Proposition 5
97xP 3x7x31lxP 10732597xQ composite P QENPFLT 39,318,217

617**Y 3931%**y 23743**10N Exceeds M 617*%6 29387639%*2 N Exceeds M
97xP 3x7x31xP 67x199xQ (comp) 10m7x29387639xP 193x373xP

617*%*Y 393]1%*Yy 23743**A N Exceeds M 617%%6 29387639%*4 N Exceeds M
97xPF 3x7x31xP 7x29387639xP 151x195511xP

617%*Y 3931*%4 N Exceeds M 617*%§ 29387639**D N Exceeds M
97xP S5xl1llxP . 7x293B87639xP

61l7**Y 3831%*g N Exceeds M 617**10 N Exceeds M
97xP 29x5694151xP 11x67xP

617%*Y 3931**B N Exceeds M 6l7**E R Exceeds M
97xP

5(145159381141%*2) = 3 x 126691 x 5543999 6877924151. To show that the number
Q = 5543999 6877924151 is a prime number, for each prime factor P of Q-1
we find a prime Px ‘which is relatively prime to @ such that both of the fol-
lowing are true.
Px**(Q-1) [Mod Q] is 1 and Px**[(Q~1)/P] [Mod Q] is not 1
(See Table V below}
P Px Px** (0-1) [Mod Q] Px**[(Q-1)/P] [Mcd Q]

5543999 6877924150

14 5159381141

1

1 1148970 1196656523
1 4486048 3158B68B0645
1
v

[PURS R R TU N ]
[TUR PLR VTR VG o)

5279999702659 2278936 2586405657

e .

-‘1; = -.,. .

N
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Lemma 4.4 If N 1is an odd perfect number less than M, then there is no X
such that X{(Mod 4) = 1 for which 409**X]||N.

5(409**1) = 2 x 5 x 41

Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Possibilities And Reascns By Which They May Be Excluded

2 X X X

41%*Y Lemma 4.1

41%*Z Lemma 4.2

41%*%6 Lemma 4.3

41**10 ¢ Lemma 4.3

41**]2 . Lemma 4.3

41**16 Lemma 4.3

41**18 Lemma 4.3

41%**22 28429%%2 Proposition 7

28429xQ 3x7x43x895057

41*%22 28429%%4 Corollary 3.1

28429xQ 11x31x41x10211xP

41%#22 28429%%¢§ 527940254843336209169517811**2 Propesition 7

28429x%Q P 3x7xQ

41*%22 28429%*§ 527940254843336209169517811%*3 Proposition 5

28429xQ P

41**22 268429**B N Exceeds

28429xQ @ is composite and has no prime factor less than 255,249,631.

41**28 248879%%2 N Exceeds
59x349x248879x%Q 373xP

d1**28 248879%*J] N Exceeds
59x349x248879xQ {Q is composite and QBNPFLT B6,858,771

41*%30 N Exceeds

373x5563013xQ Q is compousite and QHNPFLT 219,249,361

41**H Proposition 5



Lemma 4.5

Proct

1471 **y
3x823xP
1471 %*Y
IxB23xP
1471%*y
3xB23xP
1471**Y
3xB23xP
1471%*y
3Ix823xP
1471%ey
Ix823xP
1471%*y
3Ix823xP
1471%*Y
3x823xP
1471%*y
3xB23xP
1471%*Y
3x823xP
147)1%%Y
3x823xP
1471%*y
3x823xP
1471 %+Y
3xB823xP
1471%*y
3x823xP
1471%*y
3xB823xP
14712%y
3xB23xP
1471%*y
3xB823xP
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If N is an odd perfect number less than M, then for no Y such

that Y(Mod 3) = 2 and X such that X(Mod 4) = 1 will both of the
following happen simultaneously. .

{&) 409**Y| [N (B} 55897%*X| N
Note ©S(409*%*2) = 3 x 55897 5(55897**1) = 2 x 19 x 1471

It is sufficient to show that, except for the conclusion, any other
possibility leads to & contradictioen.

Possibilities And Reasons By Which They May Be Excluded

B77%*y §9]**y Proposition 6
3x7x37xP  3x7x13x13x277

B77%*y G91*%Z Proposition 9
3x7x37xpP S5xP

B77%*Y 991*%g 11078936989**Y 31n*y 331**Y Proposition 6
3x7x37xP B85581973xP 3x13x31x31x0 3x331 3x7x5233 QHNPFLT 4m
877**Y 99]1%%g 11078936989%*4 N Exceeds M
3x7x37xP B85581973xP 401x20411x62171xP

B87I**Y 99]1*%¢g 11078936989% % Proposition 5
3x7x37xP B5581973xPp

gTI**Y 9g1**]g Block 23

3x7x37xP 1lx23xP
B77%*y 991%*12 11779%%Y 207409%*Y 91334B21**Y N Exceeds M
3x7x37xP  11779%xP 3x223xP Ix157xp 3Ax7xP

87 7**y 991%*12 11779**Y 207409%*Y 91334821**4 proposition 7
3x7x37xP 11779xP 3x223xP 3x157xP Sx61x44221x0Q

g77%*y 991%*%12 11779%*Y 207409%*Y 91334821**B N Exceeds M
3x7x37xP 11779xP 3x223xP 3x157xp

B77xwy 991*%%12 11779%*y 207409*%4 Proposition 8B
3x7x37xP 11779xP 3x223xP 1ix61xQ

B7Ixry 991%%12 11779*%y 207409%**¢ N Exceeds M
3x7x37xP  11779xP 3Ix223xP 631x4241903x22150339xP

877**Y 991*%]12 11779%*Y 207409%*C Proposition S
IxTx37xP 11779xP 3Ix223xPp

87 7%*y 991%%]12 11779%k§ N Exceeds M
3Ix7x27xP 11779xP 11x2621x5011xP

877%*y 991%*]12 11779%%D N Exceeds M
3x7x37xP  11779xP

877%+y 99i%*]g N Exceeds M
3x7x37xP  103x18803x34273xQ0 Q is composite

877*%y 991*+E Proposition 5
3x7x37xP

B7T7%*%y 203447171**Y 110908033**Y N Exceeds M
41x71xp 7x53314123xP ixp

i |
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‘ 1471%*y 87T%*7 203447171**y 110908033**4 Proposition 8B
3x823xP 41x71xP 7x53314123xP 11x6691xQ 10m
1471%*y 877%%g 203447171**Y 110908033** N Exceeds M
3Ix823xP 41x71xpP ¢ 7x53314123xP 701xP
1471%*Y g77%%g 203447171**Y 110508033**F Proposition 5

3xB823xP 41x71xP 7x53314123xP

147)1%%y 877%*Z 203447171*%*4 Proposition BE
3x823xP 41x71xp 5x11x1291x78191xQ

1471%*Y 877%*2 203447171**G N Exceeds M
Ix823xP 41x71xP

1471%*Y 87T7*%% 84406199767%%2 N Exceeds M
3xB23xP 29x379x491xP 3x73x3511xP

1471**yY 877%%6 B4406199767%44 N Exceeds M
3x823xP 29x379x491xP P

1471**Y §77%%§ 84406199767**H Propoesition 5
3x823xP 29x379x491xP

1471#%*y 877%*10 Block 23
3x823xP 23xQ @ is composite and QHNPFLT 32,349,901

1471*%*Y g77%%x12 Proposition 1
3x823xP 79x1249xQ Q is composite and QHNPFLT 100,000,000

1471%*Y B77**1é N Exceeds M
3x823xP 1667x5237xQ(composite} Q has no prime factor less than 20,000,000
1471%*y 877%*] Proposition 5

3x823xP
1471%%7% 2941691**2 Proposition 7
i

Sx461x691xP 1x307xP

1471%%7 294169]1*%4 Proposition BE
5x461x691xP Sx1lxP

1471%%7 2941691*%6 N Exceeds M
5x461x691xP 9241xQ (composite) QHNPFLT 17,799,979

1471**3 2941691%*3 Proposition 5
5x461x691xP

1471*%¢ 1448349368557553911+*2 Praposition 1

TxP 3x19x43x127x181xQ (composite) QHNPFLT 25 million
1471*%g 1448349368557553911%**K Proposition 5
7xP

1471#*10 23334 >y 777889%*Y N Exceeds M
67%67x2333xP 7xP 3x79x161x2053x6871

1471**10 2333%ry 777889%*§ N Exceeds M
67x67x2333xP 7xP 41%2178131x24714721xP

1471**10 2333%*y T778BI**], N Exceeds M
67x67x2333xP 7xP

1471**1Q 23334%37 31049861%*Y N Exceeds M
67x67x2333xP 31x41x751xP P P = 9640938991659183

1471**10 2333%»Z 31049861*%4 Corollary 3.1
67x67Tx2333xP 31x41x751xP 5xQ

¥ 1471%*10 2333%%g 31049861**6 N Exceeds M
b 67x67x2333xP 31x41x751xP 29xQ QHNPFLT 17,799,979 @ is composite
1471%2*)0 2333%%g 31049B861**R Proposition 5

67x67x2333xP 31x41x751xP
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1471%*10 2333%*5 N Exceeds M
67x67x2333xP 43x757x15720811x%x315235663

1471+**]10 2233**]0 N Exceeds M
67x67x2333xP 11x0¢ Q is composite and QHNPFLT 13,374,901

1471%*1¢Q 2333w%g N Exceeds M
67x67x2333xP

J471%*12 10271B202448455962998021356542005747073**T Proposition 5

P
1471**p Proposition 5

5(1471%*6) = 7 x 144834936 8557553911. To show that (Q = 144834936 B557553911
is a prime number, for each prime factor P of Q-1 we find a prime Px which
is relatively prime to Q such that both of the following are true,
Px** (0-1) [Mod Q] is 1 and Px[(Q-1)/P] [Mod Q] is not 1
(See Table VI below) ’
P Px Px**(Q-1) [Mod Q] Px**{ (0-1) /P] [Mod Q]
2 3 1 144834936 8557553910
3 3 1l 783122585 9443062967
5 3 1 19492322 3349569101
7 11 1 3183010111
61 3 1 125188675 9267784021
1193 3 1 107329979 B9681l0182%
501443443 3 1l 47413544 0035801620

TABLE VI

Also, S§(777889**4) = 41 x B9 3073540598 3106440381 = 41 x Q. To
0 is composite, it is sufficient to make the following statement.

5**(0-1) [Mod Q] = 50 5973577769 5987234412.

imply that

. 4 . . .
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Lemma 4.6 Let B be an odd perfect number less than M and suppose Tl**Y| [N
where Y(Mod 3) = 2. Except gossibly when both S5113*%*X| N and
2557%*Y| [N, the prime 5113 ceg not divide N.
Note S(71**2) = 5113

Block 28885322563

28885322563**2 N Exceeds M 28885322563*%a Proposition 5
3x31xP
28885322563**4 N Exceeds M

Block 1049590933663

1049590933663%%2 N Exceeds M 1049590933663 **A Proposition 5
3x103x853x4153xP
10495906933663*%4 N Exceeds M

g Q is composite and Q has no prime factor less than 10,000,000

Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Note S(2557%*%6) = 743 x 112210253 x 3353767033

pPossibilities And Reasons By Which They May Be Excluded

5113%*X 2557%*g 3236837681**%2 104771190406135741%%2 N Exceeds M
2x2557 1ix12011xP P 13xP

5113%*X 2557%*Z 323683781**2 104771190406139741**A Proposition 35
2x2557 11x12011xP P

5113**X 2557%*7 323683781**4 N Exceeds M
2x2557 11x12011xF 5x1lxQ O is composite and QHNPFLT 10 million
S113%*X 2557%*2 3123683781**B Proposition 5
2x2557 11x12011xP

5113**X 2557%**6 3353767033**2 112210253**Y See Block
2x2557 3x19xP 349x1249x28885322563

5113**X 2557*%6 3353767033**2 112210253*%*CC Proposition 1
2x2557 3x19xP P = 197329005526164739

5113%4% 2557%%6  3353767033*%4 N Exceeds M
2x2557 19681x43541xQ QHNPFLT 10,000,000 (composite)
§5113%*y 2557%%§ 3353767033**C Proposition 5
2x2557

§113%%X 2557**1{ 237997**Y 4723777*%%*2 N Exceeds M
2x2557 23x237997x1360943xP 3x7x571xP 3x7x7x)3159xP

5113%#*X 2557%*10 237997**Y 4723777**4 N Exceeds M
2x2557 23x237997x1360943xP 3x7x571lxP 11x71x409291xP

S113%*} 2557+%%10 2379974 kY 4723777**D N Exceeds M

2x2557 23%237997x1360943xP 3x7x571xP



5113%*X
2x2557
5113%%Y
2x2557
S113%*)
2x2557
5113%nY
2x2557
5113%*y
2x2557
5113%4X
2x2557
5113%*x
2x2557
5113**X
2x2557
S5113%+*Y
3xp
5113%*Y
3IxP
5113%*y
. 3xP
5113**Y
3xp
5113%wy
3Ixp
5113%*y
Ixp
5113%*y
Ixp
5113**y
3xP
5113**y
Ixp
5113%*y
IxP
5113*%*y
3xP
5113%ry
3xP
5113%*y
3xpP
5113**Y
IxP
5113%*y
IxP
5113%*y
Ixp
5113%%7

40
2557%+10 237997%%4 Proposition 1
23x237997x1360943xP 71xp
2557*%]0 237997%%*¢ N Exceeds M
23x237997x1360943xP 29x43xP
2557**]10 237997%*E Proposition 5
23x237997x1360943xP
2557%%12 53**Yy Proposition 1
S3xp 7x409 ’
2557%%12 S3**4 N Exceeds M
53xp 11x131xP
2557*%]12 53*%%¢6 N Exceeds M
53xP 29xP
2557%*]12 53t *p N Exceeds M
53xP
2557% %G Proposition 5
8715961**X 92723%*y 8597647453**2 See Block
2x47xP P 3x61x3B4847x]1049590933663
B715961**X 92723%+y 8597647453**4 N Exceeds M
2x47xP P {composite) Q QHNPFLT 10 million
8715961*%*X 92723% %y 8597647453**H Proposition 5
2x47xP P
B715961%*X 92723%%4 31y 331**Y Proposition 8D
2x47xP - 11x31xQ 3x331 3x7x5233
B715961%*X 92723%%¢ N Exceeds M
2x47TxP 7xP
8715961%*X% 92723%*]10 N Exceeds M
2x47xP 67x1992295417xQ {composite) QHNPFLT 13,374,901
BT15961%*x 92723%*1 Proposition 5
2x47xP
B715961%+*Y 3617523089023**2 249421**X Proposition 1
3x7xP 3x7x249421x0 2x311x401
B715961**y 3617523089023*%*2 249421**2 N Exceeds M
Ax7xP 3x7%x249421xQ 3x7x13x13x13x13x103723
8715961%*Y 3617523089023**2 249421*%4 Proposition 7
3x7xP 3x7x249421xQ - 5xQ
B715961%*Y 3617523089023%*2 249421**J N Exceeds M
Ix7xpP 3x7x249421x0 (composite) QHNPFLT 15,000,000
8715961#%*y 3617523089023**K Proposition 35
3x7xP
8715961**4 Tl # Proposition 1
5xQ Q 1is composite and QHNPFLT 1,050,000,000
8715961*%4 5**KR Block 5
5xQ Q is composite and QHNPFLT 1,050,000,000
8715961%*6 Proposition 1
Q QHNPFLT 60 million Q is composite
8715961**L Proposition 5

13080080081**X

11x4751xP 2x3x23x94783189

Block 23

‘ ‘ - . - ‘ - ; ‘ - . _‘ - ;

B
.



e

Also,

5% (Q-1)

234293

that Q¢ =

below are used to show that
Note: Q-1 =

P Px

1249
1511
4007

[PARPVRU PV TLRE B ]

4]

5113*%3 13080080081**2 21261152595806269**X 42254623**2 Proposition 1
11x4751xP 13x619xP 2x5x7%x139x51713xP 3xP

5113%*7 130800800B1%%2 21261152595806269%*X 42254623**4 N Exceeds M
11x4751xpP 13x619xP 2%x5x7x139x51713xP 11x431xQ QHNPFLT 3m

S113%+*Z 13080080081**2 21261152595806269*%*X 42254623**R N Exceeds M
11x4751xP 13x619xP 2x5x7x139x51713xP

5113%%% 13080080081%*2 21261152595806263%**2 N Exceeds M
11x4751xP 13x619xP 3x13x%x3176149xQ QHNPFLT 9,176,161

5113%%2 13080080081*%*2 21261152595806269%*5 Proposition 5§
11x4751xP 13x619xP

§113%*Z 1308008Q0081**4 Coreollary 3.1
11x4751xP 5x31x41x2371xQ

5113**2 13080080081**T Proposition 5
11x4751xP

5113**p 10768274427527**2 N Exceeds M

113x14686393xP 397x2647x3769x17107xP
5113#%%p 10768274427527**AA Proposition 5
113x14686393xP
5113%**1Q N Exceeds M
4049xpP
5113%%12 Proposition 1
Q Q has no prime factor less than 190,000,000 Q is composite
§113**BB Proposition 5

S(13080080081#%*2) = 13 x 619 x 2126115 2595806269. The entries in Table VII

Q0 = 2126115 2595806269 is a prime number.
2%%2 x 3 x 1249 x 1511 x 4007 x 234293
Px**[(Q-1)/P] [Mod Q]

2126115 2595806268
2126113 9515726187
1924658 1152993523
1631407 8840705089
1849212 6416520216
1283978 2177032754

Px{g-1) [Mod Q]

(SRl ol ol ol ol

TABLE VII

§(3617523089023**2) = 3 x 7 x 249421 x 249844798 6416182833, To imply
249844798 6416182833 is composite, it is sufficient to state that

(Mod Q] = 110525623 0426907586 and not 1.



5233%ny
Ix7x31xP
5233**y
3x7x31xP
5233%nxy
3x7x31xP
5233%*Y
3x7x31xP
5233%*»y
IxTx31xP
5233%*y
3x7x31xP
5233%ry
3x7Tx31xP
5233%%Y
3x7x31xP
5233%%y
3xTx31xP
5233%n7g
2351x7741xP
5233%%Z
2351x7741xP
5233**%2
2351x7741xP
5233%%3g
2351x7741xpP
5233%%37
2351x7741xP
5233%%7
2351x7741xP
5233%%7
2351x7741xP
5233%*3
2351x7741xP
5233*%%3
2351x7741xP
5233%+g
3718919xP
5233**10
23xQ
5233%*10
23x0
53233*%*10
23xQ

Block 5233

42

In the use of Block 5233, it is assumed that for some X(Mod 4)=1

and for some P

other than one within the block, it is true that

P**X| N, It is further assumed that 331%*Y||N.

42073**Y 75931 %%y Proposition 6
3x19x409xP IxTx7x19x43x61x787
42073%*Y 75931%*%4 Proposition 7
3x19x409xP 5x11x751x1171xP
42073%%Y T5931*%6 31*+y 331%%Y N Exceeds M
3x19x409xP {comp) 71xQ 3x331 3x7x5233 QBNPFLT 17,799,979
42073%*y 75931%*10 N Exceeds M
3x19x409xP 23x127139xQ (comp} QHNPFLT 13,374,901
42073%*y 75831*%*p Proposition 5
3x19x409xP
42073%*4 Proposition 6
11xQ QHNPFLT 100,000,000
42073*%¢ Block 631
29%631x1220423xP
42G73%*]0 N Exceeds M
23x67x881xQ Q is composite and QHENPFLT 10,000,000
42073**p Proposition 5
41213191%*y 183067%xy 10001107%*2 N Exceeds ]
3x199x3217x4831xP 3x1117xP 3x7x79x42409x1421647
4121319)1**Y 183067**Y 10001107%x%4 Proposition 1
3x199x3217x4831xP 3x1117xP 41x1C¢1lx421xQ(comp) QHNPFLT Z0mi
4121319 ]1%*y 183067**Y 10001107%*C N Exceeds M
3x199x3217x4831xP Ix1117xp
4121319]1%*y 183067*%4 Proposition 1
3x199x3217x4831xP 11xQ Q is composite and QHNPFLT 67,000,001
41213191**y 183067**%¢ N Exceeds M
3x199x3217x4831xP 43x449x757xP
4121319]1*+Y 183067%*D Propositien 35
3x199x3217x4831xP. 4
4121319]1%*%4

5x1184731xQ QHNPFLT 5,389,991

41213191%%¢

17389xQ Q is composite and QHNPFLT 17,799,979

41213191%*E

23%%3
Tx79
23%%)
Tx79
23%%)

Proposgition 9

N Exceeds M
Proposition 5
N Exceeds M
T9r*2 N Exceeds M
3x7x7xp
FO%*p N Exceeds M
N Exceeds M
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5233**10 23%4G N Exceeds M
23xQ(composite) Q has no prime factor less than 15,106,213
5233**]12 N Exceeds M
274301x39587159xQ
5233%+*4 Proposition 5

S(183067*%6) = 43 x 449 x 757 x 25754 4383915864 8011791483, To show that the
number Q = 25754 4383915864 8011791483 is a prime number, for each prime fac-
tor P of Q-1= 2x 7 x 67 x 211 x 1301268120 7159773299, we find a prime Px
which is relatively prime to Q such that both of the following are true.
Px** (Q-1) [Mod Q] is 1 and BPx**{{Q-1)/P] [Mod Q] is not 1

However, we must first show that this largest factor of Q-1 is a prime number.
Let Q1 = 1301268120-7159773299 and Q1 -1 = 2 x 2579 x 252281 5278627331.
It will be left to the reader to verify that Ql-1 is the product of three dis-
tinct prime factors. The entries in the table below are used to show that QI is

a prime number.

P Px Px**(Ql-1) (Mod Q] Px**[{(Ql-1)/P] [Mod Q1]

2 17 1 1301268120 7159773298

2579 3 1 650657920 3143222811

2522815278627331 3 1l 432393646 2497680216
TABLE VIII

The entries in Table IX are now used to determine that Q is prime.

P Px Px** (Q-1) [Mod Q] Px**[ (Q-1)/P] [Mod Q]
2 5 1 25754 4383915864 8011791483
7 3 1 613522 0753761763
67 k) 1 21802 7533998333 5267673233
211 3 1 19104 3799053477 3419042289
13012681207159773299 3 1 14450 6223313607 7072180186

TABLE IX



Lemma 4.7

4T Ry
37x61
47n%g
11x31xP
47**g
43xP
47%%10
134707xP

Proof

71**Y Note the exception above

5113
Ti**2
Sx11x211xP
Tlexy
5xilx211xpP
Tlxg
5x11x211xP
Tle*z
5x11x211xP
Tl#%g
5x11lx211lxp
TLlr*y
5x11x211xp
T1%%g
5x11x211xP
T1hez
5x11x211lxp
Tlexg
5x11x211xP
71*%2
Sx11lx211xp

44
If N is an 0dd perfect number less than M, then 71 does not
divide N unless all three of (A) , (B) and (C) happen simul-
taneougly or one of (D) and (E} is true.
(2} T71**Y|I|N {B) S5l13**X|{|N (C) 2557%*Y||N
(DY 71**12| [N (E) 71**18| [N
Block 47
Gl%*p Bk61l 47%%12 PR1
53%2237x14050609x71265169 3
31*ny 331%*Y PRE 47%*16 PRI
3x331 3x7x5233 3571x10089x0 (comp) QHNPFLT 1573,749,841
PR1 47*%18 PR1
419xQ Q is compomite QHNPFLT 64m
PR1 47*%p : N>M

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

2221%*X
2x11x101
2221%*X
2x11x101
222]1%*X
2x11x101
222]%*x

2x11x101

2221%*Y
2x11x]101
222]%%x
2x11x101
2221**%X
2x11x101
2221%*x
2x11x101
2221%%*x
2x11x101
2221%*y
2x11x101

211**y
3x13x31x37
21)%*32
5x1361xP
211*%*7
5x1361xP
211**2
Sx1361xPp
211%%g
5x1361xP
211**7
5x1361xP
211%*Z
Sx1361xP
211**¢
Tx307189xP
211**g
7x307189xP
211**§
7x30718%xp

292661**Y

P
292661**Y

P

292661 **Y

P

292661%*4
5x191x241x8741xP

292661%%p
4344397x5082071xP

292661**B

41233879%*Y
3x241xP
41233879%%4
11x31xQ
41233879%%p

Lemma 4.6

Proposition BE

B85650753583**2 Proposition BE
85650%29583**4 N Exceeds M
O(composite) QHNPFLT 10m
85650753583**A Proposition 5
N Exceeds M

Proposition 1

Proposition 5

Proposition 7

Corollary 3.1

N Exceeds M

7x379xQ (composite) QHNPFLT 17,799,979
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Jlx*g 2221 %*Y 211*%%§ 41233879%%C Proposition 5
5x11x211xP 2x11x101 7x307189xP

Tlewg 2221%xx 211*%30 2069%+Y 611833%%2 Proposition 7
5x11lx211xP 2x11x101 23x2069xP TxP 3x307x577xP

Tleng 2221%*»x 2]11**10 2069%*y 611833*%p N Exceeds M
S5x11x211xP 2x11x101 23x2069xP 7xp

Tlhey 2221%%x 211**1¢0 2069%*Z 18333775916461%%2 Proposition BA
5x11x211xP 2x11x101 23x2069xP p 3x19x709x0

T1leng 2221%%x 211**1Q 2069**2 18333775916461%+E Proposition 5
5x11x211xP 2x11x101 23x2069xP P L

Tl*wg 222]1%*} 211+%%10 2069*%*6 186419270607899071**2Proposition 8A
5x11x211xP 2x11x101 23x2069xP 421xp 3x37x157xQ i

Fiksg 2221%*x 211*%#10 2069**6 186419270607899071**FProposition S
5x11x211xP 2x11x101 23x2069xP 421xpP A

Tlawg 222]1%*x 211**10 2069*%10 Proposition 1
S5x11x211xP 2x11x101 23x2069%xP 11x67xP

Flewg 2221%%) 211*%*310 2069%*12 Proposition 1
5x11x211xP 2x11x101 23x2069xP 26833xP

Tle*g 2321%%X 211**10 2069**%G Proposition 5
5x11x211xP 2x11x101 23x2069xP

Tls*z 222] %%y 211*%12 N Exceeds M
5x11x211xP 2x11x101 131x37181xP

Tieng 2221%*x 211%%]g 239%42 N Exceeds M
Sx11lx211xP 2x1ix101 137x239xP 19x3019

T1*¥*Z 2221 %%y 211**]g 239%x%4 N Exceeds M
Sx11lx211xP 2x11x101 137x239xp P

Tlerg 2221%*x 211**16 239%*H N Exceeds M
5x11x211xP 2x11x101 137x239xP

Tiang 2221 %%X 21)1*#*18 Proposition 1
5x11x211xP 2x11x101 723%01xQ Q 1is composite and QHNPFLT 20,000,000

FLerg 222]1*%*X 211%*422 N Exceeds M
5x1l1x211xP 2x11x101 277x783151x0 Q is composite and QHNPFLT 100,000,000

Tlheg 2221% Y 211+%]1 Proposition 5
Sx11x211xP 2x11x101

T1x*g 222]1%*y Proposition 7
5x11x211xP 3x7xP

Tineg 2221%%4 4868776221241**X 124146469%*2 Proposition BE
Sx11x211xPp 5xP 2x19609xP 3x31x79x2179xP

Tlhsg 222]1%*4 4868776221241 *%% 124146469%%¢§ N Exceeds M
Sx11x21ixP 5xP 2x19609xP 211xQ (composite) QENPFLT 10m

FLe*g 222]1%%*4 4868776221241%=)% 124146469%% N Exceeds M
Sx11x211xP S5xp 2x19609xP

Flu*g 222]1%%*4 486B8776221241%*2 Proposition 7
Sx1l1x211xp 5xPp 3x7x0

Fluwy 2221**4 4868776221241*%K Proposition 5§
5x11x21ixp Sxp

Tluxg 222]1*%p 1183576566098753%*] Proposition 11
5x11x211xP71x1429xP 2x3x3x53x103x257x3659%x12809

TLa*g 2221%%§ 1183576566098753*», N Exceeds M

Sx11x211xP71x1429xP



F1**3
5x1ix21lxp
T1lr*g
Sx11x211xP
T1r*g
5x11x211xP
FLlr*g
5x11x211xP
Tlu*g
TxB83IxP
71%%6
7x883xP
Fivke
TxBB3xP
T1*%g
7x883xP
Tiln*g
7xBB83xP
Tl**g
7x883xP
F1**6
7x883xP
71**6
7x883xP
F1r*g
7x883xP
T1x*g
7x883xP
T1**p
7x883xP
T1l**g
Tx883xP
71**g
Tx883xP
PR
7x883xP
Tl**g
Tx883xP
Tl%*g
7x883xP
71%*5
7xB883xP
T1**86
T7x8B3xP
F1l**g
Tx883xP
Tlr=g
TxB83xP
71**g
7x8B3xP

46
2221**10 5034283*%*2 Propesition 7
23x6689x5034283xP 3x7x37x67xQ
2221**10 5034283**L N Exceeds M
23x6689x5034283xP
222]*%]12 N Exceeds M
859xpP
2221**R Proposition 5
21020917**X 10510459+%*Y 431311**Yy N Exceeds M
2xp 3x431311xP 3x19x127x733x35059
21020917**X 10510459%*y 431311%*4 Proposition 7
2xP 3x431311xP 5xQ
21020917**X 10510459**y 431311**% N Exceeds M
2xP Ix431311xP 29x43x?
21020917**X 10510459%*Y 431311**§ Proposition S
2xP 3x431311xP
21020917%%% 10510459%*4 312y 331**Y Block 5233
2xP 11x31x246781x2558321xp 3x331 3x7x5233
21020917**X 10510459%*6 N Exceeds M
2xP 7x71x71x87151xP
21020917**X 10510459%*7 Proposition 5
2xP .
21020917*%*Y 97292389%*]1 Proposition 7
3x1513921xP 2x5x13x29x131xP
2102091 7**Y 97292389*%*2 25813566589%*%] Proposition 7
3x1513921xP Ix31x3943xP 2x5x7xQ
21020917%*Y 972923B9%*2 25B813566589%*2 N Exceeds M
3x1513921xP “3Ix31x3943xP 3x61x1483x94531xP
21020917*%*Y 97292389*%%2 25813566589*%] N Exceeds M
3x1513921xP 3x31x3943xP
21020917**Y 97292389**y Proposition 5§
AIx1513921ixP
21020917%+*4 702721**%X 351361#%%2 N Exceeds M
11x1291x702721xP 2xp 3x433xP
21020917*%%4 T02721%*X 351361**%4 N Exceeds M
11x1291x702721xP 2xP 5x55061xP
21020917*%*4 702721%*X 351361**vVy N Exceeds M
11x1291x702721xP 2XP
21020917*%4 702721%*Y 2970313**X 1485157**2 N Exceeds M
11x1291x702721xP 3x151x367xP 2xP 3x7x127x277xP
21020917%*4 702721%*Y 2970313**X 1485157**W N Exceeds M
11x1291x702721xP 3x151x367xP 2xp
21020917%+%4 702721%*y 2970313%*Y 26980924429**] Proposition 7
11x1291x702721xP 3x151x367xP 3x109xP 2x5xQ
2102091 7%*4 F02721**Y 2970313**Y 26980924429**B N Exceeds M
11x1291x702721xP 3x151x367xP 3x109xP
21020917**4 T02721**Y 2970313%%4 N Exceeds M
11x1291x702721xP 3x151x367xP 1lxQ(composite) QHNPFLT 10m
21020917%%*4 702721**Y 2970313%*¢ N Exceeds M
11x1291x702721xP 3x151x367xP 3851xP

o
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T1%%6 21020917%%4 702721**Y 297(Q313**
7x883xP 11x1291x702721xP 3x151x367xP

T1lr*g 21020917%*4 702721%*4

7xB883xP 11x1291x702721xP 5xp

T1lx*g 21020917+%%4 TQ2T21%*CC
7%x883xP 11x1291x702721xP

T1**g 21020917**6

Tx883xP Tx127x1723xQ Q is composite and
Tl*%g 21020917**DD

7x883xP
71%*10 143554218709131407%**2
23xP Tx3463xP
71*%*10 143554218709131407*%*2
23xP 7x3463xP
71**1Q 143554218709131407**FF
23xP
Tinxl2
Q Q 1is composite and has no prime facto
71%*1¢6
239xP
71w*]18
Q ¢ has no prime factor less thanm 1,042,
T1*%+22 242329%*¥
47x47x242329xP 2x5x11xP
F1lex22 242329%%2
47x47x242329%xP 3x13xP
T1e*22 242329%*4
47x47%242329%xP 31x7228681xP
T1a*22 242329**HH
47x47x242329%xP
T1%*28

59x233x55217x78823x151381x0 Q is composite and
71**GG

From time to time, we shall state that §({71**12)

factor less than 3,202,878,952. Whenever we assume that

BB Proposition
N Exceeds
N Exceeds
N Exceeds
QHNPFLT 17,799,979
N Exceeds
3463%%2 N Exceeds
3x61xP
3463**EE N Exceeds
Proposition

5
M
M
M
M
M
M
5

Note Exception
r less than 3,202,878,952

N

Exceeds

M

Note Exception

749,451

Block

Block

Block

Block

N

Exceeds

QHNPFLT 35,271,773

Proposition

47
47
47
47
M
5

is composite and has no prime

71**12] N,

it goes

without saying that S(71**12) has a prime factor P such that P x S(71%**12)

divides M. In particular, if it is known that §5(71**12) has no prime factor

which appears to an odd power in the prime factorization of N,

divisible by [S(71**12)]**2.

then N

is
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Lemma 4.8 If N 1is an odd perfect number less than M, then for no Y such
that ¥(Mod 3) = 2 does 409**Y][N, .

Block 937

937x+*X Prop 1 937*%4 91525691*+*E N>M

2x7x67 . 4831xP

937k *y 2929691*%+Y Prop 17 937%4¢ N>M
3xP 2x5xP 22751xp

FEFLLS 4 2929691**Y N > M 937**%10 T N>M
3xP 3x61x127x139x163xP 353xQ Q is composite QHNPFLT 10m

937%*Y 2929691**4 N > M 9374 +F N>M
Ixp 131x1181x1721xP

937%*y 2929691**D N > M

Proof It is sufficient to show that, except for the conclusion, any other

posegibility leads to a contradiction.

Note 5(409**2) = 3 x 55897

Possibilities And Reasons By Which They May Be Excluded

55897+ *X Lemma 4.5

55897%*Y 158791**Y 2823283%*Y 543237901*%X 1798801%*Y N Exceeds M
3x7x937xP 3Ix13x229xP 3Ix67x73xP 2x151xP 3xTx73xP

S5897**Y 158791*%Y 2823283**Y 543237901%*X 1798B01%**4 Proposition 9
3x7x937xP 3x13x229xP 3x67x73xP 2x151xP

55897%*Y 158791**Y 28232B3%*Y 543237901%*x 1798801**¢ N Exceeds M
3Ix7x937xP 3x13x229xP 3x67x73xP 2x151xP (comp)}l197xQ QHNPFLT 17,799,979

55897%*y 158791**Y 2823283%*Y 543237901**X 1798801**B Proposition 5
3x7x937xP 3x13x229xP 3x67x73xP 2x151xP

55897%%Y 158791%*Y 2823283%*Y 543237901%*Y N Exceeds M

3xTx937xP 3Ix13x229xP 3x67x73xP Ix3967xP

55897%%Y 158791**Y 2823283%*Y 543237901%**4 Proposition 9

3x7x937xP 3x123x229xP 3x67x73xP

55897**Y 158791*%%Y 2B23283%%Y 543237901**D Proposition 5
3x7x937xP 3x13x229xP 3x67x73xP

55897**Y 158791**Y 2823283%+*4 N Exceeds M

Ix7x937xP 3x13x229xP 61xP

55897%*Y 158791%*Y 2823283*%%¢ N Exceeds M
3Ix7x937xP 3x13x229xP 7xQ Q is composite OQHNPFLT 17,799,979

55897**Y 158791*%**Y 2B23283%*F Proposition 5
3x7x937xP 3x13x229xP

55897%*Y 158791**4 Proposition 9

Ix71x937xP 5x11xQ

55897%**Y 158791%*§ Block 937 i
3x7x937xP 29x43x337xQ Q is composite and QHNPFLT 70,999,741 :
55897%*Yy 158791%*G Proposition 5 .
3x7x937xP
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55897%*4 314*y 331**y 1567693701851%*2 200881#**X Proposition 6
31x200881xp 3x331 3x7x5233 Tx7x3547x118891xP 2x11x23x397

558974%4 31axy 331%*y 1567693701851%*2 200881**Y N Exceeds M
31x200881xP 3Ix331 3x7x5233 7x7x3547x118891xP IxTxTxP

55897%%4 3]e*y 331xxy 1567693701851*%2 200881*%4 Proposition 9
31x200881xp 3Ix331 3x7x5233 Tx7x3547x118891xP '
55897%%4 3lény 331rry 1567693701851**2 200881**H N Exceeds M
31x200881xP 3x33) 3x7x5233 7x7x3547x118891xP

55897+*4 31*ry 331*xxy 1567693701851 **1 N Exceeds M
31x200881xP 3x331 3x7x5233

55897%%¢ Lemma 4.7

71xQ Q is composite and has no prime factor less than 372,599,981

55897**1( N Exceeds M

463x727x6669059xQ Q is composite and QHNPFLT 59,499,901

55897**H Propesition 5

In Case $§ of Lemma 4.8 it is assumed that 2823283**4||N. This implies that
5(2823283**4) = 61 x 10415 6882162080 4982606221 also divides N. To show
that Q@ = 10415 6882162080 4982606221 1is a‘p:ime number ,for each prime factor
P of Q-1 = 2#+%2 x § x 7 x 19 x 74297 x 736973 x 7151275007, we find a
prime Px which is relatively prime to @ such that both of the following are
true.

Px** (Q-1)} {Mod Q] is 1 and Px[(Q=1)/P] [Mod Q] is not 1

(See Table X below)

P Px Px**(Q-1} [Mod Q] Px**[ (Q-1)/P] [Mod Q)
2 3 1 10415 6882162080 4982606220
5 3 1 2250418240 5617406187
7 3 1 8914 3435109781 3304575280
19 3 1 1844 6051047061 0144125488
74297 3 1 13 5292703882 5739096689
736973 3 1 4773 4874621610 7788186261
7151275007 3 1 7754 4443909597 1435386794

TABLE X
In Case 13 of this same lemma it is assumed that 158791%**6{|N. This implies
that S{158791*%*) = 29 x 43 x 337 x 381471 1363222668 7349228423 also di-
vides N. To imply that @ = 381471 1363222668 7349228423 is a composite
number, we state that 5**((Q-1) [Mod Q] = 321304 42852769646 0637633077,



Savy
Se*g
11x71
5%x%7
11x71
Shdg
11x71
S5kkg
Hug
p
5**g
Skwg
Sekg
Suxg
S5k¥%g
S5**g
S5%%g
Skkg
Sk*g
P
Sh4g
S*kg
S*%g
S %g
Hk¥g
S5%*g
P
5%kg
S5k%g

S**g

50

Block S
Corollary 3.1
Tlé*y 5113%*X 2557%*Y Proposition 7
5113 2x2557 3x7x13x13x19x97
Tir*%]12 N Exceeds M
Q Q 1is composite and QHNPFLT 3,202,878,952
71%%18 e N Exceeds M
Q Q is composite and QBNPFLT 1,042,749,45)
19531+*»*y 127159831%*y 763058587%*2 Proposition 7
ixp 3x7063513xP 3x7x193xQ
19531*%*Y 127159831**Y 763058587%+%4 Corollary 3.1
axp 3x7063513xP 11x31x151xQ
19531 **y 127159831**Y 763058587%*a Proposition 3
3xp 3x7063513xP
19531%*y 127159831%*4 ¥ Exceeds M
3xP 5x251x267431xQ (composite) QHNPFLT 59,499,901
19531**y 127159831%%6 Proposition 7
3Ixp 7x43x337xQ (composite) CQHNPFLT 13,599,979
19531 %*y 127159831*+*R Proposition 5
3xP :
19531+**%4 32009891 %+y N Exceeds M
5x191x4760281x¥P Tx283x468913xP
19531 *%4 32009891*%*4 Corollary 3.1
5x191x4760281xP Sx31xQ
19531*%*4 32009891%*6 N Exceeds M
5x191x4760281xP 22247xpP
19531**4 32009891**C Proposition 5
5x191x4760281xP
19531**4 631%ry Proposition 7
7x631xP Ax307xP
19531*#*¢ 631%t*g 46601%2Y Proposition 7
7x631xP 5x11x41x1511xP 2x3x3x3xP
19531*%¢ 631%*3Z 4660]1%*Y N EBxceeds M
Tx631xP 5x11x41x1511xP 7x13xP
19531+*¢ 631%*7 46601%%g Corollary 3.1
7x631xP 5x11x41x1511xP 5x11x31x61x71xP
18531**6 631%%g 46601 **§ N Exceeds M
7x631xP 5x11x41x1511xP 3697xQ (comp) QHNPFLT 13,599,979
19531**s 631%%3 46601**10 N Exceeds M
7x631xP 5x11x41x1511xP 23x28183x129449xP
19531**6 631%*2 46601%*D Proposition 5
7x631xP 5x11x41x1511xP
19531**¢ 631**g N Exceeds M
7x631xP Tx6032531xP
19531**6 631%#%]10 N Exceeds M
Tx631xP 89xP
19531*%*p 631%*12 Proposition 1
Tx631xP

131x443x26339x103091xQ (comp) QHNPFLT 975,249,991
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S**g
Ex%g
ShHg
5*%%10
5%*10
P
S**10
5**10
P
5**10

L5%*%10

5+*%]1Q
5**10
5**10
5«*]2
S**12
P
Se%12
5*%12
5%%]2
P
5w%l2
5%%12
5**]12
S5**12
5%*]12
5*%12
P
5**12
5%%12
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19531%*6 831**E N Exceeds
Tx631xP
19531*%*10 Proposition
23x23x4159xQ Q is composite and QHNPFLT 12,375,001
19531**F Proposition
12207031**2 Proposition
3x7x1041757x¥®
12207031*%4 33899939683211028917156831**2 N Exceeds
5x131xP 163xQ Q is composite
12207031**4 33899939683211028917156831**E Proposition
5x131xP
12207031**6 37871**Y N Exceeds
37871xp P
12207031**6 37871%*%4 N Exceeds
37871xP 5x1llx]81xP
12207031**6 376871%%p N Exceeds
37871xP 7x113x4733x9198197xP
12207031*%*¢g 37871**10 N Exceeds
37871xP 23x199xP
12207031*%¢ 378714*p Proposition
37871xP
12207031**FF Proposition
305175781*%*X 43609**Y 633920497**Y 1433991301**¥YN Exceeds
2x3499x43609 3xP  3x19x127x38713xP 3x19x12301x779869xP
305175781**Xx 43609%*Y 633929497**Y 1433991301**4N Exceeds
2x3499x43609 - 3xP 3x19x127x38713xP
305175781**X 43609**Y 633929497%*Y 1433991301**GProposition
2x3499x43609 IxP  3x19x127x38713xP
305175781#%*Y 43609%*Y §33929497%*4 Proposition
2x3499x43609 3xP 11x131x241x1901xQ
305175781**X 43609**Y £33929497**H Proposition
2x3499x43609 3xP
305175781%*X 43609%%4 2819051**Y N Exceeds
2x3499x43609 11x11701x9967721xP 7x151xP
305175781**X 43609%%4 2819051**4 Corollary
2x3499x43609 11x11701x9967721xP S5x11x31x61x941xQ
305175781%%X 43609*%%4 2819051**§ N Exceeds
2x3499x43609 11x11701x9967721xP 127x197x281x1938889xP
305175781%*X 43609%%4 2819051%* Proposition
2x3499x43609 11x11701x9567721xP
305175781%*X 43609%%§ 17137*%Y N Exceeds
2x3499x43609 17137xQ Ix13x31xP
305175781**X 43609**%g 17137*#3 N Exceeds
2x%3499x43609 17137xQ 9421xP
305175781%*X 43609**6 17137#%%¢ N Exceeds
2x3499x43609 17137xQ 7x15569219447x74761xP
305175781**X 43609%*5 17137**10 N Exceeds
2x3499%x43609 17137x0 23x661xP
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M
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Ser]2 305175781**x 43609*%%5 17137%%12 N Exceeds M
P 2x3499x43609 17137x0 131xQ (composite) l4.6m

Sk%*]2 305175781%#%x 43609*%*6 17137%%3 Proposition 5§
P 2x3499x43609 17137xQC ¢ is composite QHNPFLT 62,599,979

Sk*] 2 305175781%+%) 43609**10 N Exceeds M
P 2x3499x43609 67xP

Bk%k]2 305175781%*X 43609**K Proposition 5
P - 4%3499x43609

Sh%l2 305175781%*y 12340172617%%X N Exceeds M
P 3x271x9283xP 2x6170086309

Skx)2 305175781%*Y 12340172617%%2 N Exceeds M
P Ix271x9283xP 3x181xP

S%%12 305175781**Y 12340172617%*4 N Exceeds M
P 3Ix271x9283xP 11x521x3691x9081881xQ 10m

5e%12 305175781**Yy 12340172617**L, Proposition 5
P 3x271x9283xP

S*k*]2 305175781**4 N Exceeds M
P Sx11x3011xQ Q 1is composite '’ QHNPFLT 25,000,000

E*%]2 305175781%*R Proposition 5
P

S**1p 466344409%*)% Proposition 11

409xP 2x5x7xP

Skk1g 466344409%%2 N Exceeds M

409xP 3x19xP P = 1815387864419362

"0"'-'-3'——.'

5%*16 466344409*%4 N Exceeds M

409xP 11x11x4931x6673411xQ Q is composite and QHNPPLT 25,000,000

5%*1¢g 466344409%*5 Proposition S

409xpP

S5*%18 3981071**y 1219148483701%*X Corollary 3.1
191x6271xP T 1l3xp 2x31xP

5%*18 3981071+%*Y 1219148483701%%2 N Exceeds M
191x6271xP 13xP 3x61507x9181327x877327920409

5%%1g 3981071**Y 1219148483701%*4 N Exceeds M
191x6271xP 13xP 5x11x32371xP

S5%%]8§ 39B1071**y 1219148483701%*T Proposition 5
191x6271xP 13xP

Ge%]18 39B1071%*4 N Exceeds M
191x6271xP 5x9341xP

Ea#]18 3981071%*6 FL1**Y §5113**} 2557+%*Y Proposition 7
191x6271xP 71x127xP 5113 2x2557 3x7x13x13x19x%97

G**18 3981071**6 FLx®]12 N Exceeds M
191x6271xP 71x127xP QHNPPFLT 3,202,878,952

5%+18 3981071**6 T1%*18 N Exceeds M
191x6271xP 71x127xP o] QHANPFLT 1,042,749,451

5t%)g 3981071**y Proposition 5
191x6271xP

S**22 332207361361%*]1 612928711**2 N Exceeds M

8971xP 2x%271xP 3xQ (composite) QHNPFLT 10,000,000

5x%x22 332207361361%*] 61292871]1%*4 N Exceeds M

8971xP 2x271xpP 5x296741xP

a—
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Se*22 332207361361%*1 612928711**v Proposition 5

8971xP 2x271xP

§a%22 332207361361**2 N Exceeds M

8971xP 3x19x97x27751xP

SH*22 332207361361%*%4 Corollary 3.1

8971xP 5x31x37441x0Q

Skw22 332207361361**W N Exceeds M

8971xp

Se*28 22125996444329#%*] Proposgition 11l
59x35671xP 2x3x3x3x3x3Ix5x11069xP

5%%23 22125996444329%*2 Corollary 3.1
59x35671xF . 31x67xQ

5*%%28 22125996444329**AR Proposition 5
59x35671xP

5%%30 625552508473588471*%2 N M

1861xP 3x13x0 (Composite) QHNPFLT 7,080,001

5%*30 625552508473588471*4BB Proposition 5

1861xP

S**CC N Exceeds M

Note: S{3981071%**4) = 5 x 9341 x 53 7819351636 2980863601. To show that

@ = 53 7819351636 2980863601 is a prime number, for each prime factor
of Q-1 = 2*%4 x 3 x 5%*2 x 17 x 29 x 1063831 x B545463391,

which is relatively prime to Q such that both of the following are true.

Px** (D-1) [Med Q] is 1 and

{(See Table XI below)

Px**[(Q-1)/P] [Mod Q]

2980863600
3416150204
2098020911
9954304396
2198903115
0755498799
0644376668

P Px Px**(Q0-1) [Mod Q] Px**[ (0~1)/P} [Mod Q]
2 11 53 7819351636
3 3 1 2 7897502592
5 5 1 6309570094
17 3 1 18 8719206988
29 3 1 51 6696613165
1063831 3 1 17 5020473527
8545463391 3 1 1 7057193856

TABLE XI

in showing that 5(332207361361**2) is the product of five distinct prime

factors, consider the fact that

71927 2201686876 = 2*%2 x 3%*3 x 71 x 93801799807,

we find Px

is not 1



Lemma 4.9

44041%*X
2x19x19xpP
44041**X
2x19x19xP
44041*%X
2x19x19xP
44041%*X
2x19x)9xP
44041%+x
2x19x19xP
44041%%xx
2x19x19xP
44041*%*X
2x19x19xP
4404)1**%
2x19x19xP
44041 *%*%
2x19x19xP

Proof

8971k*y
Ix7Tx271xP
8971**Y
3x7x271xP
897]1%*y
3x7x271xP
897]**y
Ix7x271xP

54

If N is an odd perfect number less than M, then for no 2 such
that 2z({Mod 5) = 4 does 409**Z]||N.

Note S({409*%%*4) = 71 x 8971 x 44041

Block 44041

The following block of sub-cases is provided for use in this lemma.
It is labeled Block 44041. Each sub-case leads to the contradic-
tion as indicated.

For this block

S(92364463**2) = 3 x 7 x 13 x 31 x 5851 x 9001 x 19141
5(92364463%*4) = 11 x 11 x 104711x1833431xP

Glrry PR6 440431%*Y 092364463%*2 N>M
3x13x97 3Ix7xP {(See above)
61*%j PRY 44041**Y 092364463*%4 N>M
5x131xP Ix7xp 11x11xQ
61l**5 52379047267%*2 PRI 44041%*Y 92364463%*§ N>M
P 3x6619231xP 3x7xpP Q{comp) QHNPFLT lOm
61**6 52379047267**A PR1 44041%*Y 92364463%*C PR5
P Ix7xp
61**10 N>M 4404]1%*4 N>M
199x859xp 5xP
61**12 N>M 44041*%¢ N>M
187123xP 18397x49057xP
6l**16 N>M 44041%%10 N>M
103xP 67x199xp
6l**1g N>M 4404)**p PR5S
229xp
61**p N>M

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

141 43%%y 3509449%*x Proposition 7
Ix19xP 2x5x5x7x37x271

14143*%*Y 3509449%*Y 4105411931017%%2 Block 44041
3x19xP 3xPp 3Ix67xQ Q is composite 10m
14143**y 3509449%*Y 4105411931017**7 Proposition 5
3x19xP 3xP .

14)143**y 3509449+*4 Proposition 8B

3x19xP 11x61x1231x6011x8831x318211xP

e



] P

i3 S

s e

8971**y 14143 %y 3509449%%¢
3x7x271xP Ix19xp 43xP

8971wy 14143**y 3509449**p
IxTx271xP Ix19xP

BOT1lwwy 14143%%*7 20248001*+*X
IxTx271xP 20248001xP 2x3x3x3x257x1459
8971%*y 14143%%32

3x7x271xP 20248001xP 7x37x73x73xT7243xP 2xP
8971%wy 14143*%2

Ix7x271xP 20248001xP 7x37x73x73x7243xP 2xP
8971%*y 141434z

Ix7x271xP 20248001xP 7x37x73x73x7243xP 2xP
8971%»Y 14143*%*3 20248001%*2 1976126401**D
Ix7x271xP 20248001xp 7x37x73x73x7243xP
B971ary 14143%%7 20248001 %*4
3x7x271xP 20248001xP 5x11x4931xQ

B9T71w*y 14143»*2 20248001**E
Ix7x271xP 20248001xP

B971%*y 14143%%6

Ix7x271xP 29x3347x3739xP

B9T71**Y 14143**10
3x7x271xP 114203xQ Q is composite and QHNPFLT
8971¥*y 14143%%12
IxTx271xP 313xP

B9T71awy 14143%*F
3x7x271xP

B971%*3 18246664520771%*2
Sx71xP 181x241x829x868531x10600625756047
§971*wZ 18246664520771**G
5x71xP

8971%*6 1888079002013**]
452873x609673xP 2x3x73x4310682653
8971%*6 1888079002013**H
452873x609673xP

B971**]10 Tlesy 53113%*x 2557%*Y

P
897%**10 Ti#**12
B971#2]1Q F1l**13
P
8971%%12

13x13Ix17681lxQ Q is composite and QBNPFLT 46,191,601

B971%*]

55

N Exceeds M
Proposition 5

Proposition 11

20248001**2 1976126401**X 98806320} **2Proposition 1
3x19x4711081xP
20248001**2 1976126401**X 988063201**4Proposition 7

5x11xQ

20248001%*2 1976126401**X 988063201**CProposition 5

13,374,901

N Exceeds M
Proposition 7
Block 44041
Block 44041
N Exceeds M
N Exceeds M
Proposition 5
Block 44041
Proposition §
N Exceeds M
N Exceeds M
Block 44041
Block 44041
Block 44041

N Exceeds M

* Proposition 5
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Lemma 4.10 If. is an odd perfect number less than M, then it is not true
that 409**6}|N.
Sub-Block 881527
881527**Y 259030244419%*2 N Exceeds M B81527**6 N Exceeds M

Axp 617xP

881527**4 N Exceeds M 881527**B Proposition 5
11x521x3214091xP )
Note S(409%*6) = 6133 x 15919 x 48063373
Proof It is sufficient to show that, except for the conclusion, any other

possibility leads to a contradiction.

Possibilities And Reasong By Which They May Be Excluded

48063373**X 24031687**Y 218379397+*Y 29061280470727**2 Block 881527
2xP 3x881527xp 3x547xP 3Ix49681xF

48063373**X 24031687%*Y 218379397**Y 29061280470727**A Proposition 5
2xP 3xBB1527xP 3x547xP

48063373%*X 24021687%*Y 218379397*%+%4 N Exceeds M
2xP 3xBB1527xP 11x6991xP

48063373%%Y 24031687%*Y 218378397**¢ N Exceeds M
2xP . Ix8B1S527xP 2801x3347xP

4B063373**X 24031687**Y 218378397**B Proposition 5
2xP 3x881527xP

48063373%*% 24031687%*4 120418316715577381+%2 N Exceeds M
2xP 11x491x691x742151%P 7xQ (composite) QHNPFLT 18,000,031

48063373%*X 24031687**4 120418316715577381**C Proposition 5
2xP 11x491x691x742151xP

48063373**%X 24031687**6 Proposition 1
2xp 7x29x17627x65563x71261x376883x0 Q is composite; QHNPFLT 3lm

48063373%*X 24031687**D Proposition 5
2xP

48063373**Y 15484511869%*X Proposition 11

3x223x223xP 2x5x673xP

48063373%*Y 15484511869**Y 79923369278895461677%*1 N Exceeds M

3x223x223xP 3xP 2xp

4B063373%%Y 15484511869**Y 79923369278B895461677%*2 N Exceeds M

3x223x223xP xp 3%31x1033x766039%xQ(composite) QHNPFLT 7m

4B063373%*Y 154B4511869**Y 79923369278895461677%*E Proposition 5

Ix223x223xP 3xP

48063373%*Y 15484511869%*4 N Exceeds ]

3x223x223xP 131x4271xQ O is composite and QHNPFLT 10,000,000

48063373*%*Y 15484511869**F Proposition 5

3x223x223xP

48063373%*4 15919**y 331%**Y N Exceeds M

41x61xQ Ix331xP 3Ix7x5233




s

e

P
£

migy e

57
é] 48063373%*4 15919+%*4 31#%*y 331**Y N Exceeds M
¥ 41x61xQ 31x151x340801xP Ix331 Ix7x5233
48063373*%§ 15919**§ N Exceeds M
41x61xQ 7xP
480633737 %4 15919#**]19 N Exceeds M
41x61xQ 23x67xQ QHNPFLT 12,375,001
48063373%*3 15919* %G N Exceeds M
41x61xQ Q has no prime factor less than 43,000,001 and is composite
48063373%%g N Exceeds M
7x29%xQ Q is composite and @ has no prime factor less than 22,599,991
48063373**G Proposition 5

In Case 11 of Lemma 4.10 it is assumed that 79923369278895461677**1| |N. Then
§(79923369278B895461677**1) = 2 x Q
divides N. To show,that Q = 3996168463 9447730839 is a prime number, for each
prime factor of 2 x 9 x 19 x 43 x 75431 x 36 0246160933, we find a prime Px
~ which is relatively prime to Q such that both of the following are true.
Px**(Q-1) {Mod Q] is 1 and Px**{(Q-1}/P] [Mod@ Q] is not 1

(See Table XII below)

B el ecs kaS BN B €N

P Px Px**(Q-1) [Mod Q) Px**[(Q~1}/P] [Mod Q]
2 3 1 3996168463 9447730838
3 7 1 2622528319 5090855820
19 3 1 149358436 2420911800
43 3 1 2027145237 0652330242
75431 3 1 438678048 6835777527
360246160933 . 3 1l 2451827715 8637313389

TABLE XII

Gt | Caablie il Sl [P Nt

- n AR e
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Theorem 4 If N 1is an odd perfect number less than M, then the prime 4089
does not divide N.
Proof 1t is sufficient to show that, except for the conclusicn, any other

possibility leads to a contradiction.

Note 5{409**6)

= 6133 x 15919 x 48063373

Possibilities And Reasons By Which They May Be Excluded

409**X where X(Mod 4) = 1 Lemma 4.2
400%*Y where Y(Mod 3) = 2 Lemma 4.8
409%*7 where Z{Mod 5) = 4 Lemma 4.9
409**6 - Lemma 4.10
409**10 425243941566841%*] 212621970783342)14%2 N Exceeds M
23x2311x5809387xP 2xF Ix7x31x109x304807x80227x578353xP

409%*%]1Q 425243941566841**] 2126219707833421**F Proposition 5
23x2311x5B09387xP 2xP

409**]0Q 425243941566841%%2 J1xey 331ry N Exceeds M
23x2311x5809387xP 3x31x1521769xP 3x331 3x7x5233

409**10 425243941566841%% N Exceeds M
23x2311x5809387xP

409**]12 1608751 **Y Proposition 1
10193x1608751xP Ix7x163xP where P = 756085711

409%%12 1608751*+*4 N Exceeds M
10193x1608751xP 5x1021x1471xpP

409*%%]2 1608751**¢ N Exceeds M
10193x1608751xP 43x1289x47419%P

409%*]12 1608751**10 Proposition 5
10193x1608751xP 11x23%x67x230143x327889xP

409%*12 1608751**B Proposition 5
10193x1608751xP

409%*16 N Exceeds M
17x103x307x443x3163x43283x47363x55217x21906541x329083009

409%*18 S9699%%2 274156177**C N Exceeds M
59699x11459737x0Q 13xP

409%*18 S9699**D N Exceeds . M
59699x11459737xQ @ is composite and QHNPFLT 32,757,001

409**E Proposition 5

In determining the prime factorization of S5(1608751**4) as being

5 x 1021

x 1471 x B9196367 9285453711

we may consider the fact that 89196367 9285453710 in its prime factorization

form is 2 x 3 x5 x

13 x 228708 6357142189,

T
1

—
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Lemma 5.1 Let N be an odd perfect number less than M. Then, not all three
of the following can happen simultaneoulsy.
(A) 5419**Y||N {B) 1009**Y||N (C) 9181**X||N
Note S(5419**2) = 3 x 31 x 313 x 1009
8{1009**2) = 3 x 37 x %181
5(9181**1} = 2 x 4591
S(31%*2) = 3 x 331 S(331**2) = 3 x 7 x 5233

P B i

—p-

' i e i ..

R

Proof

4591**Y
Ix127xP
4591*ny
3x127xP
4591 %*y
Ax127xP
4591%%y
Ix127xp
4591%*y
3x127xP
4591 %*y
3Ix127xP
4591 %%y
3x127xP
4591%*y
3x127xP
4591 %%y
3x127xP
4591 %%y
3x127xP
4591**y
Ix127xP
459) %7
5x11xP

4591 *%%¢

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

55333%*y
3x367xP
55333*Y
3x367xP
55333%*y
32367xP
55333%*y
3x367xP
55333%*y
Ix367xP
§5333%*y
3x367xP
55333*ay
3x367xP
55333*%%7

2780923*%*Y 135676061629**2 201858430533847**2 Proposition 6
3Ix19xP 3x1321x23011xP 3x13xQ

2780923**Y 135676061629**2 201858430533847**A Proposition 5
3x19xP 3x1321x23011xP

2780923*%*Y 135676061629%%4 Proposition 8B
3x19xP 11x101xQ

2780923%*Y 135676061629**B Proposition 5
3x19xP

2780923%*4 Proposition 1

41xQ Q 1is composite and QHNPFLT 110,000,000

2780923*%%§ N Exceeds M

113x127x9857x10275301xQ (composite) QHNPFLT 70,000,000

2780923%*C Proposition 3§

Proposition 8D

11x251x3191x46411x22926121

55333%*%¢

N Exceeds M

43x617x135913x141667xP

55333*%*10

23x89xQ
55333**p

N Exceeds M
Q is composite and QHNPFLT 13,374,501

Proposition 6§

Propeosition BE

Block 5233

254322041x36825984292217

4591**1Q

Block 5233

881x2113651xQ Q is compoaite and has no prime factor less than 54,499,901
4591*%12

521xp
4591 %*E

N Exceeds M

Proposition §
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Lemma 5.2 Let N be an odd perfect number less than M. Then, not both of the
following can happen simultaneocusly.

A)  5419%*Y1||N B) 1009%*Y2||N
where Yl(Mod 3} = 2 = Y2(Mod 3)

Mote S5(5419**2) = 3 x 31 x 313 x 1009 5(1009**2) = 3 x 37 x P

Proof It is pufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Note S(9181**2) =« 3 x 7 x 7 x 13 x 31 x 1423

Possibilities And Reasons By Which They May Be Excluded

91B1**X where X(Mod 1) = 1 Lemma 70 |
9181wty where Y(Mod 3) = 2 Proposition 6
9181**z where 2(Mod 5) = ¢4 Corollary 3.1
5x11311xP
9181**g 1993716B8287**Y N  Exceeds M
113x17431x15251867%P Ix541x25981x46153x204245563
9181%2¢g 1993716828 7%*4 Proposition 6
113x17431x15251B67xP 11xQ
9181%*§ 19937168287%*a Proposition 5
113x17431x15251867xP .
9181**10 635471 **y Block 23
23x635471xQ 1xP
9181+**10 635471**4 Corollary 3.1
23x635471xQ 5x31x61xQ
9181%*31Q 635471**C Block 23
23x635471xQ Q is composite and QHNPFLT 10,000,000
9181**12 N Exceeds M
157x521x241229x0 Q is composite and QHNPFLT 15,624,961
9181%*C Proposition §

For Case 2, let Pl»3, p2=7, P3=13, P4=31, and PS5=37. Now consider the fraction
5
F = JI Piv**Ei/ S(Pi**Ei)
i=1
where El > 3. If El = 4 (or E2 = 2}, then 11 (or 19) divides N. Otherwise,
both El1 > 4 and E2 > 2. 1In any of these cases F < 1/2 and Proposition 6

applies.

s |
3
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Let N be an odd perfect number less than M. Thén, not both of
the following can happen simultaneously.

(A) 5419**¥||N (B) 1009**z|IN
Note  S{5419**2) = 3x31x313x1009 5(1009*%4) = 1037517185381

Proof It is sufficient to show that, except for the conclusion, any other
posslibility leads to a contradiction.
Possibilities And Reasons By Which They May Be Excluded
1037517185381%*%X 172919530897**2 Proposition 1
2x3xP 3Ix13xQ Q is composite and QHNPFLT 10,000,000
1037517185381 *%*¥ 172919530897%*4 Proposition 8D
2x3xP 1ix61xQ
1037517185381**x 172919530897**B Proposition 5
2x3xP
1037517185381**2 127992782604139**2 N Exceeds M
T727x1399x8269xP Q = 469774,661989,273213 3x43x61x109x109x373xQ0 comp 34.8m
1037517185381**2 127992782604139**F Proposition §
727x1399x8269xP
1037517185381%*4 Corollary 3.2
5x331xQ
1037517185381**D ) Proposition 5
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Lemma 5.4 Let N be an odd perfect number less than M and let 5419**Y||N.
Then no one of the following can happen.
(A) 1009**6} |N (B) 1009**10!]IN () 1009%*12| [N
Note S(5419*%%2) = 3 x 31 % 313 x 1009
Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.
Note S(1009**g) = 7 x 29 x 5077297 x 1024823381
Possibilities And Reasons By Which They May Be Excluded
1009**§ 1024823381*+*x Proposition 8¢
2x3x11xP
1009**§ 1024823381*+*2 27647957545189%*] Proposition 7
37987xP 2x5x281x7907xP
1009*%¢ 1024823381*+*2 27647957545189**2 N Exceeds M
37987xP 3x7x112927x8845231xP
1009**g 1024823381#%%2 27647957545189%*n Proposition 5
37987xpP
1009+*g 1024823381%*4 Corollary 3.2
5x541xQ
1009**§ 1024823381**B Proposition &
1009%*10 Block 617
617x4647193x16441151xP :
1009**12 31wty 331%*y 157%*x Block 5233
157xP 3x331 3x7x5233 2x79
1009%*]12 31**y 331%4y 157**Y 8269%4X Proposition 7
157xP 3x331 3x7x5233 3xP 2x5x827
1009%*12 31%*y 331%*y 157%*Y B269%*Y N Exceeds M
157xp 3x331 3x7x5233 3xP 3x7xP
1009**]12 31**y 331%*y 157*%*y B269%+4 N Exceeds M
157xp 3x331 3x7x5233 Ixp 61xP
1009%*12 3 ey 331%*y 157%+y B269%*C N Exceeds M
157xp 3x331 3x7x5233 Ixp
1009%*12 KN 4 331**y 157%%4 N Exceeds M
157xP 3x331 3x7x5233 11x31xP
1009+*]12 31wy -331wry 157*%6 N Exceeds M
157xP 3x331 3Ix7x5233 12503xP
1009*%*12 31%*y 331%*y 157**10 N Exceeds M
157xP 3x331 3x7x5233 28447xPp
1009**])2 31**y 33)1%%y 157%%]12 N Exceeds M
157xP 3x331 3x7x5233 13x245753x251057xP
1009**12 31%*y 331%Y 157%*p N Exceeds M

157xP
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BElock 398581 The block of sub-cases, Block 398581 is used only in Theorem 15

and Lemma 22.3. However, the block of sub-cases labeled Block 1621
is used more than once in Block 39858l. Both blocks are given be-

low. Each sub-case or sub-subcase leads to the contradiction that
ig listed.

lg2i**y Proposition & 1621+*%6 N Exceeds M
Ix7x13xP 211x4105333x20957295829
1621%%7 ! Proposition 6 1621**A N Exceeds M
5x11lxP
398581%*Y 32668561**Y 2309087647%*Y 441105499*%»*Y N Exceeds M
3x1621xP 3x7x13x1693xP 3x13x12097x25621x% Ix7x13xP
398581**Y 32668561**Y 2309087647 *Y 441105499%*4 N Exceeds M
3x1621xP 3x7x13x1693xP 3x13x12097x25621xP 751x1201xP
398581**Y 32668561**Y 23090876472 *Y 441105499%*a Proposition &
3x1621xP 3x7x13x1693xP 3x13x12097x25621xP
398581**Y 32668561**Y 2309087647%%4 Block 1621
3x1621xP 3x7x13x1693xP 11x41xQ @Q is composite and QHNPFLT 10,000,000
398581%*Y 32668561*4Y 2309087647+*B : Propeosition 5
3x1621xP 3x7x13x1693xP
398581%x*Y 32668561**4 Block 1621
Ixle2lxP 5xQ QHNPFLT 10,000,000
398581**Y 32668561%*6 N Exceeds M
3x1621xP 140813xQ QBNPFLT 9,399,979 Also, Q 1s composite
3985B81**%Y 32668561%**C Proposition 5
3x1621xP
398581%%4 2703853428809791%*2 1866871**Y 3314y Corollary 3.2
5x1866871xP axQ 3x19x331xP 3x7x5233
398581**4 2703853428809791**2 1866871%2%4 N Exceeds M
5x1866871xP IxQ 5x41x2019041x13306091x2205504671
398581%%4 2703853428809791»*2 1866871%*6 N Exceeds M
5x1866871xP 3xQ 29x1093x8387x63337x85121xP
398581%%4 2703853428809791%*2 1866871**D Proposition 5
5x1866871xP 3xQ0 O is composite and QHNPFLT 8,799,997
398581**4 2703853428809791**E Proposition 5
5x1866871xP
398581*%p 47251*%%Y N Exceeds M
7x113x1093x47251xQ Ix13x241xP .
398581*%%p 47251%*Z N Exceeds M
7x113x1093x47251xQ 5x101x876791xP
39858126 47251*%%§ N Exceeds M
Tx113x1093x47251xQ TxP
398581**¢ : 47251**10 N Exceeds M
7x113x1093x47251xQ 23x23x14851x238943xP
3198581*%¢ 47251 **F Proposition 3
7x113x1093x47251xQ Q0 is composite QHNPFLT 22,139,377 ’
398581**G . Proposition 5
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Proof

Note

5419**Y
3x31x3]13xP
S5419**Y
3x31x313xP
5419*%*y
3x31x313xP
5419%*y
3x31x313xp
5419%*y
3x31x313xP
5419%*Y
3x31x313xP
5419*%*Y
3x31x313xp
5419%+*y
3x31x313xP
S419*%*4
1031xp
5419%%4
1031xP
5419%*%4
1031xp
5419%%4

5419*%*¢
5419%*¢
5419* %6
5419%*§
5419**¢g
5419**p

5419**8

The number 3 x 5419
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that is less than M.

cannot be a factor of an odd perfect number N

It is sufficient to show that, except for the conclusion, any other
p0551bility leads to a contradiction.

S(S4l9**2)=3x3lx313x1009

5(5419**6)=7x29x211x1499x475483x8296212381

Possibilities And Reasons By Which They May Be Excluded

31y 33L1n+y
3x331 2x7x5233
31ty 331%*y
3x331 3Ix7x5233
31xryY 331%*y
3x331 3x7x5233
31y 331%ry
3x331 3Ix7x5233
31%xy 331w*y
Ix331 3x7x5233
J1ary 331%+y
3x331 3x7x5233
31%*y 331**y
3x331 3x7x5233
ERR L) 4 331nry
3x331 3x7x5233
836561914831%*2
Ix109x6157549xP
B36561914831%*2
Ixl09x6157549xP
836561914831*%4
5x11x61x401xQ
836561914831**B
B29621381*%x
2xPp
B29621381%*x
2xP
829621381%*X
2xP
829621381%*2
3x1483xP
829621381%*2
3x1483xP
829621381+%*4
5xQ
B29621381%*F

1009**X
2x5x101
1009%*y

Ix37x9181
1009**7

P

1009**g
Tx29x5077297x1024823381
1009**1(0
617x4647193x16441151xP
1009%*]32

Corollary 3.1

Lemma 5.2
Lemma 5.3
Lemma 5.4
Lemma 5.4
Lemma 5.4

N Exceeds M

137x443x1531xQ Q is composite and QHNPFLT 1l0m

Proposition 5

N Exceeds M

3x7x7x61%x2377xQ (Composite} QOHNPFLT 13,104,853

157xP
10Q9%*16
1009%+5
347568611538691%*2
347568611538651%*+C
414810691**Y
3x13x13x3559xP
414B810691%*4
5x11xQ
414810691**D
154702548132607%+*2
3x19z267xP
1547025481326 07**E

Proposition 5
Proposition 8A
Proposition 5
N Exceeds M
Proposition 8E
Proposition 5
N Exceeds

Proposition

-~ o X

Proposition

Proposition 5
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5419%%10 3328742y 14221%%] N Exceeds
67x33287x274121xQ 7x11131xP 2x13x547

5419**10 33287%*Y 14221**G N Exceeds
67x33287x274121xQ Tx11131xP

5419%#%1Q 33287%%Z N Exceeds
67x33287x274121xQ 28631xP

5419*%%]190 33287**6 N Exceeds
67x33287xQ 29x197x471451xP

5419*%*10 33287+**0 N Exceeds
67x33287x274121x43038337x830088529041623897

5419%*%]12 . N Exceeds

53xg Q is composite and Q has no prime factor less than 24,624,991
5419%*R Proposgition

In Theorem 5 we have S5(33287*%6) = 29 x 197 x 471451 x 50508003 0371606299,

To show that Q = 50508003 0371606299 is a prime number, for each prime fac-~

tor P of Q-1 = 2 x 3*'4 x 7 x 17 x 184631 x 141903661, we find a prime

Px which is relatively prime to Q such'that both of the following are true.
Px** (Q-1) [Mod Q] is 1 and Px**[(0-1}/P] [Mod Q] 1is not 1

{(See Table XIII below)

F Px Px**(Q-1) {Mod Q] Px**[ {Q~1) /P] [Mod Q]

2 3 1 50508003 0371606298

3 5 i 32991150 4001228137

7 3 1 27376014 3838871657

17 3 1 20967250 5211821842

184631 3 1 12932004 6516091856

" 141903661 3 1 16300914 4018109801

TABLE XIII
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Lemma 6.1 Let N bhe as od4d perfect number less than M. Then, the following
cannot happen.
_2622092B1%*X} N where X(Mod 4) = 1
Note 5(262209281%*1) == 2 x 3 x 3137 x 13931-
Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.
Note S(194086693%*2) = 3 x 12277 x 740989 x 1380277
Possibilities And Reasons By Which They May Be Excluded
13931**2 194086693%*2 1380277%%2 2773167361**Y N Exceeds M
P 3x12277x740989xP Ix229xP 3x13x271xP .
13831%%2 194086693**2 1380277%%2 2773167361%%4 N Exceeds M
P 3x12277x740989xP 3x229xP 5x17291xQ (comp) QHNPFLT25,000,001
13931%%*2 194086693%**%2 1380277%%2 2773167361**a Proposition 5
P 3x12277x740989xP 3x229xP
13931%+%2 194086693**2 1380277*%4 N Exceeds M
P 3x12277x740989xP 31x131x13831x17161xP
13931%%2 1940866932 1380277*%6 N Exceeds M
P 3x12277x740989xP 71xP
13931%%2 194086693%*%2 1380277**B Proposition 5
P 3Ix12277x740989xP
13931%*2 194086693%%4 91411*%*Y 31x*y 331wy Proposition 8D
P 11x31x91411xPx0 3x43xP Ix331 Ix7x5233
13931%*2 194086693 %4 9141]1%%4 31%*y 331%*y Proposition B8A
P 11x31x91411xPxQ 5x281xP 3x331 3x7x5233
13931**2 194086693%*4 91411*%5 Proposition 1
P 11x31x91411xPxQ 15359x29947x198241xP
13931+%*2 194086693%*%4 91411%*C Proposition 1
P 11x31x91411x297841xQ{comp} QBNPFLT 55,000,001 (Apply Proposition 1)
13931%*2 194086693**%§ N Exceeds M
P Q QHNPFLT 17,599,975 and is composite
13931*%*%2 194086693**D Proposition 5
P
13931+*4 Proposition BE
5x11x491xP

—-———

L}

——
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13931**6 3658159**Y 33829*%*Y N Exceeds M
7x3658159xP 3x139x379x2503xP 3x13x577xP

13931*%¢ 3658159%+Y 33829*%z 3L*rY 331%*Y N Exceeds M
7x3658159xP 3x139x379x2503xP 11x31x101x5021xP

13931*%5 3658159%*Y 33829**6 Proposition 1
7x3658159xP 3x139x379x2503xP 281x90007x22993111x25773147306803

13931*%*s 3658159% %Y 33829**E N Exceeds M
7x3658159xP 3Ix139x379x2503xP

13931*+*6 3658159**4 31awy 331%*y Proposition 1
Tx3658159xpP 31x41x392261x8809051xP 3Ix331 3x7x5233

13931**¢ 3658159**F N Exceeds M
7x3658159xP '

13931**10 . Propesition 1
23x23x23x67x6733x0 QHNPFLT 55,566,721

13931#%]2 N Exceeds M

131xpP
13931%2G Proposition 5

In Case 9 of Lemma 6.1 it is assumed that 194086693**4||N and that for some
X(Mod 4) = 1 it is true that 262209281**X||N. As a consequence of these con-
ditions, S(194086693**4) = 11 x 31 x 91411 x 297841 x Q divides N ?lso.
Since Q has no prime factor less than its cube root and Q has no Factor F
such that for some natural number X(Mod 4) = 1, F**X||N, it follows that Q**2

divides N by Proposition 1.
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Lemma 6.2 If ¥ is an odd perfect number less than M and 127**Z||N,then the

number 262209281 does not divide N.

LS

Note ©(262209281**2 ) = 13 x 1231 x 4296301150081

Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded
262209281**X Lemma 6.1
2622092B1l%*Y 4296301150081%*1 123152587**2 13339102733461**2 N Exceeds M

13x1231xP 2x17443xP 3x379xP 3x43x17491x93979xP
262209281**Y 4296301150081%%]1 123152587**%2 13339102733461**A Proposition 5
13x1231xP 2x17443xP 3x379xp
262209281**Y 4296301150081**1 123152587%*%4 N Exceeds M
13x1231xP 2x17443zP 0 O is composite and QHNPFLT25,000,001
262209281%*Y 4296301150081**1 123152587**B N Exceeds M
13x1231xP 2x17443xP
262209281**Y 4296301150081**2 Theorem 5
13x1231xP 3x61x5419xQ Q is composite QHNPFLT 1,000,000
262209281l**Y 4296301150081**C Proposition 5
13x1231xP :
262209281 *%*4 14621**X PropositionB8E
Sx11x421x14621x0 2x3x2437
262209281**4 14621%*Y 1644525251*%Y Proposition 7
5x11x421x14621xQ 13xP 3x7x4507x2857420699
262209281**4 14621%%Y 1644525251**%4 N Exceeds M
5x11x421x14621xQ 13xP 5x11x2671x41281xP
262209281*%4 14621%*Y 1644525251**D Proposition 5
5x11x421x14621xQ 13xPp
262209281**4 14621%*4 940739291**E N Exceeds M
Sx1lx421x14621xQ 5x9716251xP
262209281%%4 14621**6 N Exceeds M
5x11x421x14621xQ 127x6802951xP
262209281*%4 14621**f N Exceeds M
Sx11x421x14621x6579701x477869921x4440731591
262209281%*G Proposition 5




Block 162709
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This block is used in Lemma 6.3.

162709**X 307%4y Proposition
2x5x53x307 3x43x733
162709#%*Y 307%*Z 5231%*y 3909799**Y Proposition
2x5x53x307 1051x5231xP 7xP 3x2671xP
162709**X 307%%g §231%*y 3909799*%4 N Exceeds
2x5x53x307 1051x5231xP 7xP 11%11551x2396621xP
162709**X 307**2 5231**Y 3909799%*A N Exceeds
2x5x53x307 1051x5231xP 7xp
162709%* %X 307%%Z 5231%*4 N Exceeds
2x5x53x307 1051x5231xP 5x601xP
162709%*% 30742 5231**¢ N Exceeds
2x5x53x307 1051x25231xP 71xP
162709%*X 307%%3% 5231%**p N Exceeds
2x5x53x307 1051x5231xP
162709% %Y 307*%g N Exceeds
2x%x5%x53x307 659xP
% 162709**X 307**C N Exceeds
2x5x53x307
% 162709%%*2 8824793797**X 2409829**Y N Exceeds
3xp 2x1831xP Ix7x65029xP
162709%22 88247923797 %*X 2409829**p N Exceeds
3IxP 2x1831xP
Eﬂ 162709%%2 BB24793797* %Y 425557298187947929**] Proposition
xp Ix61xP 2x5x0Q
162709%**2 8824793797%*Y 425557298187947929*%*2 N Exceeds
3xP - 3x61xP 3x13x31x157x12967xQ @ is composite 1l.2m
162709%*2 8824793797*%Y 425557298187947929%*E Proposition
3xP 3x61xP
162709%*%2 B824793797%*F N Exceeds
3IxP
162709%*4 N Exceeds
P P= 700888562389531127981
162709%*G : N Exceeds

X R 2 X OE Z OEFE ® OX -4 =

[ T

P F—
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Lemma 6.3 If N is an odd perfect number less than M, then 127*%*6||N is a
false statement. :

S

Note S5(127**6} = 7 x 43 x 86353 x 162709

Proof - It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Note S({86353**4) = 11 x 281 x 1021 x 1964041 x 8970971

Possibilities And Reasons By Which They May Be Excluded
86353**x 162709*#*]1 where 1I{Mod 4) is not egual to 1 Block 162709
2x43117
86353**Y 2485642321**X 1242821161%%*2 N Exceeds M
3xp 2XP 3x1993xP
86353%+Y 2485642321**X 1242821161%*4 Proposition 7
Ixp 2x%P 5x41x1231xQ Q is composite
B6353%*y 2485642321%*) 1242821161%*p Proposition 5 .
3xP 2xPp
B6353**y 2485642321%*2 2202194614231**2 N Exceeds M '
3xP 3Ix61x15331xP 3x19x337xQ {(composite) QHNPFLT 10,000,000
86353 %+y 2485642321%%) 2202194614231%*4 Proposition 7 s
Ixp 3x61x215331xP 5x0
86353%*Y 2485642321442 2202194614231**B Proposition 5 I
3xp 3x61x15331xP : :
86353**y 2485642321*%*4 Proposition 7
3IxP 5x151x1471xQ =y
86353*%*Y 2485642321%%C Proposition 5 l
IxP
86353*rZ 8970G71%*y 31>y 331x*y Proposition 6
7x13x19x31xP 3x331 3x7x5233 .
86353*%%3 BOT70971*%4 1964041*%*X N Egxceeds M
S5x11x811x0 2xP l
B6353%*2 8970971*%4 1964041*%*Y Proposition 7
5x11x811xQ 3x7x19x31x607xP
86353**2 B970971*%*4 1964041%*4 N Exceeds M :
5x11x811xQ Sx41x131x431x16267271xP
86353%*2 8970971 %*4 1964041**6 N Exceeds M l
5x11x811xQ 29x43x43x1583x26209x154267x343253xP
B6353*%3 8970971%*4 1964041**D Proposition 5 i
5x11xB11xQ Q is composite and QHNPFLT 25,000,001
BE353**Z 8970971**g N Exceeds M I
29x617x1124131216141189%x85044793xP
B6353%#*7 8970971**E Proposition 5
86353**¢ Block 162709 t
Tx29x29x2339x316037xP '
86353**E N Exceeds M :

L}
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Theorem 6

Proof

Note

127**Y
127%*Z
127**6

127**10
23xP
127**]10
23xP
127%%22
P
127##22
P
127%*C
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Let N be an odd perfect number less than M. Then, the prime 127
cannot be a factor of N unless one of the following is true.

(A} 127**12||N (B) 127**16|1N (C) l27+*18|IN

It is sufficient to show that, except for the conclusion, any other
posgibility leads to a contradiction.

5(127*%*12) HNPFLT 411,429,721 S{127**18) HNPFLT 164,599,969

Possibilities And Reasons By Which They May Be Excluded

Theorem 5

Lemma 6.2

Lemma 6.3

478346443548368156839%*2 N Exceeds M
3x7x193x0 Q is composite QHNPFLT 11,400,001

47834644354838156839%%; Proposition 5

19369349555573971915591022666834837417546889857**1 N Exceeds M

2x3x7Tx7x577x17477xQ QHNPFLT 600,000
19369349555573971915591022666834837417546889857**B Proposition

W

Proposition
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Lemma 7.1 If N is an odd perfect number less than M, then not all of the
following are true simultaneously.

L™
(b) The prime 5 divides N (B} 131%*Y{|N
{(C) 17293**%||N
Note S(131**2) = 17293 S(17293**1) = 2 x B647
Block 2081
20B81**Yy 618949**Y Proposition 7 2081%%4 Corollary 3.1
7xP 3x7x7xP 5x31x275251x439781 2
2081%*Y 61B949**a N Exceeds M 20B1l%*p N Exceeds M
TxP
Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.
Possibilities And Reasons By Which They May Be Excluded
B64T**Y Proposition 7
3x7x37x157x613
BE4T**4 261085291%#*2 Corollary 3.1
41x251x2081xP 3x31x571x9949xP :
8647**4 261085291*%*4 Block 2081
41x251x2061xP 5x11xQ ©Q is composite and QHNPFLT 10,000,000
8647%%4 261085291**p Proposition 5
41x251x2081xP
B647%%p 9437%%y B17123**Y Corollary 3.1
43x9437x393017297xP 109xp 3x31x5737x1251433
B647x%g 94374y B17123%%4 Proposition 1
43x9437x393017297xP 109xP 326141xP P = 1366925586944435821
B64T*%E 9437%*Y 817123%%¢ Proposition 1
43%x9437x393017297xP 109xP 197xQ {comp) OQHNPFLT 10,000,000
8647%*6 9437+ *Y 817123*%B Proposition 5
43x9437x393017297xP l09xp
8647**6 9437%k*g 219049261*%%2 . Proposition 7
43%x9437x393017297xP 4481x8081xP 3x7x0
8647**5 9437%%32 219049261**4 Proposition 1
43x9437x393017297xP 4481xB8081xP 5x41x661x0 (composite) QHNPFLT 30,000,000
B64T7*%¢g 9437*%3] 219049261**C N Exceeds M
43x9437x393017297xP 4481x8081xP
8647**%6 9437**¢ Proposition 1
43x9437x393017297xP 7%197xQ Q is composite and QBNPFLT 32,599,981
B647%%¢ 9437%%10 Proposition 1
43x9437x393017297xP 991x59467x4574923%P
BE47**p 9437%%]12 Proposition 1
43x9437x393017297xP 7333x%144223x24963173xP

~ st o L i B

A ara
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8o47**g 9437%%p Proposition
43x9437x393017297x2621373511
8647T**10 30493%%2 Proposition BE
11x30493xPxQ 3x43x97x74311
B647**1Q 30493%%4 1251229025290511**E N Exceeds
11x30493xPxQ 691xP
8647**10 30493*%4F N Exceeds
11x30493x1477081xQ (composite) has nc prime factor less than 100,000,000
8647%*12 N Exceeds
15497x98411xQ Q 1is composite and QHNPFLT 210,000,000 .
8647**G Proposition
In Lemma 7.1 we have §(817123%#%4) = 326141 x 136692558 6944435821, To show
that @ = 136692558 6944435821 is a prime number, for each prime factor P
of Q ~ 1 = 2%¥%2 x 3%*4 x 5 x 42649 x 101107 x 195677, we find a prime Px

which is relatively prime to @
Px**(Q-1) [Mod Q] 1is 1 and Px**{ (Q-1) /P]

(See Table XIV below}

P

2

3

5
42649
101107
195677

Px
1

Wikt W U -

Px**{Q-1) [Mod Q]

b bt b B e

TABLE XIV

such that both of the following are true.

[Mod Q] is not

Px**[(Q-1)/P] [Mcd Q]

136692558
17347283
54558485
84519152
47918379
74286889

6944435820
1268111628
3524039867
6889676081
7266089506
5932525244

1



Lemma 7.2

Proof

Note

S**y
2x3
S5xxY
2x3
Seay
2x3
Gr*y
2x3
SeRy
2x3
Seey
2x3
Shay
2x3
Ll 4
2x3
Lhlab 4
2x3
Se*y
2%3
5wy
2x3
Seny
2x3
Skwy
2x3
HEAY
2x3
FLid ¢
2x3
S¢*X
2x3
S**R
2x3
S *y
2x3
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1f N is an odd perfect number less
following are true simultanously.

{A) 5 divides N (B) 131**Y!||N
where ¥Y(Mod 3) = 2.

It is sufficient to show that, except
possibility leads to a contradiction,

§(17293**6) has no prime factor less

than M, then not all of the

(C} 17293%%6| N

for the conclusion, any other

than 504,749,911.

Possibilities And Reasons By Which They May Be Excluded

3hky 13%*y 61**Y Proposition
13 3x61 3x13x97

ey 13%+y 6lrwz Proposition
13 3x61 5x131xP :
3NNy 13%*y 6le*g N Exceeds
13 3x61 P

3kry 13**Y 61**]10 N Exceeds
13 3x61 199x859xP

ELAS ¢ 13%*Y 61l*%]12 N Exceeds
13 3x61 187123xP

3*Hy 13%*y ALY N Exceeds

- 13 3x61

ELED ¢ 13%%Z N Exceeds
13 30941

3k*y 13%ng 5229043%*2 N Exceeds
13 P Ix31x4051xP

3Ry 13**¢ 5229043%%C N Exceeds
13 P

ELED 4 13*%10 N Exceeds
13 23x419x859xP

3k4y 132812 N Exceeds
13 53%x264031xP

3%y 13**}16 N Exceeds
13 103x443xP

Inry 13**18 N Exceeds
13 P

Ixxy 13%+p N Exceeds
13

3k xg Block

11x1l

Ik 1093**y 398581**2 N Exceeds
1093 3xP 3x1621xP

3**Q 1093**Y 398581 %*4 N Exceeds
1093 IxP 5x1866871xP

3kxQ 1093%*y 3JOB5B1**E K Exceeds
1093 3xP

-]

z T =T X T T X T =T T =X X

-
4 -
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Se*y
2x3
S##*)X
2x3
CLE) 4
2x3
Sk*y
2x3
Shky
2x3
LLA) ¢
2x3
Shay
2x3
SHay
2x3
Sk}
2x3
Seay
2x3
ELAD 4
2x3
Bewy
2x3
Shay
2x3
LL R 4
2x3
LERD 4
2x3
orwy
2x3
S*x]

3%y
1093
3%#*g
1093
3*xy

1093%+4
11x31xP
1093*%#§
7x29x14939xP
1093 **p

1093
3**10
23x3851
Akk]2

P
3h*]2
B
3**16
1871x34511
3**18
1579x363889
34%22
47xP
ELEYA:
59x28537xP
ELA K]
683x102673xP
3**36
13097927xP
InngQ
83x2526913xP
3*%42
431xP
kLA 2 Y

1223x21997x5112661xP

3% *g
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T97161**2

Ix61x151%x22996651 -

797161**G

Corollary
Proposition
Exceeds
Exceeds
Exceeds
Exceeds
Bxceeds
Exceeds
Exceeds
Exceeds

Exceeds

¥ ¥ ZE Oz OZ R 2 22 =2 Z

Exceeds
Exceeds
Exceeds

Exceeds

z = Z =

Exceeds

Block

3.1

-3

x X XT X X X X X =X F

w o x = X



Lemma 7.3

Proof

17293%*X

17293%*y
3x13xP
17293%»y
Ix13xp
17293%*y
3x13xP
17293%*y
3x13xP
17293%*y
3x13xP
17293**y
3x13xP
17293%*y
3x13xP
17293**y
3x13xP
17293%»y
3x13xP
17293%*y
3x1i3xP
17293%~y
3x13xP
172932y
3x13xP
17293%*y
3x13xP
17293**y
3x13xP
17293%*32
384481xP
17293%*7
384481xP
17293*%*Z
384481xP
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If N is an odd. perfect number less than M, then not both of the
following are true, -

(A) 5 divides N "and (B) 131**Y|{N where Y(Mod3} = 2,
Note S(131**2) = 17293

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

Lemma 7.1
T668337%%x Proposition 8F
2x23xP
7668337%*Y 801337nex Proposition 6
3x24460537xP 2x59x6791
T668337**Y B01337%*yY 214047262969%*1 Proposition 11
3x24460537xP 3xp 2x5x107xP
7668337%4Y 801337%%Y 214047262969%%2 Proposition 6
3x24460537xP Ixp IxQ QHNPFLT 1,000,000
7668337%2y BO1337**Y 214047262969**p N Exceeds M
3x24460537xpP 3xP
T668337**Y 801337%*4 Proposition BA
3x24460537xP 11x2251xQ
T668337**y 801337+%%p 24460537%*] N Exceeds M
3x24460537xP 911x0Q 2x3271x3739
T668337%ny 801337*%%p 24460537%%2 Corcllary 3.2
3x24460537xP 911x0 AIx331x4591xP
T668337**Y 801337**§ 24460537**B N Exceeds M
3x24460537xP 911x25150903x0
7668337%*y 801337*C Proposition 5
3x24460537xP
7668337*%*4 207331**2 N Exceeds M
207331xP 3x1531xp
7668337%*4 207331%%4 Proposition 8A
207331xP S5x1Ix131x151x1181x0 .
7668337%%4 207331**D N Exceeds M
207331xP
T66B337**E N Exceeds M
232611722621**X 1435874831%*y 384481**Y N Exceeds M
2x3x3x3x3xP P Ixp
232611722621**X 1435874B31%*Y 384481**4 Proposition BE
2x3Ix3x3x3IXP P 5x11x11i81x0
232611722621%*X 1435874831%*Y 384481%*6 N Exceeds M
2x3x3x3x3xP P P
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17293#%%2 232611722621%*%)%
384481xP . 2%3x3x3x3xP
17293%%Z 232611722621%*X
J84481xp 2x3x3Ix3IxIxP
17293%xZ 232611722621 %*Y
38448]1xP 2x3x3x3x3xP
17293%*3Z 232611722621%*2
384481xp 61x373x9949xP
17293%%Z 232611722621%*2
384481xpP 61x373x9945xP
17293%%3 232611722621*%%¢4
384481xP Sx11x31IxQ
17292%%7 232611722621**]
384481xP
17293*%%¢
Q
17293%*10 261581%*])
11x261581xQ 2x3xP
17293**]10 261581%*2
11x261581xQ 61x307xP
17293*=x]10 261581%*2
11x261581xQ 61x307xP
17293**]0 261581%*2
11x261581xQ 61x307xP
17293*%*10 261581%*K

77
1435874831*+*Y
P
1435874831%*4

5x241xP
1435874831**G

239025974415379+%*2

3x7x79x229xQ

239025974415379%*g

Q is composite and has no prime factor less than

384481%*F

6la*X
2x31
6lery
3x13x97
61**J

11x261581xQ Q i= composite and QENPFLT 59,499,901

17293**L

Proposition 5
N Exceeds M
Proposition 5
Proposition 7
Proposition 6§
Corollary 3.1
Proposition 3

Lemma 7.2

504,749,911

Proposition 8E
Corollary 3.1
Proposition 8A
N Exceeds M
N Exceeds M

Proposition 5
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Block 571
# Block 571 is to be used only when 5 divides N or when a
few sufficiently small primes divide N. It is first used in
Theorem 7.
Block 13537
13537%*x 967**Y R>M 13537%#%2 N>M
2x7xP 3x67xP iIx523xP
13537%*¥ 967%**4 B875296605041**2 C 3.1 13537*%4 N>M
2x7xP P 19x31xQ 48271xP
13537%*x 967**§ BT5296605042%*% NO>M 13537*%%§ N>M
2x7xP P 29x43xP
13537%*X 967*%*6 N>M 13537**B . N>M
2x7xP 7x43x211xP
13537**X 937%*C N>M
ST1**Y Propesition 6
3x7x103x151
571%%3 11631811%*Y Proposition 7
5x1831xP Ix7x13x19x37x37x73x211x1237
571%*%32 11631811+*4 N Exceeds M
5x1831xP 5xllx)1lxP
571%*2 11631811**6 N Exceeds M
5x1831xP 127xQ¢ Q is composite and QBNPFLT 10,000,000
571%%g 11631811%*a Proposition 5
5x1831xP
571%%*g 41284013010997**X 2662454083 **Y Proposition 6
29x29xP 2x7753xP 3xTx7x13x1861x688249xP
571%*6 41284013010997%*X 2662454083%*4 N Exceeds M
29x29xP 2x7753xP 11x1961651xQ (composite) QHNPFLT 10,000,000
571%*6 412B4013010997**X 2662454083**B Proposition 5
29x29xP 2x7753xP
571%%¢ 41284013010997%*2 N Exceeds M
29x29xP 3Ix13x43x271x311827x541141xP
571**6 41284013010997*%*C Proposition 5
29x29xP
571%*%1¢Q 419**Y Block 13537
419%Q 13xP
571**10 419%*7 Corollary 3.1
419xQ 31xP '
571**]10 419**6 N Exceeds M
§19xQ 7603xP
§71**10 419*+10 R Exceeds M
419xQ 11x3719xP
571%*10 419%*]12 N Exceeds M
419x0 11987xQ @ 1is composite and QHNPFLT 24,624,991
571**%10Q 419%*D N Exceeds M

419%Q Q is composite and QHENPFLT 100,000,000
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571%*12 4603%xY N Exceeds M
79%x4603x6543343xQ 3x7xP

§71%*12 4603%%4 N Exceeds M
79x4603xQ 11x911x208511x214891

571w*]12 4603%%¢ 693696942149%%] Proposition 1
79x4603x6543343x0 36583x374879xP 2x3x5x5x53xP

571#%*12 4603%%6 693696942149%*Y N Exceeds M
79x4603x6543343xQ 36583x374879xP 13x127xQ{comp) QHNPPLT 10,000,000

571*%12 4603*%5 693696942149%*G N Exceeds M
79x4603x6543343x0 36583x374879xP

571 %*12 4603%*10 N Exceeds M
79x4603x6543343xQ 23x89x727xQ Q is composite and QHNPFLT 37,125,001

§571%%12 46037+E : K Exceeds M
79x4603x6543343x89218117xP

E71%%p N Exceeds M

For Case 19 of Block 571 it is assumed both that 571**12{|N and that
693696942149**1| [N, Since 693696942149 is not of the form 26n + 1, this
prime cannot be a factor of §(571%*12). Now that 5{571**12) has no prime
factor less than its cube root, is not a perfect square and has no prime fac-
tor P such that for some natural number X(Mod 4) = 1, F**X||N, then by
Proposition 1 the square of S(571**12) divides N. Under these circum—

stances N exceeds M and we have our desired contradiction.



Theorem 7

61x*x
2x31
Glevy
3x13x97
61%x*y
5x131xP
61*%*4
5x131xP

Proof

Note S(131**%6)=127x40100703931

131%*Y
131**2

131%%}
5x61xP
131*+*2
Sx61xP
131%*Z
5x61lxp
131%*z
5x61xP
131+**2
5x61xP
131432
5x61xP
131*%+%37
5x61xP
131%*3Z
Sx61xP
131%%3
Sx61xP
131**2Z
5x61xP
131*%*g
5x61xP
131**g

127xP
131**6

127xP

The numb

21491%*2
P
21491%%p

er 5 x 131
which is less than
Corollary 3.1
Proposition 7

N Exceeds M

N

Exceeds M

80

cannot be a factor of an odd perfect number

M unless 131**16]|N.

61%*g N Exceeds
P

61**10 N Exceeds

199x859xpP :

6l%*)2 N Exceeds

187123xP

61**B N Exceeds

T x X =

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

S(131**10)=23x67x353x1453x15401x123210

Possibilities And Reasons By Which They May Be Excluded

Lemma

973001%*) Proposition

2x3x257xP

973001**Y 3832922749%*X 528679%*Y Proposition
13x19xP 2x5x5x5x29xP 3x7x7x31x61334653

973001%%y 3832922749**X 528679%%4 ¥ Exceeds
13x19xP 2x5x5x5x29xP 4831xp

973001 %*y 3832922749**X 528679*%¢6 N Exceeds
13x19xP 2x5x5x5x29xP 7309xP

973001%*y 3832922749**X S28679%*p Proposition
13x19xP 2x5%x5x5x29xP

973001%*y 3832922749%*2 Proposition
13x)9xP IxQ QHNPFLT 10,000,000

973001%*Y 3832922749%%4 B13311**B N Exceeds
13x19xp 813311x0Q{(composite) QHNPFLT 25,000,001

¢73001**y 3832922749*%*¢ Proposition
13x19xP 71x36191x0 (comp) QHNPFLT 10,000,000

973001%*Y 3832922749%*C Proposition
13x19xP

973001**4 Corollary

5x31x12601x19801xP

973001**% Block
7x449%Q O 1is composite and OQHNPFLT 49,374,991

973001%+*D Proposition

40100703831#%*2 536022151933939852231**2 N Exceeds
3xP 3xQ (composite) QHNPFLT 9,999,9
40100703931*%%2 536022151933939852231**E Proposition

3Ixp

869

7.3
11
2

M
M
5

3.1
61
3

M

97
5

N

ot
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131**§ 40100703931%*4 N Exceeds M

127xp 5x199321xQ Q is composite and QHNPFLT 25,000,001

131*#*¢6 40100703931 %*p Proposition &

127xp

131**1Q 123210869%%X Proposition 11

2x3x5xP
i31**10 123210869**2 Corollary 3.1
19x31xP

131**10 123210869**4 FL*ty 5113%*% 2557**Y Pproposition 7
71xQ 5113 2x2557 3x7x13x13x19x97

131**10 1232108B69%%4 Ti*%*]12 N Exceeds M
71xQ

131**10 123210869%%4 Ti**18 N Exceeds M
71xQ Q is composite and QHNPFLT 25,000,001

131#%*]10 123210869*%*6 N Exceeds 2]
P

131**10 123210869%**G Proposition 65

131**]12 25061845458479893445539**2 N Exceeds M

13x79xP 3Ix163x1723x54829xP

131%%12 25061845458479893445539**H Proposition 5

13x79xP

131#%*18 Block 571

571xQ Q is composite and has no prime factor less than 100 million
131%%22 N Exceeds M
47x139x277xP
131%*1 Proposition 5

For the second case of Theorem f it is assumed that‘for some natural number
X(Mod 4) = 1, 973001**X||N which implies that the prime 257 divides N. By
Proposition 2, P = 257 necessarily musSt appear tc an even power in the prime
factorization of N. The prime 257 is of the form 2**n + 1 and except for a
power greater than 255, only an odd power X(Mod 4) = 1 of a prime ‘P will
be such that S(P**X) is divisible by 257. We apply Proposition 11.
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Theorem 8 If N 1is an odd perfect number less than M and if 61 divides N
then either 61**X|IN or 61**Y||N.
Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.
Possibilities And Reasons By Which They May Be Excluded
61l*%y4 131%+]6 2149]1*%+Y 461884573%%] N Exceeds M
5x131x21491 Q P 2x23x1583x6343
Glaky 131*%16 21491*+Y 461884573+ N Exceeds M
5x131x21491 Q P
61**4 131+%%16 21481*%4 Corollary 3.1
Sx131x2149} Q 5x31xQ
6l*%yg 131*%1¢§ 21491**¢ N Exceeds M
5x%131x21491 Q 7x1009x3571x149381x209707xP
61%*4 131**]¢6 21491%**p Theorem 7
5x131x21491 Q Q 1is composite :
61*%g 52379047267%*2 6619231%*y 768670625449**1 Proposition 7
P 3x6619231xP 3x19xP 2x5x5x7x13x811ixp
6l**g 52379047267%%2 661923]1%*y 768670625449**2 N Exceeds M
P 3x6619231xP 3x19xp Ix41641xP
61*%g 52379047267%%2 6619231 %%y 768670625449**C N Exceeds M
P 3x6619231xP 3x19xp
61**p 52379047267%%2 6619231%*4 Proposition 8A
P 3x6619231xP 5x11x101xQ
6l**p 52379047267%*%2 6619231*%*¢ N Exceeds M
P 3x6619231xP 113x1933x42197xQ composite QHNPFLT 63,000,000
6l**g 52379047267%%2 6619231%*p Proposition 5
P Ax6619231xP
61**p 52379047267**4 Proposition 1
P Q Q is composite and QHNPFLT 25,000,001
Bl**g 5237904726 7**E . Proposition 5§
P
61**10 4242586390571**2 1130011**2 N Exceeds M
Txl3x19%x241x39667x1130011x963689941 . 3x61xP
61**10 4242586390571%%2 1130011**4 ¥ Exceeds M
Tx13x19x241x39667x1130011x963689941 5%11x41x790351xP
61*%10 4242586390571%%2 1130011**R N Exceeds ]
Tx13x19x241x39667x1130011x963689941
61*%*10 42425B6390571**F Proposition 5
199x859xP
61%*12 14421466756460791**2 187123%*y N Exceeds M
187123xP 3x73x367x1133191xP 3x19x4729x%xP
61**12 14421466756460791%*%2 187123%*G N Exceeds M
187123xP 3x73x367x1133191xP
61**12 14421466756460791**H Proposition 5
187123xpP

[T 5% SV
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gé;;és 362759437743508955104646759**1 ) Proposition
6l**18 607127818287731321660577427051**J Proposition
%%2122 4095784433537744276316?709027626155549**1 N Exceeds
611522 40957844886377442763169709027626155549**K Proposition
611§§8 N Exceeds

12703x37991x59503651xQ Q is composite and QHNPFLT 263,124,541

In Theorem 8 we have S(768670625449%%2) = 3 x 41641 x 472974976 9289286337,

Glesy Proposition

[C I SNV R SV R

To show that Q = 472974976 9289286337 1s a prime number, E£or each prime fac-

tor P of Q-1 = 2%*%5 x 3 x 7 x 83 x 18439 x 2299447187, we £ind a prime

Px

which is relatively prime to Q such that both of the following are true.

Px**(Q-1) [Mod Q] is" 1 angd Px**[(Q-1}/P] (Mod Q] 1is not 1

(See Table XV below)

P Px Px**(Q-1) ([Mod Q] Bx**[(Q-1) /P] ([Mod Q]

2 5 1 472974976 9289286336

3 3 1 76 8670625449

7 5 ! 1l 27353810 0060377909

83 3 1 449833353 9338622424

18439 3 1 267822683 1760885345
2299447187 3 1 409957911 1588202156

TABLE XV
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Lemma 9.1 If N is an odd petrfect number less than M and if 2 divides N,
then there is no X such that X(Mod 4) = 1 for which B8269**X||N
~ and either
(A) B827**Y||N or (B) B827**Z[|N
Note S(8269*%1) = 2 x 5 x 827
Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.
Possibilities And Reasons By Which They May Be Excluded
B27%*y 684757%*2 156297611269%**2 Proposition 7
P Ixp 3xTx5479x16381x0 .
B27%rY 684757%*2 156297611269*%4 131%%16 N Exceeds M
P 3xP 131xp .
827%*Y 684757%*%2 156297611269%*A Proposition 5
P 3xP ’
g27%wy 684757%*4 91141%*Y 14551%*Y 1907623%*%2 Proposition 7
P 41x91141xP 3x37x37x139xP 3x37xP 3x7x13xP
B27%*Y 6847570 %4 91141**Y 14551**Y 1507623**4 Proposition BE
P 41x91141xP 3x37x37x139xP 3x37xP 1ixQ
B27**Y 684757 %4 91141**y 14551**Y 1907623%**B N Exceeds M
P 41x91141xP 3x37x37x139x%P 3x37xP
8278y 684757%*4 91141%*Y 1455]1*%4 Proposition BE
P 41x91141xP Ix37x37x139x%P 5x11x41x241xP
827%%*Y 684757*%4 91141**Y 14551%*C N Exceeds M
P 41x91141xP 3x37x37x139xP .
B27x*Y 684757%%4 51141*%%4 N Exceeds M
P 41x91141xP 5x89521xP
B27x*Y 684757%%4 91141%*6 Proposition 7
P 41x91141xP 7x29x71x0Q .
§27%*Y 684757%%4 81141**D N Exceeds M
P 41x91141xP :
§27%%y 684757%%6 : Block 5
P 25253971xQ QHNPFLT 48,878,971
B2T7k*Y 684757**E Proposition 5
P
B27%*7 7677461821*%**2 ‘Proposition 6
-1xP 3x13x73xP
B27**7 7677461821**4 6le*y Proposition &
61xP 5xP 3x13x97
827*%Z 7677461821 *+F : Proposition 5
61xP

1
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Lemma 9.2

Proof

Note

8269%*Y
2x5xp
8269%%Y
2x5xp
8269*% %X
2x5xP
B269%%x
2x5xP
B269%»¥
2X5XP
82690 *x
2x5xP
8269wy
2x5xP
8269%*x
2x5xP
8269%¥*Y
2x5xP
B269%*Y
2x5xP
8269%*x
2x5xP
B269%*Y

B269**Y
B269w*y
8269%*Y
B269**Y
B269%*Y
B269**y

8269%*Y

If N is an odd perfect number such that

85

one of the following can happen.

(A} B269**X||N

(B) B8269%**Y|IN  (C)

3 divides N, then

B269**Z | N

no

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

S5({8269%*2) =

3 x 7 x 3256411

S(8269*%4) = 61 x 766539707560

Possibilities And Reasons By Which They May Be Excluded

827%*y
P

B27h%g
61xp
B27x*g
7xQ
827%*10
7129xp
B27**10
7129%P
827%%)2

23054903xQ

827%*12

23054903x0

§27%*12

23054903xQ

827#%12

23054903xQ

T B27%*1s6
1100581xP
§27**p

3256411**Y
3xTx733x1543xP
3256411%>y
3x7x733x1543xP
325641]1%*y
3x7x733x1543xP
3256411**y
3x7Tx733x1543xP
3256411**y
3x7x733x1543xP
3256411**Y
3x7x733x1543xP
3256411*%*y
3x7x733x1543xP
3256411%*y
3x7x733x1543xpP

258330320652341**2
T7xQ
258330320652341**p

23054903*%*y
7x739xP
23054903%%4
11xQ
2305490Q3%2¢

Q Q
23054903%*1

Lemma 9
Lemma 9
Proposition
Proposition
?roposition
Proposition
Proposition

N Exceeds

is composite and QHNPFLT 32,599,961

Proposition

g is composite OQHNPFLT 37,680,241

446467%*Y
3Ix31x36721xP
446467%%Y
Ix31x36721xP
446467**Y
Ix31x36721xP
446467%%Y
3x31x36721xP
4464672y
I3x31x36721xP
446467% %Y
3x31x36721xP
$46467%*Y
3x31x36721xP
446467%*Y
Ix31x36721xP

58369%*Y
2x5x13xP
S8369%*Y
3x17317xP
58369%*Y
3x17317xP
58369%*Yy
3x17317xP
S8369%ny
Ix17317xP
58369%*Y
3x17317xP
58369%**4
11xQ
58369**¢
5566681xP

N Exceeds
Proposition
Corollary 3

65581**X Proposition

2x11x11xP

65581**2 Propoasition
3x13x43x433xP

65581**4 Proposition

$xQ

65581**6 N Exceeds
T1lx211x967xpP

65581%**B N Exceeds

Proposition

N Exceeds

01

T

M
5

.1
6
6
9

=



B8269%*Y
B269%*Y
B269**Y
8269**y
8269%*Y
8269%*Y
B269%*Y
8269%*Y
B269**Y
8269%*Y
B269%+7
61lxpP

B269% %3
6lxp

B269%*Z
61xP

8269%*2
61xP

B6

3256411%*Y 446467%%Y 58369**C N Exceeds M
3x7x733x1543xP 3x31x36721xP
3256411**Y 446467%%4 1543%+Y Proposition 6
3x7x733x1543xP 41x0 Ix13x13x37x127
32564]1)1**Y 446467%%4 1543%*4 N Exceeds M
3x7x733x1543xP 41xQ 11x2591xPp
3256411**Y 446467%%4 1543 %¢ N Exceeds M
3x7x733x1543xP 41xQ 197xP
3256411*%%y 446467%%4 1543*%*D N Exceeds M
3x7x733x1543xP 41xQ ©Q is composite and QHNPFLT 49,000,001
3256411%*Y 446467*%6 N Exceeds M
3x7x733x1543xP 43x9619x28547xQ (composite) QRENPFLT 100,000,000
3256411**Y 446467**E Proposition 5
3xTx733x1543xP
3256411%%4 Proposition 9
5x0Q
3256411**6 Theorem 6
43x127xQ Q is composite and QHNPFLT 49,374,991
3256411 %*F Proposition 5
76653970756001**1 Proposition 11
2x3x3x3x191x1097x2383x2843
76653970756001%*2 822277%*}1 61**Y N Exceeds M
Tx822277xP 2x197x2087 3x13x97
76653970756001%*2 B222771**G N Exceeds M
7x822277xP
76653970756001¢*H Proposition 5
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Lemma 9.3

87

The number 3 x 8269 cannot be a factor of an odd perfect number N

which is less than M.

It is sufficient to show that, except for the conclusion, any other

Proof
possibility leads to a contradiction.
Possibilities And Reasons By Which They May Be Excluded
8269%*% where X(Mod 4) = 1 Lemma 9.2
§269%%Y where Y(Mod 3) = 2 Lemma 9.2
8269**Z where Z({Mod 5) = 4 Lemma 9.2
8269%%¢ 319720494166241804842291**A N Exceeds M
P

8269**10 23%*y Toxky 43Ir*y Proposition 1
23x23xQ Tx79 7x7x7x43 3xP

B269*¥10 23%%Y To**Y 43%%4 Proposition 1
23x23xQ 7x79 7x7x7x43 P

8269**10 23%*y TYw*y §IAN%g Proposition 1
23x23xQ Tx79 TxTx7x43

8269%*10 23nry T9**Y 43%*R N Exceeds M
23x23xQ 7x79 Tx7x7x43

8269%*10 2342y Ton*4 39449441*%*X Proposition 11
23x23xQ x79 P 2x3x1993x3299

8269%*10 23exy 79k*4 39449441**AA N Exceeds M
23x23xQ 7x79 P

B269**10 23%ny T9**AAR Block 79
23x23xQ 7x79

8269**10 23%ng : 292561%*+%] Proposition 11
23x23x2Q P :

8269%*]10 23%%g4 292561*%%B N Exceeds M
23x23xQ P

8269**10 23%%§ N Exceeds M
23x23xQ 29xp

8269%*10 23**10 N Exceeds M
23x23xQ llxp

B8269**10 23%#%12 N Exceeds M
23x23xQ 769161xP &

B269%*]10 23**16 N Exceeds M
23x23xQ 103xp

8269%*10 23 4p R Exceeds M
23x23x0) Q is composite and QHNPFLT 100,000,000

8269*%]12 12143%%Y 147464593**] N Exceeds M
13x12143xpP P 2x29x1087x23239

8269%*]12 12143%*Y 147464593**G N Exceeds M
13x12143xP P

8269%*]2 12143*%H N Exceeds M
13x12143xP

B269%*] Proposition 5



Theorem 9

12503**y
9137xP
12503%*Y
937xP
12503%+y
937xpP
12503**Y
937xP
12503**y
937xP
12503%*Y
937xP

Proof

Note

157%*y

157%%2
11x31xP
157%*z
1ix31lxP
157%+Z
11x31xP
157%%2
11x31xP
157%%3
11x31xP
157**2
11x31xP
157%%2
11x31xP
157**Z
11x31xP

88
If N is an odd perfect number less than M and i{f 157 divides N
then for some X such that X(Mod 4) = 1, 157**X! |[N unless it
is true that 157%*16]||N. S{157**16) HNPFLT 195,624,781

The following block of sub-cases is provided for use in this lemma.

Block 12503

166849**X 937**2 292969**2 PRéE 12503**Y 166849%%2 ]1325655031**C

2x5x5x47x71 3xP 3x61x127xQ 937xP 3IxTxP
16684942y 937%%) 202969%+p THS 12503%*Y 166849*%*4 N>M
2x5x5x47x71 3xP 937xP 9491xP
166849*%x 937*%%4 N>M 12503**Y 166849**D N>M
2x5x5x47x71 8431xP . 937xP
166849%%) 937%*B N>M 12503%*4 465238870891 **E N>M
2x5x5x47x71 131x401xP
166849**2 1325655031**2 N>M 1250Q03%*g N>M
3x7xP 3x331x4447xP Tx2003xP
166B49%*2 1325655031**4 PR7 12503%*F NOM
Ix7xPp 5x31xQ

Note S(292969%*2) = 3 x 61 x 127 x 139 x 163 x 163

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

5(157**2) = 3 x B269 S(157%*12) = 13 x 245753 x 251057 x P

Possibilities And Reasons By Which They May Be Excluded

Lemma 9.3
314y 331x*y 1793161*%%x Proposition &
3x331 3x7x5233 2x7x349x367
31*ry 331xry 1793161**2 20070961 %*X Proposition 6
3x331 3x7x5233 3x53401xP 2x241xpP
31**y 33]1%%y 1793161*%2 20070961%%2 Proposition BB
Ix331 3x7x5233 3x53401xP Ax19x1026391xP
31%*y 331*xy 1793161**2 20070961%*4 Corollary 3.1
3x331 3Ix7x5233 Ix53401xP 5xQ
31xry 33]1kry 1793161%%2 20070961%*¢ N Exceeds M
3x331 3x7x5233 3x53401xP 7x127x127x2017xp
31xry 331%*y 1793161#%*2 20070961 **A Proposition 5

3x331 3x7x5233 3x53401xP

J1**y 33140y 1793161**%4 Corollary 3.1

3x331 3x7Tx5233 5xQ
31**y 331%ey 1793161%*p N Exceeds M
3x331 AIx7x5233 1163x0 Q is composite and QHNPFLT 10,000,000

’
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157%%37 31**y 331#+y 1793161**p
11x31xP 3x331 3x7x5233
157%%§ 1205476469%%X
12503xP 2x3x3%5x11x19x19x3373
157%*%¢ 1205476469%*%2
12503xp P P = 1453173518518184431
157n%¢g 1205476469*%%4
12503xp 61x2]131x44041xP
157+%%§ 1205476469%*C
12503xP
157%%1Q 321910472390668481**X 28447%*Y 20750263%*2
28447 xP 2x3xp 3x13xP 3Ix7x367x73999xP
157%#%10 321910472390668481%*X 28447**Y 20750263% %4
28447xP 2x3xP 3x1ixp 521xP
157*#%]Q 321910472390668481%*X 2B447**y 20750263**Dn
28447xP 2x3xP Ix13xp
157**]10 321910472390668481**X 28447**4
28447xP 2x3xP 151x12161xp
157**10 32191047239066B481%*X 28447%#%¢
28447xP 2x3xP 4733x44101xP
157*%10 321910472390668481**X 28447**10
28447xP 2x3xP 11x72689xP
157*%*1Q 321910472390668481%*X 28447**E
28447xP 2x3xP P = 53651745398444747
157**]Q 321910472390668481%*2
28447xP 19x984391xQ (composite} QHNPFLT 8,799,997
157%*10 321910472390668481%*F ;
28447xP
157%%12 245753% %% 251057**Y
Ix3x3Ix3Ix3I7x41 Tx7x7x7x103xP
157%*12 N 245753%%% 251057+**4
Ix3xIx3Ix37x41 11x131xP
-157%%12 245753%%X 251057+%*6
3x3x3x3x37x41 617x19237xP
157%%12 245753% %X 251057+%*G
3x3x3x3x37x41
157%%)2 245753%*2 61723%%2
Tx7x19x1051x61723 3Ix7x19%P
157%*12 245753%%2 . 61723%%4
Tx7x19x1051x61723 31x41xQ
157*%12 245753%%2 61723*%*H
Tx7x19x1051x61723
157%#*]12 245753%*4 31wy 331%*y
13x245753x251057xp 31xQ(comp) 3x331
157**%12 245753*%
13x245753x251057xP
157*%18 234271%*Y
234271xQ 3xTx22279xP
157**18 234271%%4
234271xQ 5x11x31x0

Proposition 5
Proposition 8E
Block 12503
Block 12503
Proposition

N Exceeds

5

M
Exceeds M
Exceeds M
M

=

N

N

N Exceeds
N Exceeds
N

x

Exceeds

w

Proposition
N Exceeds
Proposition
Proposition
N Exceeds

N Exceeds

w =EX X & wn oz

Proposition
N Exceeds M
Proposition 6
N Exceeds M

Block 231057

3x7x5233 QHNPFLT 25,000,001

N Exceeds M
N Exceeds M

Corollary 3.1



90
157**18 23427]1*%g N Exceeds M
23427120 Q Q is composite and QHNPFLT 49,374,991
157*%18 234271*%3 Proposition 5
234271xQ Q is composite and Q has no prime factor less than 20,000,000
157%%22 N Exceeds M
47x277x829x967x0 Q is composite and QHNPFLT 41,381,001
157**K T Proposition 5

In Theorem 9 we have 5(1205476469**2) = (O = 145317351 8518184431. To show
that Q¢ is a prime number, for each prime factor P of

Q- 1= 23x3x5x 11 x 19**2 x 3373 x 3616429407
we find & prime Px which is relatively prime to {Q such that both of the fol-

lowing are true,

Px**(Q0-1) [Mod Q] is 1 and Px**[ (Q-1) /P} [Mod Q] is not 1
{(See Table XVI below)

P Px Px**(Q-1) [Mod Q] Px**[ (Q-1)/P) [Mod Q]

2 3 145317351 8518184430

3 53 1 1205476469

5 3 1 64044221 0372377390

11 3 1 40025959 3937789667

19 3 1 18975174 72624692384

3373 3 1 39770634 0050547040
3616429407 3 1 28701716 8045045180

TABLE XVI

Note: 1In order to determine that Q = 32191047 2390668481, we write
Q- 1= 2%**%§ x 5 x 11 x 1847 x 49513718867
and consider the following

3**[(Q=1}/2] [Mod Q]
3**[{Q-1}/5] [Mod Q]
3**{{0-1}/11] [Moa Q]
3**{{Q-1)/1847]) [Mod Q] 14639733 5466369025
3*%[(0-1)/49513718867) ([Mod Q) 25985696 5282428230,

Since 3** {0=-1) [Mod Q) = 1

32191047 2390668480
8326263 4119340882
4723472 2182717920

it follows that Q is a prime number,

.
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Lemma 10.1 Let N
such that

91

is an odd perfect number less than

39449441**Y| [N when 79%*Z||N.

M. Then there is no Y

Note 5(39449441**2) = 19 x 271 x 349 x 6163 x 140521

Proof It is sufficlent to show that, except for the conclusion, any other
posegibility leads to a contradiction.

Pogsibilities And Reasons By Which They May Be Excluded

140521%=x
2x17x4133
140521 **y
3xp
14052144y
3IxP
140521**Y
Ixp
140521 **Y
3xP
140521#%+Y
3xPp
140521 %*y
3xp
140521 #%*y
Ixp
14052]1%*y
3xp
140521%*y
3IxP
140521#%%4
5x131x57301xP
140521#%%4
5x131x57301xP
140521%*¢
29xP
140521%*G

4133%*p

6582097321 **x
2x)137x271xP
6582097321**2
3x7x61x39]139xP
6582097321*#%2
3x7x61x39139xP
6582097321%*2
3x7x61x39139xP
6582097321%*2
3x7x61x39139xP
6582097321*%4
5x71x2066321xQ
6582097321%%4
5x71x2066321xQ
6582097321%+%4
5x71x2066321xQ
6582097321**D

131**1é
131**16

2654926382029943683806228463963**F

88643*¥*p

864111418057%*]1
2x7xp

864111418057*72
864111418057**2
864111418057%2C
Flwwy $5113%*X
5113 2x2557
F1lx%]2

71**18

Glmwy
3Ix13x97
A1n*y

3x31x73x7535167xP 3x331

31**Y

3x31x73x7535167xP 3x331

331**Y g1l**X

IxTx5233 2x31
331wy gl**Y
3x7x5233

2557**Y

Ix7x13x13x19x97

QHNPFLT 10,000,000

6163%*2

Jlery

3x19x31xP 3x331

6163**E

331%*y
3x7x5233

Prop 11
Prop 11
Prop 6
Block 5233
Prop 6

N Exceeds M
Prop 7
N Exceeds M
N Exceeds M
Prop 5
Prop

Theorem

Prop

Mmoo - o~

Prop



Lemma 10.2 Let N

Proof

Note

79**7
T9**g
TJokky
79% %7
Tek*g
To**Z
79%%§
To**g
79*%*5
79%%g
T9H*E
T9%%6
T9*kE
T9**6
T9%*6
T9**p
T9**p
79%**6

79% %6

92

is an odd perfect number less than M.
following is true.

(A) 79**Z||N (B) 79**g]|N

Then no one of

the

It is sufficient to show that, except for the conclusion, any other

possibility leads to a contradiction.

S(79%%4) —= 39449441 S{79%%6) =

281 x 337 x 1289 x 2017

Possibilities And Reasons By Which They May Be Excluded

3944944)1**x
2x3x1993x3299
39449441**Y
39449441**4 6Ll**X
S5x11x61x0 2x31
39449441*%*4 Gle*y
5x11x61x0 Ix13x97
3944%441**%s
29x197x6813101xQ QHNPFLT 12,600,043
39449441*%*)
1289%%) 201 7%y 33)1**y
2x3x5xP 3x331x4099 Ix7Tx5233
1289*%*X 2017%%4
2x3x5xP 11lx11x31x7151xP
1289**X 2017**5
2X3x5xP Tx29xQ
1289% %X 2017%*10
2x3x5xP 23x683x16061xP
1289**) 2017%*]12 131**]16
2x3x5xP 131xQ{composite) QHNPFLT 15,624,961
1289**x 2017**p
2x3x5xP
1289%%y 13093*+) 6547* %y 15349%*Y 127%*Q
127xP 2xp Ix7x7x19xP  3Ix13x79xP U1l
1289%*y 13093%*y 6547y 15349+%*4
127xP 2xP 3x7x7Tx19xP 11lx31xP
1289%*Y 13093%*x 6547%ry 15349**¢
127xP 2xP Ix7x7x19xP
1289%*y 13093**x 6547**Y 15349**C
127xp 2xP 3x7Tx7x19xP
1289**Yy 13093*%*X 6547%**4 gl**y
127xF 2xPp 61x19681xP 3x13x97
1289+%*y 13093%#x 6547**p
127xp 2xP 43x113x91309x179327%x989952181
1289%*Y 13093+%+x 6547**D
127xp 2xP

Proposition

11

Lemma 1¢.1

Corollary 3.1

Proposition
N Exceeds
Proposition
Proposition
Prop&gition
Proposition
Proposition
Theorem
Proposition
Proposition
N Exceeds

Proposition

43x0 (composite) QBNPFLT 75m

N Exceeds
N Exceeds
N Exceeds

N Exceeds

6

M
5

I

8E
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79**g
79**§
79%%g
TF9**6
T9% %6
79%*%6
79%%g
T79%%6
79%*5
79*%p
T9*%p
79%*g
79%*g

79§

T9t*6
To**p
79*%*6
T9r*E
TIN*G
TI**§
79*%*6
T *6
FI**G

79ug

T9%*6

1289#+Y
127xP
l289#%4y
127xp
1289%%Y
127xP
1289%*Y
127xP
1289*ny
127xp
1289%+*Y
127xp
1289%*2
41x82591xP
1289%%7
41x82591xP
1289%%7
41x82591xP
1289%%3
41x82591xP
12894%3Z
41%82591xP
1289%%3
41x82591xP
1289%*z
41x82591xP
1289%%Z
41x82591xP
12g9**7
41x82591xP
1289%*2
41x82591xP
1289%%g
7x281xP
1289**¢
Tx281xP
1289*%¢
7x281xP
1289%*g
Tx281xP
1289**¢
Tx281xP
1289**%10

Q
1289**10

Q
1289**10

Q
1289**10
Q

93
13093**y 57146581%*X 127**U Proposition 1
3xP 2x23xPp U>1l1
13093%*y 57146581 %%y Theorem [
Ixp 3x7x73IxP
13093%*Y 57146581 **E N Exceeds M
3xp
13093%%4 N Exceeds M
11x2371x%7621x8311x17791
13093%*§ N Exceeds M
43xP
13093%*F N Exceeds M
815891*%*Y 665678939773**X §2591**Y N Exceeds M
P 2x491297x677471 3x283x811xP
815891**Y 665678939773%*X B2591**4 N Exceeds M
P 2x491297x677471 S5x11x61x131x1871xP
815891 %*Y 6656789319773**X 82591%%¢ N Exceeds M
P 2x491297x677471 421xQ{comp) 20.6m
815891%*y 6656789397734%%X 82591**G N Exceeds M
P 2x491297x677471
815891 **y 665678939773 **2 N Exceeds M
P 3x13x264757xP
815891 **Y 665678939773**4 N Exceeds M
P Q@ Q is composite 10m
815891**2 665678939773**H Proposition 5
P
815891**4§ Corollary 3.1
5x31xQ
815891 *%p N Exceeds M
71x197xQ Q is composite and QHNPPLT 49,374,991
815891*+] Proposition 5
2333727793859393**%] 93029091679*%*2 N Exceeds M
2x3x37x113xP 3x271x1146679%xF
2333727793859393%*] 93029091679%%4 N Exceeds M
2x3x37x113xP 31x92791xP
2333727793859393%*] 93029091679**J Proposition 5
2x3x37x113xP
2333727793859393%*2 N Exceeds M
13x19x151x538789xQ @ is composite and QHNPFLT 16,236,991
2333727793859393%*K . Proposition §
2017**1 1009%*Y Proposition 1
2xP I3x37xP
2017%*] 10097*p N Exceeds M
2xP
2017%%2  4099%*Y 33]1**Y N Exceeds M
3x331xP IxTxP 3Ix7x5233
2017*%2 4099%*y 331**y N Exceeds M
3x331xP Ix7x5233

-



—— -
94
Ta**g 1289++10 2017%*L, N Exceeds M
Q0 Q0 is composite and QBENPFLT 37,125,001
79* %4 1289%*]12 2861%*%] N Exceeds M
2861xQ 2x3x3x3xP
T9*kg 1289*%*%]12 2861*%*2 430957% %X N Exceeds M
2861xQ 19xP 2x11x19xP
79*%§ 1289%*]2 2861%*2 430957** Y N Exceeds M
2861x0 19xp 3x7x859x1831x5623
T9**g 12p9%*12 2861%*2 430957%*R R Exceeds M
2861xQ 19xP
T9*%g 12809%%12 2861%*4 N Exceeds M
2861xQ 5x92941xP
T9% %4 1289#%%]12 2B61%*S N Exceeds M
2851xQ Q is composite and QHNPFLT 31,624,711
T9%x*p 1289%*1¢ N Exceeds M
137x152423xP
794G 1289%*T Proposition 5
Lemma 10.3 Let N be an odd perfect number less than M. Then, it is not true
that 79**12]|N.
Note 5(79**12) = 13 x Q¢ where Q has no prime factor less than
23,133,464,64]1 and is compesite
Proof, All possibilities and the reasons by which they may be ex-
cluded are listed below. The details are included elsewhere herein.
13*xx AL § 19**y 127%%y Theorem 6
13%%x Te*y 19**y 127*%7 Theorem 6
13%+x Tr*y 19%*Y 127%%¢ Theorem 6
13%wx AL § 19#%+y 127*%10 Theorem 6
13%%x Frry 19%*y 127%%12 Proposition 1
13%xx Fhry 19%*y 127%*16 Proposition 1
13=*) TEry 19%*y 127++38 Proposition 1
13*+x Te&y 19**y 127%%p Theorem 6
13%ay Trry 19%wg 151%4y 1093**Y Proposition 1
13nsy Th*y 1g**g 151+**y 1093%ng Proposition 1
13n*x FAd § 19#%%z 151%*y 1093%+g Proposition 1
13%%y ey 19*%7 151**y 1093**p Proposition 1

.
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13**X
13%%x
13%*x
13%xY
13%*x
13%ky
13+
13**X
13%*x
13**x
13%*x
13**x
13s%#x
13*%¥
13%ayx
13%=x
13**Y
13way
13**x
13**X
13%*Y
13*ax
13**¥
13**x
13»*Y
13**X
13**Y%
13*%)
13%%Yy
13%xy
13%#%X
13=*x
13nxx
13»*X
13**X
13**Y
13%%%
13**X
13*%¥
13**X
13**11

Tery
THNY
THrY
THey
Tr*y
TH*Y
TaRy
Tray
THRY
Tewy
Fany
Ty
THwy
THryY
7H#3
THwg
TH*g
Th*g
7a%g
7**3
Jrg
Jrag
Twag
Jag
7*%3
TH#g
7*4y
7% %7
7% %
THRQ
7e*10
T**10
7%*10
7#%12
T**12
7%%16
74*16
74%18
7*%232
7**gH

95
19%%7 151**4
19%%3 151**C See Block 151 for details
19*%g 70841%*Y 39103%*Y 67411**D
19%%g 70841%*Y 39103**E
19%*§ 70841%*4 6l*x*y
19*%§ 70841*%*F
19%*10 62060021%+%2
19%#1Q 62060021%*G
19%%12 133338869**H
19*%*16 9999526263194 7%*]
19**18 109912203092239643840221**J
19#%%22
19*%28 233**K
19**], .
2801**Y 4933*%*y 331%+y 127 *xy
2801**Y 49337y 331%*Y 127*%g
2801%*Y 4933%%Y 33)%*Y 127%%¢
2801 %%y 4933 %y 33 x>y 127%*R
2801%*Y 4933%*4
2801%*Y 4933*%¢6 3221 **x
28Q1**Y 4933%%g 3221**S
2801**Y 4333%+7
2801*%%4 6£294091%*2
2801**34 6£294091%*U
2801**¢ 2884629032993**V
2801% %A
4733%4Y
4733%%4
4733%%g
4733**BB
293459%*2 31089033**2
293459%*2 31089033**CC
293459274
16148168401%*2
16148168401**DD
2767631689**2
2767631689**EE
4534166740403 **FF
31479823396757%%GG

all other cases are eliminated by the Propositions and

Block

N Exceeds
Proposition
Proposition
Propogition
Proposition
Proposition
Proposition
Proposition
Proposition
Proposition
N Exceeds
Propesition
Proposition
Theorem
Theorem
Theorem
Proposition
Proposition

|
w
= -
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Proposition 11
Block 3z221

Proposition
Proposition
Proposition
Proposition
Proposition
Proposition
Proposition
Proposition
N Exceeds
Proposition
Proposition
N Exceeds
N Exceeds
Proposition
N Exceeds
N Exceeds
Proposition
Proposition
N Exceeds
N Exceeds
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Theorem 10

96

If N is an odd perfect number less than M and if 79 divides N,
then either 79**Y||N or 79%*18}|[N.

Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.
Note S(79**10) = 5479 x 1750258119644519
Possibilities And Reasons By Which They May Be Excluded
T9x*g Lemma 10.2
To*%g Lemma 106.2
T79**]10 1750258119644519%*2 5479%42 2647%*2 N Exceeds M
7x61x379x134161x0 3x19x199xP 3x127x18397
79%*1Q 1750258119644519*%%2 5479*%2 2647%*A N Exceeds ]
7x61x379x134161x0 3x19x199xP
79%%10 1750258119644519**2 5479*%*4 901331344494641**] Proposition 6
7x61x379x134161xQ P 2x3x17x23xP *
T79%**10 1750258119644519**2 5479*%4 901331344494641**B N Exceeds M
7x61x379x134161xQ P
79%%10 1750258119644519**2 5479%%¢ N Exceeds M
7x61x379x134161xQ 547xP
79%*10 1750258119644519%%2 5479%*C N Exceeds M
Tx61x379x134161xQ O is composite and QHNPFLT 14,183,821
79%%10 1750258119644519**D Proposition 5
TY®r%x]12 Lemma 10.3
13xQ Q has no prime factor less than 23,133,464,641 and Q0 is composite
T9**16 290194897 %*X Proposition 11
103x290194897xQ 2x7x167xP
TForrlg 290194897%*2 N Exceeds M
103x290194897xQ Ix39518767xP
T9%%16 290194B897% %4 N Exceeds M
103x290194897xQ 11x71x34141x73755x16023991xP
79**16 290194897+ *E N Exceeds M
103x290194897x0 Q is composite and has no prime factor less than 510,374,851
T9%*22 139%+y 499%*y i09**X Proposition 7
47x139xQ 3x13x499 3x7x109x109 2x5x11
79%%22 139+%*xy 499%*y 109**2 N Exceeds M
47x139x0 3x13x499 3x7x109x109 IxTxpP
79*%32 139%+y 499%*y 109**4 N Exceeds M
47x139xQ 3x13x49% 3x7x109x109 31x191xP
F9x*22 139%+*y 499%*yY 109**D N Exceeds M
47x139xQ 3x13x499 3x7Tx109x109
Tor*22 139**y 499W%*yg N Exceeds M
47x139x0 3x]13x499 11x101xP
T9%*22 139%ey 499%*g N Exceeds M
47x139x%Q 3x13x499 4831x13567xP
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79%%22
47x139xQ
79%%22
47x139xQ
79%%22
47x139xQ
TO**22
47x139xQ
79%%22
47x139xQ
79%*22
47x139%Q
79%%22
47x139x0
79%**22
47x139xQ
79%*22
47x139xQ
F9x*22
47x139xQ

T9*¥]
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139%*Y 499%4F N Exceeds M
3x13x499
139%%4 9170881**] N Exceeds M
41xpP 2x7x19x23xP
13ghwyg 91708a1**F N Exceeds M
41xP
139%#%p 87683177+%*] Proposition 11
29x2857xP 2x3x11x17x17x4597
139%#%g 87683177**G N Exceeds M
29x2857xpP
13g9%#%]10 N Exceeds M
199xP
136%%12 N Exceeds M
6449x205661xP
139**16 N Exceeds M
Q Q is composite and QHNPFLT 105,624,571
139%*]3 N Exceeds M
419x303431xP
139%*y N Exceeds M
Q is composite and QHNPFLT 100,000,000
Proposition 5



Lemma 11.1

Proof

Note

17923*+y
17923%*y
17923%*Y
17923%*Y
17923%+y
17923%%y
17923**Y
17923%*Y
17923%%4
17923%%4
11x343540871
17923%%4
11x343540871
17923%%6
43x127x211x
17923**10

23x23x1013x4
17923%%p

98
If N is an odd perfect number less than M and if 1093**Xj|N for

gsome X such that X(Mod 4) = 1, then for no Y such that for
¥Y{mod 3) = 2 will 613**Y||N. ;

Note S(1093%**]) = 2 x 547 5(613%*2) = 3 x 7 x 17923
it is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

S${17923**2) = 3 x 13 x 31 x 265717

Possibilities And Reasons By Which They May Be Excluded

31x%y 33]1%%Y 265717%*Y 3362180467**2 502086025579**2 Block 5233
Ix331 3x7xP 3x7xP 3x7x13x82471xP 3xp

31**y 331**Y 265717**Y 3362180467**2 5020B6025579**4 N ‘Exceeds M
3x331 3x7xP 3x7xP 3IXxTx13x82471xP 20551xQ {composite) 25m

3i%dy 331+%#%y 265717%*Y 3362180467%**2 502086025579**p Proposition 5
3x331 3x7xP 3x7xP  3IxT7x13x82471xP
31**y 33]1**Y 265717%*Y 3362180467%%4 N Exceeds M
3x331 3x7xP Ix7xXP 181x12451x1395991xP
31**y 331**Y 265717**Y 3362180467**B Proposition 5
3x331 3x7xP Ix7xPp
31**y 331%**y 265717%%4 Proposition 6
Ix331 3xTxP 31x41x101xQ
1%y 331**%Y 265717**6 Block 5233
3x331 3x7xP Q@ Q is composite and QHNPFLT 49,375,001
31**Y 331%**Y 265717%*C Proposition 5
3x331 3x7xP
27308381%*2 Proposition 8B
Tx13x23743xP P = 345155611
27308381%*4 Proposition 9
XP
27308381+**D N Exceeds M
xP
287696003325%7803883%*E Theorem 0
p
N Exceeds M
423x6491x102433xP

Proposition 5




Foe

4
)
H
I
A

i

99
Lemma 11.2 If N is an odd perfect number less than M and if 1093**X||N for
some X such that X{Mod 4) = 1, then for nc 2 such that 2 (Mod 35)
is equal t¢ 4 will 613**%Z||N when the number 21 divides N.
Note S{613*%*4) = 131 x 20161 x 53551
Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.
Possibilities And Reasons By Which They May Be Excluded
53551%*Y 955921051#%%2 85584439140289*%2 31**y 33]14%*Y Proposition 1
3xP 3x3559xF 3x19x31x9319xQ(com) 3Ix331 3x7xP 10.8mil
53551w*y 955921051*+*2 85584439140289**a Proposition §
3xP 3x3559xP
53551**y 955921051#%*4 131**]6 Theorem 7
IxP 5x101x191x1238101xQ @ is composite
53551%*Y 955921051#+*B Proposition 5
xp
53551%%4 131*%1s Proposition 9
5x11x121021xp
53551%%g 62841393017789667289**2 N Exceeads M
Tx43x197x6329xP 3xQ (composite) QHNPFLT 8.8 million
53551%*6 62841393017789667289**C Proposition 5
7x43x197x6329xP
53551**10 N Exceeds M
617x13597xQ @ is composite and QHUNPFLT 59,499,901
53551**D Propesition 5

Note: S(5355
Q-1 =

11w (
5**[(
3o
Jee
31*[(

1**g) = 7 x 43 x 197 x 6329 x 6284139301 7789667289 where
6284139301 7789667288 = 2%%»3 x 3 x 7 x 31063 x 1204 1847562057

Q-1) /2] [Mod Q]

Q-1) /3] [Mod Q]

Q~1)/7] [Mod Q]

Q-1)/31063) [Med Q]
0-1)/12041847562057] [Mod Q]

6284139301 7789667288
6098780575 8840658834

53551
4968218542 0457529255
2822507997 3201669207
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If N is an odd perfect number less than M
some X such that X(Mod 4) =1,

wot divide N,

Block 23431

then the number

and if 1093**X|IN for
3 x 7 x 613 can-

PRY

" N>M

Lemma 11,1
Lemma 11.2
Proposition 5§
Proposition
Proposition
Proposition
N Exceeds

N Exceeds

H ®E X WU W W»

Proposition

N Exceeds

composite and QHNPFLT 10 million

Proposition 5
Block 23431
N Exceeds M

Proposition 1

43xQ (composite}) and QHNPFLT 110,000,000

23431%*Y 1069%*y NoM 23431%%4
3x7x37x661xP 3Ix13x139xP 5x167191xp
23431%*y 1069%%4 N>M 23431*+B
3x7x37x661xP 39251xP
23431%%y 1069%*p N>M
3x7x37x661xP
Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.
Note S({613*%6) = 43 x 71 x 55721 x 312410911
Possibilities And Reasons By Which They May Be Excluded
613%%y where Y{Mod 3) = 2
613%%7 where Z(Mod 5) = 4
61l3x%g 312410911**2 199592]1B32B0697*%2 pr*p
3xl63xP IxTx7xP
61l3%*g 312410911**2 199592183280697**B
Ix163xP
613**g 312410911%*4
613%kg 312410911%*C
613**]0 445455365264339**Y 2994 7ksy
2332903x7221259xP 29947x0 3x211xP
613**]10 445455365264339%*Y 29947**4
2332903x7221259xP 29947xQ 11x4451xpP
613**10 445455365264339%++y 29947 *g
2332903x7221259xP 29947xQ 7x31319%184897xp
613**10 445455365264339%*Y 29947%*p
2332903x7221259xP 29947xQ Q is
613**10 445455365264339%*E
2332903x7221259xP
3**]12 15263*+Y flexy
15263x42017xQ 61x163xP Ix13x97
613%*12 15263*% %4
15263%x42017xQ 181x211x881xP
613**]12 15263%%¢
15263x42017xQ
61l3x*x12 15263 **F

15263x42017xQ Q is composite and QHNPFLT 150,000,000

N Exceeds M

B
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6l3**lg 1123w*y Proposition 11

17x1123x72504389xQ 3x127x3313

61l3i**1g 1123**G Proposition 11

17x1123x72504389xQ { has no prime factor less than 72,504,389

613%%]18 N Exceeds M

1103x2053x2538097xQ @ is composite and QHNPFLT 25,000,000

613**g Propositien 5
In Theorem 11, whenever we assumed that 613**12|IN, we also assumed that

S(613**12) = 15263 x 42017 x Q
divides N. Here, Q = 43971 3502256042 0452546651. To imply that Q is
composite, it is sufficient to state the fact that S** (Q-1) [Med Q] is equal
to
7946 1885125571 7211577331

and hence is not egual to 1.

In Theorem 11, whenever we assumed that 613**16{|N we simultaneously as-
sumed that S{613**1s) = 17 x 1123 x @ also divides N. One basic assumption
for Theorem 11 is that for some natural number X({Mod 4) = 1 1093**X| [N,
The prime 17 1is of the form 2*#*n + 1. Proposition 2 tells us that 17 must
appear to an even power in the prime factorization of N. Hence, for some prime
P{Mod 17) = 1 and natural number W(Mcd 17) = -1 the prime 17 will appear
only as a factor of S(P**W) and will appear to the first power. In applying
Proposition 11, the smallest P is 103 and the smallest W is 16. The
condition for P greater than or equal to 103 and W greater than ¢r eqgual

to 16, P**W||N easily brings about the contradiction that N exceeds M.



Theorem 12

Proof

239%*y
19x3019
239%*y
19x3019
239%*y
1923019
239%*y
19x3019
239%*Y
19x3019
239%*y
1923018
23g%*y
19x3019
239%*y
19x3019
239%*Y
19x301%
239%*y
19x3019
239%%y
19x3019
239% ¥y
19x3019
239%%7
P
239% %7

P
239%*Z

P
239%%7

P
239%*g

P
239%*7
P
239%*7
P

1c¢2

If N is an odd perfect number less than M and if 29**Y||N, then
it is not true that 67**16||N whenever the prime 7 divides N.

Note S5{29**2) = 13 x 67 and 5(67**)6) = 239 x 443 x 647 x Q
where (0 = 11070911xP

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

3019%+y Proposition 6
3x7x7Tx13x13x367
3019%=g 855641#*X 142607**Y Proposition 11
11x2551x3461xP 2x3xP P
« 3019%*g B55641*%*x 142607%*a Proposition 1
11x2551x346]1xP 2x3xpP
3019**z 855641%*y N Exceeds M
11x2551x3461xP 73x139x919x78511
3019%*3z 855641w*Z N Exceeds M
11x2551x3461xP 5x241xP
3019**3 855641**B N Exceeds M
11x2551x3461xP
3019**5 T1**Y 5113*%*X 2557*%Y Proposition 6
71x11257%43933xP 5113 2x255%7 3x7x13x13x19x97
3019**¢ F1**12 Proposition 1
71x11257x43933xP
3019%*¢ 71*%18 Proposition 1
T1x11257x43933xP
3019%+*10 N Exceeds M
23x6271xPp
3019**]12 N Exceeds M
1301x1327x115831xQ Q is composite and QHNPFLT 30,000,000
3019%*C Proposition 5
3276517921**x 1638258961%*2 N Exceeds M
2xPp 3x139x3559x942301xP
3276517921%%x 1638258961*%*4 Corollary 3.1
2xP Sx11x31xQ
3276517921**X 1638258961%*D Proposition &
2xp -
327651792]1%%2 58666684033%*x Proposition 11
3x67x283x3217xP 2x7xTx227x443xP
327651792]1%*2 58666684033%*2 62852942701**] Proposition 6

3x67x283x3217xP 3x13x43x313x104323xP 2x11xP

3276517921*%%2 58666684033**%2 62852942701%**T N Exceeds M
3x67%x283x3217xP 3x13x43x313%x104323xP

3276517921*%*2 SBE6668B4033**E Proposition 5
3X67x283x3217xP

N -
P I

““'l
3
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239%37z 3276517921*%*4 21491**y N Exceeds
B Sx41x21491x0Q 421xP
239%*7 3276517921*%4 21491%%4 Corollary 3.
P 5x41x21491x0 5x31x1361081xP
239%*2 3276517921%*4 21491 *%*g N Exceeds
P 5x41x21491xQ Tx1009x3571x149381x209707xP
239*#%3 3276517921**4 21491**F N Exceeds
P 5x41x21491x0 Q is composite and OQHNPFLT 25,000,001
239%%3 3276517921**G Proposition
P
239%%g 921960493427**2 N Exceeds
Tx29xp 37x12799xP
239%*p 921960493427%%*4 N Exceeds
Tx29xP 71x23971x1701941%xQ QENPFLT 9,000,001
2397%*%% 921960493427**H Proposition
Tx29xP
239%*]1§ N Exceeds
23xP
239%%] 2 N Exceeds
23167xpP
239**]1¢6 ’ ¥ Exceeds
17xQ Q 1is composite and QHNPFLT 133,624,591
239**18 N Exceeds
2625839xP
239**] Proposition
In Theorem 12 we have S(239**12) = 23167 x 15056 5668459085 2648797983. To

show that @ = 15056 5668459085 2648797983 is a prime number, for each prime

factor P of Q -~ 1 = 2 x 3*%*3 yx 107 x.372263433 8601727417, we find a prime

Px which is relatively prime to @ such that both of the following are true.
Px** (Q-1) [Mod Q] is 1 and Px**[(Q-1)/P] is not 1

In doing this we use the following facts

3*%{{Q-1) /2] [Mod Q] = 15056 5668459085 2648797982
S**[(Q-1) /3] ([Mecd Q] = 7136 5785255021 7220572442
3**[(Q-1) /7] [Mod Q] - 13731 7778872684 3084528039
3**[(Q-1)/107) [MO4 Q] . 723 0814561590 2603529732

I**[(Q-1)/3722634338601722417] ([Mod Q] = 1013 4256433333 2858923933

M

zZ E Z U 2 = uv

=
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Block 761 The following block of sub-cases is provided for use in Lemma 13.1,
Lemma 13.2, Lemma 13.8 and Lemma 19.1. Each subcase leads to the
contradiction as indicated.
761**y Theorem 6 7E61r+g 67164484721%*4 N Exceeds M
2x3x127 Q is composite 5xPp 5x11x661x9851x0Q (composite) ’
TEl*ry 579883%*y Proposition & 761*%g 67164484721**B Proposition 5
579883 3x79xp 5xp :
T6L®*Y 579883% %z N Exceeds M 761**6 28059705349957**IN Exceeds M
379883 ({comp)211xQ QHNPFLT 22 million 29x239%P 2x103x5023xP
761%ry 579883%*g N Exceeds M 761*%6 28059705349957%*2N Exceeds M
579883 468623x0 QHNPFLT 4 million 29x239xP 3x37x73x13478329x7209154292510161
Te1lrxy $79883*%*p Propoeition 5 761*%*6 28059705349957**CN Exceeds M
579883 _ 29%239xP
761**7 671644B4721*%Y Proposition 7 761**1Q N Exceeds M
S5xp 23x67x11551xP

2% 3xP
T61**Z 67164484721**2

N Exceeds M 761**D

5xp 13x155413x554503x4026658309

Block1758%97 The following block of sub-cases is provided for uee in Lemma 13.3

175897#%*y
3x3121xP
175897%*y
3x3121xpP
175897%*y
Ix3121xP
175897%*Y
3x3121xP
175897**y
3x3121xP
175897*%Z
61xQ
17589 7%%2
61xQ

and Lemma 13.4. Each sub-case leads to the contradiction as indi-
cated.

3304489**x Proposition 7 175897%%¢ 37409*%X Proposition 7
2x5x7x47207 Tx71x127%37409%xP 2x3x5x29xP
3304489%*y Proposition 6 175897*%¢ 37409**Y N Exceeds M
3x109x139xP Tx71x127x37409%xP 10753xP
3304489**4 Proposition &6 175897+%¢ 37409**4 N Exceeds M
6lxp Tx71x127x37409xP 11xP
3304489*%¢ Proposition & 175897**%6 37409*%s N Exceeds M
113xP 7%x71x127x37409xP %P
3304489%%p Proposition 5 175897%%¢ 37409**B N Exceeds M
Tx71x127x37409xP
6l¥*x Proposition 1 175897%*C N Exceeds M
2xp
6l**y Proposition 6 175897%*C N Exceeds M

Q is composite and QHNPFLT 10,000,000

T
|

—r

——
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H " = 1096617341 9001404059
S5**(Q-1)

[Mod Q] =

is composite”

928895480 9960284664.

is implied by the fact that

Lemma 13.1 If N is an odd perfect number less than M and if both 67**2 | |N
and 26B81**xX||N, then 7 x 13 x 29 cannot divide N.
Note S(67%*%4) = 761 x 26881 5(26881%*%*1) = 2 x 13441
Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.
Possibilities And Reasons By Which They May Be Excluded
13441%*Y 1627693**Y 3409763359%%2 Proposition 6
3x37xP 3x7x37xP Ix7x67x73xP
13441**Y 1627693%*Y 3409763359%*4 N Exceeds M
3x37xP 3x7x37xP 124721xQ (composite) QHENPFLT 16,000,001
13441**Y 1627693**Y 3409763359**A Proposition 5
3x37xP 3x7x37xP
13441%%Y 1627693*%%4 Proposition 1
Ix37xP 151x1091xQ Q is composite and QHNPFLT 50,000,001
13441%*Y 1627693%%§ ’ Block 76l
3x37xP 2003xP
13441*%Y 1627693**B Proposition 5
3x37xP
13441%*4 6528127566670081%*2 Proposition 7
SxP 3x709xQ
13;41**4 6528127566670081**C Proposition 5
xP
13441i*%*6 76819%%*2 Proposition
7x76819xQ 3x67x2203xP
13441*%*6 76819**D Proposition 1
7x76819xQ0 Q is composite and has no prime factor less than 100,000,000
13441**10 N Exceeds M
23x89x929897x5662933x0 (composite) QHNPFLT 47,124,991
13441**E N Exceeds M
r
]
Note: S({13441%%6) = 7 x 76819 x 1096617341 9001404053,



Lemma 13,2

Proof

26881 x*x

268B81%*y
3x43xp
26881%*y
3x43xP
26B81**y
3x43xp
268B1**y
3x43xp
26881%*4
5x31xP
268B1*¥*g
7xQ Q
268B1**]0
67x0 @
26B81*4p

Note: 5(2688

"Q

= 539002
5%*(Q-1)

106

If N is an odd perfect number less than M and if 67%*Z||N, then
the number 7 x 13 x 29 cannot divide N.

Note §5({67**3) = 761 x 26881

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

Lemma 13.1
5601667**y Proposition 6
. 3x19x2287xP
5601667%*4 Proposition 6
11x521xQ
5601667%*¢ Proposition 1
7*Q QHNPPLT 50,000,000
5601667**p Proposition 5
Corollary 3.1
Block 761
is composite and has no prime factor less than 49,374,991
Block 761

is composite and has no prime factor less than 47,124,991
Proposition 5§

1*%*g) = 7 x 539002 32892586491 1014992641,
3289258691 1014992641 ig composite” is implied by the fact that
[Mod Q] = 154472 7725587319 6336668178.
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Lemma 13.3

Proof

522061**X
2xP
522061*%%x
2xP
522061%*X
2xp
522061*¥X
2xP
522061%¥x
2xP
522061%*X
2xP
522061**X
2xP
522061**X
2xP
522061%*%
2xp
522061%nY
3xp
522061**Y
3xP
522061**Y
3xP
522061**Y
3xP
522061%*Y
3xP
522061*%*y
3xp
522061%*Y
Ixp

107
If N is an odd perfect number less than M and also if 67%*6||N
and either 522061**X||N or 522061**Y||/N then 7 x 29 cannot di-
vide N.
Note  S{67**6) = 175897 x 522061

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

261031**y 22712481331**2 44545241607543%*2 Block 175897

3xp 3x3825817xP Ix7x7x322633xP
261031 %%y 22712481331**2 44945241607543**A Propositicn 5
3xP 3x3825817xP
261031%*y 22712481331*%4 Proposition 9
IxP SxQ
261031#%*Y 22712481331%*1 ‘ Proposition 5
Ixp
261031**4 130974955021%%2 Proposgition 7
5x971x1021x7151xP xQ
261031%%4 130974955021**%4 Corollary 3.1
5x971x1021x7151xP 5x11lx31xQ ’
261031**4 130974955021**C Proposition 5
5%971x1021x7151xP ’
261031%*¢ 33737717566401346905161987**D Proposition 5
Tx43x31151xP
261031%*E Proposition 5
90843403261**X 45424701631**2 Proposition 1 and Block 175897
2xP 3xQ @ is composite and (QHNPFLT 12,799,999
90849403261**X. 45424701631%*4 Proposition 9
2%P 5xQ
90849403261**x 45424701631%*E Proposition 5
2xp
90849403261**2 66327652329858859**2 N Exceeds M
3x41479xP Ix7x7x1069x6679xP .
9084940G3261*%2 66327652329858859%*F Proposition &S
3x41479xP
90849403261**4 Proposition 98
5x18691xQ
90849403261**G Proposition 5



522061**p

lo8

Lemma 13.4 If N 1is an odd perfect number less than M and also if 67**6{|N
then 7 x 13 x 29 cannot divide N.
Note S(67*%*6} = 175897 x 522061
Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.
Possibilities And Reasons By Which They May Be Excluded
522061%*x Lemma 13.3
522061%*Y Lemma 13.3
522061*%%4 175897**x Block 571
5x571xQ 2x37xP
522061**4 175897**a Block 175897
5x571x13268141x1960964108711
522061*%%p 175897%%X 2377**Y (Also see 4.1 for details) Proposition 6
7x43xQ 2x37xP Ix7xp
522061%%6 175897**X 2377%%4 170351%*Y 433128859**2 Proposition 6
Tx43x0 2x37xP 401x170351x467531 67xP 3x7xQ
522061*%6 175897**X 2377%%4 170351**Y 433128859%*4 N Exceeds M
Tx43x%xQ 2x37xP 401%x170351x467531 67xP 11x4751xQ (comp) QENPFLT 10m
522061*%%6 175897*%X 2377%%4 170351**Y 433128859**B Proposition 5
7x43xQ 2x37xP 401x170351x467531 67xp
522061%%*6 175897*+*) 2377*%4 - 170351**4 N Exceeds M
Tx43xQ 2x37xP 401x170351x467531 5x11x41x241xP
522061**6 175897**X 2377%%4 170351*+C N Exceeds M
Tx43x0 2x37xP 401x170351x467531)
522061%*6 175897%*X 2377**& Proposition 1
7x43xQ 2x37xp 2213x2927149x27856823471
522061%*6 175897**X 2377%*%10 N Exceeds M
Tx43x0 2x37xP 11x23x199x107B81x6963023xP
522061%*6 175897*%*X 2377%*12 N Exceeds M
7x43x0 2x37xP 4993xP
522061%%5 175897%*X 2377**p Proposition 5
7x43x0 2x37xP
522061*%*%6 175897**E Block 175897
7x43xQ Q 1is composite and has no prime factor less than 43,599,991

Proposition 5

Beltus

L
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Lemma 13.5

Proof

Thry
3x19
Thng
2801
Jewg
2801
Taag
2801
Thng
29x47133
Trg
29x4733
Thrg
29x4733
Te*1Q0
1123xPp
T*%]12

P
T**16
14009xp
Te%1lg
419xP
Jr%32
47x3083xP

Jn*p

109

If N is an odd perfect number less than M and if both 29**Y||(N
and 67%*22||N, then the prime 7 cannot divide N.

Note S(29**2) = 13 x 67 5(67**22) 1is composite >401,299,861

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

Proposition 6-

2801**] Proposition 1
2x3xP

2801%*2 N Exceeds M
37x43x4933

2801%¥%p N Exceeds M

4733%%] Proposition 11
2x3x3x263

4733842 N Exceeds M

P

4733%*B N Exceeds M

Proposition 1

Proposition 1

Proposition 1

- Proposition 1

Proposition 1

Proposition 1



Lemma 13.6

34171%*y
3x7x7x163xP

34171%*4

5x)l)lx4lxP
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If N is an odd perfect number less than M and also if 29*+*Y||N
then, the prime 7 cannot divide N.
Note S(29**2) = 13 x 67

Block 34171

PR6 34171**10 N>M
23x14323xQ(comp} QHNPFLT 10,000,000
N>M 34171%%p ° PRS

34171%*6 TLx*Y S5113%%X 2557%*Y PR6
71x127xP 5113 2x2557 3x7x13x13x19x97

34171%%g J1%*}2 N>M
71x127xP
34171**g Ti**1§ N>M
71x127xP
Proof It is sufficient to show that, except for the conclusion, any cther
possibility leads to a contradiction.
Possibilities And Reasons By Which They May Be Excluded
GTxnY 31%xy 331++*y Proposition 6
3x7x7x31 3x331 3x7x5233
67%*g Lemma 13.2
761x26881
67%*g Lemnma 13.4
175897xP
6T**10 1890149702927663%%2 Block 34171
11xB9xP Tx7x34171xQ Q is composite QHNPFLT 9,999,997
67*%1Q 1890149702927663%%a Proposition 5
11xB9xP
6E7%*12 126867415853933%*X 157**16 N Exceeds M
79x157x5279xP 2x3x3x7xP
67**12 126867415853933**2 157%*X Pl*%g Proposition 5
79x157x5279xP 163xP1
67%%]12 126867415853933%+2 157%*16 N Exceeds M
79x%x157x5279xp 163xP
67%%12 126867415853933**C . Proposition 5
79x157x5279xP
67%*16 Theorem 12
239x443x647x11070911xP

—‘ -‘ m
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67%*18 751410597400064602523400427092397**] §7259*%*2 N Exceeds M
P 2x97259xP 43x2389xpP

67*%18 751410597400064602523400427092297**1 97259%*4 Proposition 1
P 2x97259xF 2311x2972771xP

674%18 751416597400064602523400427092397**] 97259*%*¢ Proposgition 1
P 2x97259xP 7x211x18131xQ(composite) 64m

67*%18 751410597400064602523400427092397%*%] 97259**p K Exceeds M
P 2x97259xF

67*;18 751410597400064602523400427092397**E Proposition 5

67**22 : Lemma 13.5
Q Q is composite and has no prime factor less than 401,259,861

g7xnp Proposition 5

In Lemma 13.6 we have S(67**10) =~ 11 x 89 x 189014 3702927663. To show
that Q = 189014 9702927663 is a prime number, for each prime factor P of
Q-1 = 189014 9702927662 = 2 x 11%*2 x 781 0535962511
we find a prime Px which is relatively prime to Q such that both of the

fecllowing are true,
Px**(0-1) [Mod Q] is 1 and Px**[(0-1)/P] [Mod Q] is not 1

The following facts are used to produce the desired resultis.

5**[(Q-1)/2) [Mod Q] = 189014 9702927662
3*x[(Q-1)/11] [Mod Q] = 300763
I**[(Q-1)/7810535962511] [Mod Q] = 122649 3705408260



Lemma 13.7

Proof

732541**X
2x47xP
T32541**Y
3x43x271xP
T32541**Y
3x43x271xP
732541**y
3x43x%271xP
732541**Y
3x43x271xP
T32541**Y
3x43x271xP
732541 **Y
3x43x271xP
732541%*Y
3x43x271xP
732541**Y
3x43x271xp
73254)1%*Y
3x43x271xP
73254 1+%*y
3x43x271xP
732541%*Y
3x43x271xP
732541**Y
3x43x271xP
T3I2541*xY
3x43x271xP
T32541%*Y
3Ix43x271xP
732541 %+y
3x43x271xP
732541%*Y
3x43x271xpP
T732541**Y
3x43x271xP

If 7 is a factor of an odd perfect number

there is no
is true that

Note S5(29**4) = 732541

112

such that
29%%7 | N,

2{Mogd 5) =

N less than M, then

4 and at the same time it

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded
Proposition 11
15349897% %X 247579% %y, 208759%%y 3]%ry Block 5233
2x31xP 3x97x1009xP 3x31x769xP
15349897**} 247579% %Y 208759%*4 N Exceeds M
2x31xP 3x97x1009xP P
15349897**X 247579+%*%Y 208759*%*% Block 5233
2x31xP 3x97x1009xP 80683xP
15349897%*Yy 247579%*Y 208759%%p Proposition 5
2x31xP 3x97x1009xP
15349897**x 247579%n4 N Exceeds M
2x31xP 521x12871591x560256646231
15349897+*X 247579%*¢ Block 5233
2x31xP 113x10151xP
1534989 7% %} 247579%*B Proposition 5
2% 31xP
15349897**Y 4091671**Y 3507600181%*x Proposition 11
3x97x197887xP 3x37x43xP 2x89xP
15349897**Y 4091671**Y 3507600181*%*Y N Exceeds M
3x97x197887xP 3x37x43xP 3x79xP
15349B97**Y 4091671**Y 13507600181%%*4 Proposition
3x97x197887xP 3x37x43xP Sx1181x1871xQ
15349887**Y 4091671**Y 3507600181*+C Proposition
3x97x197887xP Ax3I7x43IxP
15349897+%*Y 4091671*%a Proposition
Ix97x197887xP 5xQ
15349897*%Y 4091671+**6 N Exceeds
Ix97x19788B7xP197x50989xP
153249897**Y 4091671**D Proposition
3x97x197887xP
15349897**4 Block 4
o] Q is composite and QHNPFLT 25,000,001
15349897%%¢ N Exceeds
29x953x967x10067xP
15349897+*E Proposition 5

X W U T w o wn W
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732541%*%4
5x45121x487681xP
732541**4

5x45121x487681xP
732541%%4
5x45121x487681xP
732541%%4
5x45121x487681xP
732541%%4
5x45121x487681xP
732541%*5
P
732541%»H

Note: S(208759%%4;

Q-1 =

Also,

23*[(Q~1) /2]
3n*i(Q-1)/3]
Sex[{Q-1) /5]
3*%x((0-1)/11]
3**[(Q-1)/1543]

3**{(Q-1)/58280473527503] [Mod

113
2617241417881**X 14380447351**2 Proposition 7
2x7x13xP 3x7x7x67xQ
2617241417881 **X 14380447351*%4 N Exceeds M
2x7x13xP 5x271x9851xQ (composite) QHNPFLT25,000,000
2617241417881**X 14380447351%*F Proposition 5
2x7x13xP
2617241417881%*2 Proposition 7
3xQ
2617241417881 **G N Exceeds M
N Exceeds M
Proposition 5
= Q = 18 9925339619 0032164381 where
2**7 x 3 x 5 x 11 x 1543 x 5828 0473527503
[Mod Q] = 18 9925339619 0ﬁ32164880
[Med Q] - 6 0674475614 8457707165
[Mod Q] - 909778 4039789479
[Mod §] = 17 0923184169 6619070582
[Mod Q] = 15 7059097076 1445265936
Q) = 18 5102607624 2856351533
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Lemma 13.8 Let N is an odd perfect number less than M; then it is not true
that 29%*%*§{|N,

Note S(29**6) = 7 x 88009573

Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

880095T73x*) B830279%%3 Proposition 11
2x53xP ’
88009573%*y 320374117039%%2 11348036343554]1**X N Exceeds M
3x8059xP 3x7x43066201xP 2x67xP
88009573 %*y 320374117039%*2 113490363435541+%%*2 N Exceeds M
3xB0O59xP 3x7x43066201xP 3x2665261xQ{composite) QHNPFLT 8.8m
88009573 %Y 320374117039%+*2 113490363435541*+B Proposition 5
Ix8059xP 3x7x43066201xP
88009573**Y 320374117039%%4 6l**X Proposition 6
3xB059xP 11x61x211x1201x17891x0Q 2x31 QHNPFLT 4,000,000
88008573%*Y 320374217039%%4 61lrty Proposition 6
3x8059xP 11x61x%211x1201x17891x0 3x13x97
BBO09573%*Y 320374317039**C Proposition 65
3x8059xP
88009573%*4 Block 761
11x761xP
88009573**¢ F1**Y 5]113+%*X 2557+*Y Proposition 6
Tx29x29x43x71x22807xQ 5113 2x 2557 3x7x13x13x19x97
88009573*%¢ 71**]12 N Exceeds M
Tx29x29x43x71x22807x0Q
BBO09573**p T1*%18 N Exceeds M
Tx29%29x43x71x22807xQ Q is composite and QHNPFLT 10,000,000
B8O0D9573*+D Proposition 5

- s ————
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Theorem 13 The number 7 x 29 cannot be a factor ¢f an odd perfect number N
which is less than M.

Proof It is sufficient to show that, except for the conclusion, any other

possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

25+ %X
2x3x5
29%2y
13x67
29%%3
732541
ri-Lad
TxP
29%*10
23xP
29**310
23xP
25*%*10
23xP
29%%10
23xP
29%*]10
23xP
29%%](
23xP
29%*}2
521x148123xP
29%%] 2
521x148123xP
29#%]12
521x148123xP
29*%12
521x148123xP
29%%]12
521x148123xP
29%*1 6

3911x1977917xP
29%*16
3911x1977917xP
29**16
3911x1977917xP
29**16
3911x1977917xP

1894489094053 7**X
2x3x3x37x3359xP
18944890940537%+2
7x13x42391x603793xP
18944890940537+%#%2
Tx13x42391x603793xP
189448909405374*2
Tx13x42391x603793xP
18944890940537**2
Tx13x42391x603793xP
18944890940537**B

4748492087%+%2
20173xP
4748492087%*2
20173xP
4748492087%*2
20173xP
4748492087**4
11lx?P
4748492087%+D

33505187587603*%2
3x7x10501xP
335051875687603%*2
Ix7x10501xP
33505187587603*%%2
3x7x10501xP
33505187587603**F

42391 #*Y

3x37x43xP
42391 #%*37
5x589811xP
42391%%6

113x197xP
42391%»p

Proposition 7

Lemma 13.6
Lemma 13.7
Lemma 13.8

Proposition 11
Proposition 6
N Exceeds
N Exceeds

N Exceeds

Tnm T X X

Proposition

1117740400785709**] Proposition 11
2x5x13x43x59x137x167x167x887
1117740400785709**2 N Exceeds M

3x67x367x1063xP

1117740400785709**C Proposition 5

N Exceeds M

Proposition 5

5090660731996044113653*%*]1 Proposition 11

2x17x37x17599x49921xP

5090660731996044113653**2 N Exceeds M
3x67x2089x906391x1006231xQ (comp) Tm
5090660731996044113653%*E Proposition 5

Proposition 5
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29%%18 157193380600163813309%*] Proposition
1386659xP 2x3x5x127x921667xP
29*%18 157193380600163813309*+2 N Exceeds
13B86659xP Q QHNPFLT 8,799,997
29%#]3 1571933B0600163813309**G Propesition
1386659xP
29%%22 N Block
Q Q@ is composite and has no prime factor less than 684,774,631
29%*2§ 84449%%) Proposition
59x16763x84449x2428577xPxQ 2x3x5x5xP
. 29%%28 84449*%2 17791%*2 Proposition
S9x16763xB4449%x2428577xPxQ 31x67x193xP - Ix7x19xP
29+%*28 84449+%*2 17791**H N Exceeds
59x16763x84449x2428577xPxQ 31x67x193xP
29%*28 B4449%*4 202632669662828351**] N Exceeds
59x16763xB4449x2428577xPx0 251xP
29%%*23 84449*2J N Exceeds
59x16763x84449x2428577%x14111459x58320973xP
29*%30 AN Block

Q Q 1is composite and has no prime factor less than 74,499,000

29**K

Proposition

Note: S({(1117740400785705+%*2) = 3 x 67 x 367 x 1063 x 159 3259480686 6956129671.

Let Q = 155 3259480686 6956129671.
Q-1=2x 3**3 x 5 x 11 x 61 x 8794278 7475117051.

3**[{0-1) /2] [Mod Q]

3**i{Q=-1)/3] [Mod Q]

3*2{{Q-1) /5] [Mod Q]

3*x{(Q-1)/11] [Mod Q]

3**[(Q-1)/61] [Mod Q] .

3%*{ (Q-1)/87942787475117051] [Mod Q]

159 3259480686 6956129670
111774 0400785709

30 B306860315 6562323626

132 1142282728 6564643293
115 0785897049 0541689920
121 9416645908 4434599169

Also, 8794278 7475117050 = 2 x 5x5x 7 x 31 x 810 5326034573. It is left

to the reader to show that 8794278 7475117051 is a prime number.

In Block €13 of the following lemma we have S(613%*%12) given as follows.

§(613**12) = 15263 x 42017 x 43971 3502256042 0452546651

EE I - S S - O BN B E, B SR |

uwn

To imply that Q@ = 43971 3502256052 0452546651 is composite, it is sufficient

to state the fact that 5**(Q-1) [Mod Q] = 8649 9253068479 B071454124.

—-—
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Lemma 14.1 If N is an odd perfect number less than M and if 1093**X| [N, where
X(Mod 4) = 1, then for no Y such that ¥Y(Mod 3) = 2 is it true

that 547**Y| iN.
Note S(547**2) = 3 x 163 x 613

Block 613

613*wy Lemma 11.1 613%*]12 N Exceeds M
3x7xP 15263x42017xQ (composite) QBENPFLT 150m
613%n3] Lemma 132 613**16 Theorem o
131x20161xpP 17x1123x72504389xQ

6l3x*g N exceeds M 613%*]18 Theorem 0
43x71x55721xP 1103x2053x2538097xQ (composite} QHNPFLT 25m
613%*]10 N exceeds M 613wwp Proposition §
2332903x7221259xP

Proof It is sufficient to show that, except for the conclusion, any other

possibility leads to a contradiction.

Note S(163%**4) = 11 x 31 x 1301 x 1601 5{(163**6)} = 18871143464293

Possibilities And Reasons By Which They May Be Excluded

163%*y Theorem 11
3xTx19x67
163%%2 Jik*y 331**y Thecrem 11
11x31x1301xP 3x331 Ix7Tx5233
lg3**g 18871143464293#%%2 2293204797253**a N Exceeds M
P 3x13x1291x49633x62143xP
163%#%¢g 18871143464293%*p Proposgition 5
P
163%*1Q 579189657172292026411**2 N Exceeds M
23xP IX199%x619%x687433xP
133*;10 579189657172292026411**C Proposition 5
X
163%%12 10865297+*%2 Proposition 1
10865297xQ Tx181xP
163*%12 10865297%*D Proposition 1
10865297x0Q Q is composite and QENPFLT 71,624,791
163%*16 N Exceeds M
"239x398311x409429x95196329xP
163%*]8 Block 613
665723xQ Q is composite and QHNPFLT 100,000,000
le3nn22 Block 613
Q Q is composite and QHNPFLT 100,000,000
le3**E Propoesition 3
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Lemma 14.2 If N 1is an odd perfect number less than M and if 3 divides N
and also 1093**X|IN, then it is not true that 547**2Z||N.

Note S(1093**]1) = 2 x 547 S{547**4) = 431 x 208097431

Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Note S(208097431%*2) = 3 x 13 x 19 x 43 x 79 x 163 x 4027 x P

N |

Possibilities And Reasons By Which They May Be Excluded

208097431%*2 26209**Y 228979297%*2 17477172894531169%*2 N Exceeds M
3xP 3xP IxQ (composite) QHNPFLT lém

208097431%*2 26%09**Y 228973237**2 17477172894531169**A Proposition 5
xP X

208097431**2 26209%*Y 228979297%%4 4027**2 Proposition 6
Ixp 41x688411x0Q IxT7x229xP

208097431%*2 26209%*Y 228979297%%4 . 4027**B N Exceeds M
Ixp 41x688411xQ(composite) QHNPFLT 19,000,00]

208097431**2 26%03**2 22897%237**6 Proposition 6
x b

208097431%*2 26209%**Y 228979297**C Proposition 5
3xp

208097431**2 26209%%4 11508918571937341*%2 Froposition 6
41xp 3x7x13xQ

208097431+%2 263?9**4 11508918571937341*+p Proposition 5

xP
208097431%%2 26209**5 Propositicon 6
Tx113x3557x33937x107339xP

208097431%%2 26209**]10 N Exceeds M
23xPp

20809743]1%%2 26209%*p Proposition 5

20B097431%%y4 Proposition B8E

5x11xQ
208097431**¢ N Exceeds M
347509xP
208097431**G Proposition 5§

-
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Theorem 14 If N is an odd perfect number less than M and if 3 divides N
then, there is no X such that X(Mod 4§) = 1 and at the same time
1093%*X| [N.

Note 5(1093**]) = 2 x 547

Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

vr{a

Possibilities And Reasons By Which They May Be Excluded

il

547%%Y Lemma 14.1
547*%% Lemma 14.2
547*%g Theorem 13
Tx29xP

547%%10 9630092768572369626677**2 N Exceeds M
23x10847xP Tx7x4789xP

547*+%1Q 9630092768572369626677%*A Proposition 5
23x10847xP

547%*]12 Proposition 1

13x313x82889xQ (composite) Q has no prime factor less than 150,000,000

S47**16 Proposition 1
S2B837xQ{composite) Q has no prime factor less than 120,624,691

547%*18 N Exceeds M

P
547%*7 Proposition 5

Note: 85(547*%12) = 13 x 313 x 82889 x 21313 6588241187 1928705741.
To imply that Q = 21313 6588241187 1928705741 is a composite number it

is sufficient to state the following fact.
S** (Q-1) [Mod Q] = 19813 6650253648 3781696571.

It is assumed in the sixth case of Theorem 14 that for some X{Mod 4) =1

T

both 1093**X||N and 547**12||N which implies that S(547**12) divides
N where S(547*%12) = 13 x 313 x 82889 x Q. Since no prime factor P

| otk I

of 0 occurs to an odd power in the prime factorization of W and ¢

has no prime factor less than its cube root, then Q**2 divides N.

g e o

et oy
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Lemma 15.1 If N is an odd perfect number less than M and if 3 divides N,
then neither of the following conditions holds,

(A) 1093**10|IN {B) 1093**12]||N

Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

1093**1¢0 2608387%+Y 272878729% %X Proposition 11
23x6491x2608387xp 3x8311xpP 2x5x17xP
1093**]10 2608387**Y 2728B78729%*Y N Exceeds M
23x6491x2608387xP 3x8311xP IxTx19%109x157x367xT709x41911
1093**]Q 2608387x»y 272878729*%*E N Exceeds M
23x6491x2608387xP 3x8311xP
1093**10 2608387+%4 37861%* %Y Proposition 1
23x6491x2608387xP 31x37861xQ 2xp
1093%*]1Q 2608387%%4 31**y 37861**Y 33]1 %y N Exceeds M
23x6491x26068387xP 31x37B61x0 3x331 3Ix37x1201xp Ix7x5233
1093**10 2608387*%4 37861%*4 Corollary 3.1
23x6491x2608387xP 31x37861xQ 5x0
1093**]p 2608387%*4 37861**p N Exceeds M
23x6491x2608387xP 31x37B61x4143641xP
1093**19 2608387+%¢ N Exceeds M
23x649]1x2608B3B7xP 463x8458%x0 ( is composite and QHNPFLT 50,000,000
1093%+%]10 2608387**p ’ Proposition 5
23x6491x2608387xP
1093%*]12 937hay ET**Y Jixny 331**Y Block 5233
13x131x937xQ 2x7x67 3x7x7xp 32331 3x7x5233
1093%%12 937%+x BTx*4 N Exceeds M
13x131x937xQ . 2x7x67 761xP
1093%*%12 93Tk *y ET*%g N Exceeds M
13x131x937xQ 2x7x67 175897xP
1093%x*]2 937erYy GTxRF N Exceeds M
13x131x937xQ 2x7x67 see 4,8 and 9.0
1093%%*]12 93Th+y 292969% %X Proposition 11
13%x131x937xQ 3xp 2x5xp
1093#%*132 937 *y 282969*%y N Exceeds M
13%131x937x0 Ixp 3x61x127x139x163x163
1093%*]2 937**y 292969% %4 N Exceeds M
13x131x937x0 ixp 131x1181x1721xP
1093**]12 937%+y 292969%*C N Exceeds M
13x131x937x0Q Ixp

e g <
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1093**]12 937kxg N Exceeds M
13x131x937xQ 8431xP
1Q93**12 937*%g N Exceeds M
13x131x937xQ 22751xp
1093*x]2 937#*p N Exceeds M

13x131x937x58782569%Q Q is composite and QHNPFLT 177,000,000

For Case 4 of Lemma 15.1 it is assumed that for some natural number X({Mod 4)
= 1, 37861**X|[N. It is further assumed that 2608387**4]|N. From the latter
assumption, we have S(2608387**4) = 3] x 37861 x Q¢ dividing N. Since
(A) has no prime factor less than its cube root,
(B} is not a perfect square,
and
(C) has no prime facter which occurs to an odd power in the prime factori-
zation of N,

we can use Proposition 1 to imply that Q**2 divides N.



Theorem 15

(A)
(B}
(<)
(D)
(E)
(F)

l621**Y
3xTx13xP
1621*+2
Sxllx125
1621%*%¢

211x4105333x20957295829

l621**10
12893x0
1621**12
Q
1621**1¢

The number

N 1less than

613804731

122

3 x 1093 cannot

Q is composite and QBNPFLT

QHNPFLT 14,625,001

be a factor of an odd perfect number

PR 6
PRBE
N> M
N> M

16,000,000
N> M

N> M

103x239x1361xQ Q is composite and OQHNPPLT 133,642,591

Proof

Note S

1093%*x
2x547
1093%*y
3xP
1093%*y
IxP
1093**Y
3IxP
1093**y
3xP
1093%*y
IxPp
1093%*Y
IxP
1093**Y
3IxP
1093%*y
3xP
1093**Y
IxP
1093**y
3xP
1093%ry
3IxP
1093 %%y
3xP

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

(1093%*2) =

3 x 398581

5(1093*%4) = 11 x 31 x 4189129561

Possibilities And Reasons By Which They May Be Excluded

where X(Mod 4) =1

398581 **x
2x17x19xP
398581**Y
3x1621xP
398581 **y
3x1621xP
398581 *%+*Y
3x1621xP
398581*%*y
Ixle2lxp
398581**y
3x1621xP
398581**y
3x1621xP
398581%*y
3xle2lxp
398581**y
Ix1621xP
398581*+*Y
3x1621xp
398581%*y
3x1621xP
398581 %*Y
Ix1621xP

32668561 %*X

2x19x43xpP

32668561%*X

2x19x43xP

32668561**X

2x19x43xP

3266B561%%X

2x19x43xpP

32668561**X

2x19x43xP

32668561**X

2x19x43xP

32668561**X

2x19x43xP

32668561**Y
3x7Tx13x1693xP
3266B8561**Y
3Ix7x13x1693xP
32668561%*Y
3xTx13x1693xP
3266B561%*4

5xQ (com)Q

Theorem 14

Prop 31
19993 *%*y 1825297**y N Exceeds M
3xT73xP 3x326863x3397663
19993 %+y 1825297**An N Exceeds M
Ix73xP

19993%*%4 4330075325201**2 N Exceeds M
19x37x686551x2333719xP

19993**4 4330075325201**A N Exceeds M
36901xp

19993%*g 1621**B Block 1621
7x43x0Q (composite) QENPFLT 60,499,993

19993**10 N Exceeds M
23x419xQ (composite) QHNPFLT13,374,901
19993*#C Prop 5
2309087647%%2 N Exceeds M
3x13x12097x25621x441105499
2309087647%*4 Prog 8B
11x41x0 QHNPFLT 10,000,000
2309087647**D Prop 5

N Exceeds M
has no prime factor less than 10m

N Em e

.



1093%*y
3xp
1083**y
IxP
10g3%*y
3xP
1093*4Yy
xp
1093%*y
Ixp %
1093**y
Ixp T
1093%»y
3xP 7
1093#*y
3xp 7x
1093»*y
IxP 7x
1093%*y
IxP
1093%*Z
11lx31xp
1093%23
11x31xP
1093%23Z
11x31xP
1093%%g
11x31xP
1093%#Z
11x31xP
1093**g
11x31xP
1093%%g
11x31ixP
109347
11x31xP
1093#%+3
11x31ixpP
1093%#%32
11x31xP
1093%%¢
Tx29x14939xP
1093**10
23x6491x26083
1093**12

398581%*Y
3xl621xP
398581#%*Y
Ixl62l1xp
398581**4
5x1866871xP
398581**4
5x1866871xP
398581*%¢
113x1093x47251xQ
398581**¢
113x1093x47251xQ
3985B1*%¢g
113x1093x47251xQ
398581**¢6
113x1093x47251xQ
398581**¢6
113x1093x47251xQ
398581**H

4189129561 **X
2x17x17x7247629
4189129561%*x
2x17x17x7247629
4189129561%* %X
2x17x17x7247629
4189129561**X
2x17x17x7247629
4189129561 **2
Ix163x39767719xP
4189129561**2
3x163x39767719xP
4189129561*%2
3x163x39767719xP
4189129561%%2
3x163x39767719xP
4189129561**4
5x71xQ
4189129561**K

87xp
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32668561**§ N Exceeds M
140813xQ QHNPFLT 10,000,000
32668561**E Prop 5
2703853428809791**2 N Exceeds M
IxQ Q is composite and QHNPFLT 8,799,997
2703853428809791**F Prop 5
47251**Y Prop 3
Ix13x241xP
47251*%4 Prop 9
5x101x876791x11258116711
47251%%¢ N Exceeds M
Txp
47251**10 N Exceeds M
23x23x14851x238943xP
47281%*G Prop 5
Q is composite and QHNPFLT 22,139,377
Prop 3
T24T7H829%*%Y 2501339684251 Block 5233
3x7xP
T247629%*4 31**y 331%*Y Prop 6
11x41xQ QHNPFLT 1,000,000
T247629%*¢ Prop 6
29x71xQ
T247629%%] Prop 5
31*ry 331**Y 902418613**X Prop 1
Ix331 3x7x5233 2xPp
31%*y 331**Y 902418613**2 N Exceeds M
3x331 3x7x5233 3Ix691x6607xP
J1*ry 331**Y 902418613**4 N Exceeds M
3x331 3x7x5233 P
J1*xy 331*%*Y 9802418613**R N Exceeds M
Ix331 3x7x52233
31any 331=*y Prop 9
3x331 3x7x5233
J1eny 331**y Prop S
3x331 3xTx5233

13x131x937xQ Q is composite and QHNPFLT 24,492,391

1093**1s

Q
1093%**L

Q is composite and QHNPFLT 133,624,591

Theorem 13

Lemma 15

Lemma 15

.1

ol

N Exceeds M

Prop

3



Lemma 16.1

Proof

Note S(151**2) =

151%*y
151#%*Z

151**%
1499xP
151#%=¢
1499xP
151**¢
1499xP
15]1**g
1499xP
151%*¢
1499xP
151**10
23x14864609xP
151**10
23x14864609xP
151**10
23x14864609xP
151**1Q
23214864609xP
151=*]12

P
151**12
P
151**16
148768021x0Q
151**18
3041xP
151%*22
599x%9109xQ
151**G

Let X(Mod 4) =1,
I x 7 x 19**¢ x 911 x 151

The number

124

Y(Mod 3) = 2, and

perfect number which is less than M.

r

2(Mod 5) = 4,
cannot be a factor of an odd

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

3 x 7 x 1093

S(151**4) = 5 x 104670301

Possibilities And Reasons By Which They May Be Excluded

where
where
T960598B43%*2
796059g843**2
7960593843**2
7960595843**4

31x41xQ{composite)

7960598843**C

18145704541823%*2
19x397xQ

18145704541823%*%2
19x397xQ

18145704541823**2

Y {Mod 3)

= 2

Z(Mod 5) = 4

63371133947133537493**]
2x113x1493x1736347xP

63371133947133537493%%2
3x103x1009x694951xQ (comp)

63371133947133537493%%p

1499%+B

14864609%%]1
2x3x5x467x1061xP
14864609*%2
Tx7xTx2221xP
14864609**F

QHNPFLT

Q has no prime factor less than

Theorem 15

Prop 9
Prop 11
N Exceeds M
8,799,997
Prop 5
N Exceeds M
10,000,000
Prop 5
Prop 7

N Exceeds M

N Exceeds M

19x397x0 Q is composite and QHNPFLT 8,799,997
18145704541823**D

14145198800785983689633217]3%*]
2xTx29x31xQ

31%*Y

Q is composite 3x331

1414519E880078598368963321713**E

Q 1is composite and has no prime

33)1**y

Prop 5

Block 5233

3xTx5233 48,499,999
5

Prop
N Exceeds M
N Exceeds M

N Exceeds M

factor less than 110,000,000

Prop 5
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In Case 3 of Lemma 16.1 we have assumed that 63371133947133537493**1}|(N.
This implies that 1493 divides N. By Proposition 2, 14%3 must appear to
an even power in the prime factorization of N, Other than an odd power, for
a prime P and an exponent W to exist such that BS(P**W) to be divisible by
1493, W nmust be greater than 371. Therefore, we use Proposition 11 to

get ocur contradiction.

A similar condition exists in Case 8 of this same lemma. Here, we assume
that 14864609**1||N. This implies that the prime 467 divides N. Except
for an odd power, if 467 divides S(P**W)}) where P is a prime ana W is a

natural number, then W must be greater than 231.

In the same case, Case 8, it is assumed that 18145704541823**2| [N. This
implise that 5(18145704541823**2) = 19 x 397 x 436 5194131236 2985027271
also divides N. Let Q = 436 5194131236 2985027271. To imply that { is
composite, it is sufficient to give the following fact.

3**(Q-1) [Mod QI = 16 9613163840 3509321137



Lemma 16.2

313%xy
2x157
3lasry
3x181x181
313%xy
Ix181lx18]1
313%ny
3x181x181
313%ry
3x181x18B1

Note

Proof

S9%*y
3541
S59%*y
3541
59% Yy
3541
Sow*y
3541
59*=*g

11x41x151x181
59%%g

43x281x757xP
59%%*g
43x281x757xP
59% g
43x281x751xPF
59%%g
43x2B1x757xP
59%*g
43x281x757xP
59**]1Q
23x67x419xP
59%*10
23x67x419xP
59%*]10
23x67x419xP
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If N is an odd perfect number less than M and if 19**28]|N then
the number 3 x 7 cannot be a factor of n.

157%*16 N>M 313#%*y 181 %% N>M
3x181x181

181**X PRE 313%%4 P8B
2x7x13 11xP

181#%+Y = N>M 313%x%¢ PR6
Ix79x139 29xP )
181%*4 PRS 313%%10 N>M
5x11lxP 199xpP

181%+*5 N>M 313»+p N>M

The number 59 x 233 divides 5(19*+*28)

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

3541%%x Proposition 8B

2x7x11x23

3541%*2 Block 313

3x19x19x37x313
3541**4 Proposition 7
5x427001xP

33541**p N Exceeds M
Proposition 8B

4691y N Exceeds M

97x103x2203 :
4691**7 Proposition 7
5x11x71x881xP

4691**¢ N Exceeds M

7x43x953x3966803x9366668683

4691**10 N Exceeds M

199x727x2003x394241xP
4691%*B N Exceeds M
B05243954219%+2 Proposition 6
Ix13x19x4987xP
B05243954219**4 N Exceeds M
Q Q is composite and QHNPFLT 5,000,000
805243954219%*C Proposition 5

,_.,,..,...
LB
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59*%12 180987323579538672924]1**}

P 2x11x37x97x257xP
5g**]12 1809873235795386729241**D

P
59%*16 361353204962363828785531**E

137x443xP

59**1g

571x183503xQ Q is composite and QHNPFLT 30,000,000
59%%22

47x829x6763xP
59%%28

29x80986039xQ QHNPFLT 263,124,541 i
59%%]J

Note: §5(59*¥%12) = Q = 18 0987323579 5386729241.

number, for each prime factor P of

Q-1 = 2%*3 x 3*%*2 x 5 x 7 x 13 x 59 x 163 x 1741 x 3541 x 931837

Q

we find a prime Px which is relatively prime to
fowing are true.

Px**(0-1) [Mod Q} dis 1 and Px**[(Q-1)/P]
{See Table XVII below)

P Px Px**(Q-1}) [Mod Q] Px**[(Q-1) /P]
2 11 1 18 0987323579
3 3 1 8 2325625593
5 3 1 12 6473291469
7 3 1 16 59016483137

13 3 1
59 3 1 4 3235847993
163 3 1 1l 88958618933
1741 3 1 2 9196712962
3541 3 1 6 6083874801
931837 3 i 10 2531185617

TABLE XVII

To show that (

is not 1

Proposition
N Exceeds
N Exceeds
N Exceeds
N Exceeds
N Exceeds

Proposition

[(Med Q)

53867292440
1456499817
1659547327
5297101592

59
5144715425
8734310611
6625115322
2094089956
4651866583

11

= =3 = =

=

is a prime

such that both of the fol-



Lemma 16.3

Proof

19*%*§
701xP
19**g
701ixP
19**g
701xp
19%*g
701xP
19%%g
701xP
19**g
701xP
19**g
T01xP
19**¢
701xP
19**g
701xP
19**g
701xP
19*2g
701xP
19%*¢
701xP
19**g
T01xP
19%*%5
701xP
19%*6
T01xP
19%%¢g
701xP
l9¥**g
701xP
19*%g
701xP
19%*g
T01lxP
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If N is an odd perfect number less than M, and if 19**6]||N or
19**]10{|N¥, then 3 x 7 cannot divide N,

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

T0841*%% 11807%*A Proposition 11
2x3xP

T0841%*Y 39103%*Y 67411%*Y 1514770111%*Y N Exceeds M

128341xP 3x7561xP 3xP 3Ix70051xP

70841**Y 39103**y 67411%*y 1514770111%*4 Proposition 9

128341xP 3x7561xP 3xP 5x14461x0

T0841**y 39103*%y 67411%**Y 1514770111%*6 Proposition §

128341xP Ix7561xP 3xP Tx2857x3011x32327xQ QHNPFLT 25.7m

T0841**y 39103**y 67411**Y 1514770111**B Proposition 5

128341xP 3x7561xP 3xP

T0841**y 39103*%*Y 67411**4 Proposition 9
128341xP 3x7561xP 5x11x79631xP P=4715032190881

T0841**Y 39103**Y 67411%%¢ 128341+ N Exceeds M

128341xP 3x7561xP 7x71x0 2xP

7084]1**y 39103**y 67411%*%6 128341**C N Exceeds M

128341xP IxT7561xP Tx71xQ QHNPFLT 10,000,000

T0B41*+*Y 39103%*y 67411**D N Exceeds M

128341xP 3x7561xP

T0841**Y 39103**4 Proposition 8B

128341xpP 11x57344741xP

T0B41*+Y 39103*%g 128341**X 64171**y Proposition 6

128341xP 7x43x7547xP1lxP 2xP IxTxTx13Ix79x27277

70841 ¥y 39103%*¢ 128341%*y 64171**4 Proposition 9

128341xP 7x43x7547xP1lxP 2xP 5xQ

T0841**y 39103**¢ 128341**X 64171**E N Exceeds M

128341xP Tx43x7547xP1lxP 2xp

T0841%*y 39103%*§ 128341**Y 549051341*+*F N Exceeds M

128341xP Tx43x7547xP1lxP 3xp .

T0841*+y 39103*%*¢ 128341*+3 Proposition 7

128341xP Tx43x7547xP1xP Sx11x11x61x541x1058821xP

T0B41%*y 39103**g 128341*%¢ N Exceeds M

128341xP 7x43x7547xP1lxP 29x0 Q is composite and QHNPFLT 1l0m

T0841%*y 39103%*¢ 128341**G Proposition 5

128341xP 7x43x7547x13004671xP

T0841**Y 39103*%*10 N Exceeds M

128341xp 23x89xQ Q is composite and QHNPFLT 13,374,901

TJUBAL**Y 39]103**H Proposition 5

128341xP

-

B
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19%*§ 70841%x4

701xP Sx61x71xP

19%%g 70841+%p

701xP Tx29x6301xP

19**»g 70841**1y

701xp 11x67x2003x134047xP
19%%g 70841%*]

701xP

19**]10 62060021 %*x
104281xpP 2x3x3x47x109x673
19%*]10 62060021%%x
104281xP 2x3x3x47x109x673
19%%]0 62060021 %%y}
104281xP 2x3x3x47x109x673
19%*]1Q 62060021**X
104281xpP 2x3x3x47x109x673
19%*]10 62060021 **X
104281xP 2x3x3x47x109x673
19#%*]0 62060021#%%x
104281xP 2x3x%3x47x109x673
19%*]Q 62060021**x
104281xP 2x3x3x47x109x673
lg*=x1Q 62060021*%2
104281xP 7x31xP
19*=10 62060021%*2
104281xP 7x31xP
19**10 62060021**2
104281xPp 7x31xP
19#%]0 62060021*%*4
io4281xp Sx71x251xQ
19#=*]10 62060021**s

Note: S(17748600316039*%2) =

If Q = 1050042 7105950581 3093655187

show that Q is prime.

Q-1

3**[{Q1-) /2] {Mod Q]
3¢*[(Q~1) /7] {Mod Q]

3**[{0-1) /19] [Mod Q]
3**[(Q~1) /53] [Mod Q]
3#*[{Q=-1) /127] ([Mod Q]

3 [(Q-1)/95471]
3*%[(Q-1) /465929]

[Mod Q]
[Mod Q]

3*%[(Q~1) /146491361] [Mod Q]

I**(Q-1) [Mod Q]
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Proposition 3
Theorem 15
Proposition 8B
Proposition 5
104281%*%2 179743%*Y Proposition 6
3x7Tx43x67xP 3x7x31xP
104281%*2 179743%%4 Proposition 8B
3x7x43x67xP 11xQ
104281+%%2 179743**p N Exceeds M
Ix7x43x67xP Q QHNPFLT 5,199,979
104281*%2 179743%*3 Proposition 5
IxTx43x67xP
104281%=%4 Proposition 9
S5x41x3181xP
104281**p N Exceeds M
P
104281**L Proposition &
17748600316039%=%2 104281%*X Block 5233
3xP 2x23x2267
17748602316039**2 104281**0 Block lo4281
xP
17748600316039**R N Exceeds M
Proposition @9
QHNPFLT 10,000,000 and is composite
Proposition &
3 x 1050042 7105950581 3093655187
we use the following information to
= 2 x 3**2 x 7 x 19 x 53 x 127 x 95471 x 465929 x 146491361.
= 1050042 7105950581 3092655186
= 264121 7712751639 2901447390
= 300530 0259162918 8283629930
= 108799 4838789566 2723530143
- 705022 0978623168 1621913969
= 141177 4316611021 7513723595
= 230058 2905249245 7950009864
= 195998 1043162446 2048676662
= 1
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¢ used in Lemmas 17.1, 17.2, and 19.2.

s block, it is assumed that 3 x 7 x 43 x 433 x 631 di-
vides N &and that 733%*X||N.

10012471081**2 47737893B8470179983%*Y
Ix7xP 3x13x61xQ
10012471081**%2 4773789388470179983**A
Ax7xp
10012471081%*4
5x0
10012471081%**B
5700731**Y
5700731%*4

5700731%*6

3x37xP 43x337x7673x37171xP 7x211xQ QHNPFLT 25,749,991

5700731%*C

composite and QHNPFLT 60,000,000

13660102627**Y 5360731**2
3x3691x5360731ixP 3x31x8821xP
13660102627**Y 5360731**4
3x3691x5360731xP 5x9311ixP
13660102627**Y 5360731**E

Ix3691x5360731xP
13660102627%*F

153328579508577769**]
2x5x11xQ
153328579508577769**H

Block 433 This block i
In using thi
433%%Y 1693*+*y
3x37xP 3x13x151x487
433% %Y 1693%*2
Ix37xP 821xp
433%*Y 1693%*2
Ix37xP 821xP
433%%Y 1693%%2
3x37xP B21lxP
433%%y 1693**2
Ix37xP 821xp
433%%y 1693%%¢
3x37xP 43x337x7673x37171xP 43x13933xP
433%xry 1693*46
3x37xP 43x337x7673x37171xP 5x11x811x0
433%ry 1693**%5
433%*Y 1693**¢
3x3TxP 43x337x7673x37171xP
§33%%y 1693**10
3Ix37xP 89xP
433*rY 1693%*]2
3x37xP 154571x0 Q is
433%%Y 1693**D
Ix37xP
433n%kZ 176B66)1%*Y
11x181l1xP 229xP
433%07 176B8661**Y
1ix1811xP 229xP
433%%7 1768661*%*Y
11x1811xP 229xP
433%%3 1768661**Y
11x181l1xP 229xP
433%%7 1768661%*4
11x1811xP SxlixP
433%+3 1768661**6
11lx1811xP 20483xP
433%*3 1768B661**G
11x1811xP
433*%5 1706822489**Y
743x5209xP 15xP
433*%¢ 1706822489**Yy
743x5209xP 19xP

Proposition
Proposition
Proposition
Proposition
Proposition
N Exceeds
Proposition
N Exceeds
Proposition
Proposgition
N Exceeds
Proposition
N Exceeds
Proposition
H Exceeds
H Exceeds
Proposition
N Exceeds
Proposition
Proposition

N Exceeds

[+,

e S 4 n = = = -~ = L B | w

=
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433%4g 1706822489*%*4
T43x5209xP 11xPp
433%%g 1706822489**1
743x5209xP
433**]10
947TxP
433%%12 Fonry
79x473201xP 3xTxTxP
433%%12 To**18
79x473201xP
433**16
Q QHNPFFLT 100,000,000 and Q is composite
433%*18
2243xQ QHNPFLT 25,000,000 and Q is composite
433%43 .

Note: S5(433%*10) = 947 x 0 = 947 x 2452 0715250499 4694307128,
that 'Q is a prime number, for each prime factor P of

Q -~ 1 = 2%%3 x 3I*#*2 x 179*#%2 x 29283 x 3 6365621933

N Exceeds
Praposition
N Exceeds
N Exceeds
N Exceeds
N Exceeds
N Exceeds

Proposition

To show

we find a prime Px which is relatively prime to 0 such that both of the

following are true.

Px**(Q~1) [Mod Q] is 1 and Px**[{Q-1)/P] [Mod Q] is not 1

(See Table XVIII below)

ExEsl

-

P Px Px** {Q-1) [Mod Q] Px**[ (Q-1) /P] [Mod Q]
2 13 1 2452 0715250499 4694307128
3 7 1 93 7072915972 0387776753
179 3 1 1972 2775403150 9642204911
29283 3 1 437 0267565143 3611650372
36365621933 3 1 728 6906179220 2260800781

TABLE XVIII

LV



Theorem 16

149%x
2x3x5x5

149%*y 3)**y
7x31xP 3x331

149%%4
251x691xP

Proof

19%*y
3Ix127
19*»g
151x911
19%%g
TB1xP
19**1¢@
124281xP
19%%]2
599x29251xP
19%*12
599x2925]1xP
19%+*]2
599x29251xP
19%*]12
599x29251xP
19%*12
599x29251xP
19**]2
599x29251xP
19®*]12
599x29251xP
19%*32
599x29251xP
19%*]¢§
3p44883xP
19**1g
3p44803xP

The number 3 x 7 x 19

132

cannot be a factor of an odd perfect number

that is less than M unless both

ing are true.
(A) 127**121 N (B)
Block 148§

Proposition

3x7x5233

N Exceeds

331**Y N Exceeds

127**161 |
7 1
M 1
M 1

19**Y| [N and one of the follow-

N (C)

49*%g
P

49**1p
67xP
49nkp

127**18]| IN

N Exceeds
N Exceeds

N Exceeds

M
M

M

It is sufficient to show that, except for the conclusion, any other

possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

127**R where R is not 12, 1

133338869**%
2x3x3x5x7x113x1873
13333886972
56094673xP
133338869**2
56294673xP
133338869%*2
56094673xP
133338869%%2
56094673xP
133338869*%2
56094673xP
133338869**%4
11lxp
133338869**C

29251 **Y
3x193xP
29251 **y
Jx193xpP
29251 %%y4
5x41xP
29251**%

43x66683xP
29251%*p

99995282631947%%2 1044803**2

67xB7483x1311127xQ

3xp

99905282631947**%2 3P448@83**2

67x87463x1311127xQ

3xPp

6, or 18

1477887%*Y

3x7x47877xP
14778087%*A

3098276117871*%2

Theorem
Lemma le.
Lemma ié.
Lemma 16.
Proposition

N Exceeds
N Exceeds
Proposition
N Exceeds

N Exceeds

Proposition 8B

N Exceeads

Proposition

3x73x6337x206623x1094833xP

3¢90276117871**D

Proposition

6
1
3

3

9

M
M
9
M
M
M

1
5

'ﬂﬁﬂﬂl
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lg##]g 99995282631947%*2 30448P3*%%4 Proposition 8B
3044883xP 67x87403x1311127xQ 11x631xP
l9e*1g 99995282631947%%2 3044893%*E N Exceeds M
30844803xP 67x87483x1311127x18050613x1295748087
19**1¢§ 99995282631947**F Proposition 5
3p44883xP
lg»»13 189912203892239643840221+*) Theorem 2
P 2xQ QHNPFLT 40,000,99¢ and is composite
19*%]§ 1899122830922396436848221%*2 Proposition 6
F 3x13x157x183361xQ
19#**]1g 189912203992235643840221%*G Proposition 5
P
19*%322 N Exceeds M
277x2347xQ Q is composite and has no prime factor less than 141,888,089
19+**28 Lemma l6.2
59x233xQ Q is composite and has no prime factor less than 100,880,200
19**39 243270318891483838103593381595151809781**1 N Exceeds M
P 2x24229%32579x327689x886799x19857851xP
l9»#39 243278318891483838103593381595151849741**H Proposition §
P
19**36 Block 149
145xQ Q is composite and has no prime factor less than 10,088,080
19%%y Proposition 5

Note: S(189912283092239643848221+%*1) = 2 x Q.
To imply that { 1is composite, it is sufficient to state the fact that
5**(Q-1) [Mod Q] = 4@3 4687182244 7328262683.

Although Q is known to be composite, it is not a perfect square, is rela-
tively prime to 19991228309223964384822] and therefore has nc prime factor
which appears to an odd power in the prime factorization of N. Since ¢ also
has no prime factor leas than its cube root, Proposition 1 applies here.
However, since the prime 19 must be a factor of several even powers of

several primes, we also apply Theorem 2.



134

Note: 5{149%*1@) = 67 x 8104242624 5204504653 where

Q -1 = 8194242624 5204504652

Tc show that Q is a prime number,

for each prime factor P

= 2%*2 ¥ 3 x 11 x 13 x 67 x 78488 8374953941

of Q0 -1,

find a prime Px which is relatively prime to Q such that both of the

lowing are true.

Px** (Q0-1} [Mod Q] is

{See Table XIX below)

and  Px**[{Q-1)/P]

{Mod Q]

is not 1

P Px  Px**(Q-1) [Mod Q]  Px**[(Q-1}/P} [Mod Q]

2 5 1 8194242624 5284504652

3 7 1 2444572354 P615603937

11 3 1 3397949

13 3 1 7846126543 3206918279

67 3 1 2662246336 6343P47976
784B88374953941 3 1 2481454778 8748297385

TABLE XIX

We shall use Table XX to show that §5(19**18) is prime.

Let Q = §S(19**18), Q - 1 = 2*%*%2 x 3**%2 x 5 x 7%*3 x 523 x 29989 x 236377.

P Px Px**(Q-1) [Mod Q] Px{(Q-1)P} [Mod Q]
2 17 1 1899 1228309223 9643840221
3 3 1 939 3716597315 6843965488
5 3 1 534 B582110965 3118783282
7 3 i 35 8415916432 5276843247
523 3 1 494 B225399037 2660143566
29989 3 1 193 1820492248 4805869022
236377 3 1 552 2185447217 8982188116
TABLE XX

In the lemma that follows, we have S5(326282527951*%*2) = 643 x Q in which
Q = 1 65486919508 5364134971.

ient tc state the fact that

5*%% (Q-1}

To imply that §Q is composite,

it is suffic-

{Mod Q] = 134177P682 3517226723

1
3
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Lemma 17.1

Proof

367>y
3x13xP
367%*Y
3x13xP
IGTH*Y
3x13xp
367**Y
Ix13xp
367*xy
Ix13xp
I6THrY
3x13xP
36TH*Z
11x281xP
367*%p
113x233437xP
367%*10
1783xQ
367%*10
1783x0
367**10
1783xQ
367%*10
1783xQ
367**10
1783xQ Q
367%%12
53xP
367**16
239x86837xP
367%*]1§
Q Q
367**D
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If N is an odd perfect number less than M and if 307**Y|IN for

Y(mod 3) = 2, and also 733**X||N for X(Mod 4) = 1, we now show
that the number 3 x 7 % 43 x 433 cannot be a factor of N.

Note S(307**2) = 3 x 43 x 733 S(733%*1}) = 2 x 367

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

3463**Y Glrry Proposition 6
Ix61x65551 3x13x97
3463**4 Proposition &
11x4271x19121xP
3463%%5 Block 433
197x95237x142419xP
3463%*]10 Block 23
23x98737xQ Q is composite and QHNPFLT 13,374,901
3463%%12 N Exceeds M
6449xQ Q is composite QHNPFLT 100,000,000
3463%%p Proposition 5
Proposition o
Bloek 433
1783%%2 Block 433
Ix829x1279
1783%%4  31%*y 33i**y 326202527951%*2 Block 5233

31xPp 3x331 3x7x5233 643x0 Q is composite 12m

1783%%g  J1a*y 331**y 326202527951 %%4 Propeosition 9
31ixP 3%331 3IxTx5233 Sx11ix241xQ
1783%%4 3iw*y 331#%Y 326202527951**B Proposition 5

3ixP 3x331 3Ix7x5233
1783%*C Block 433
is composite and QHNPFLT 100,000,000 (apply Proposition 1)
N Exceeds M

"N Exceeds M
N Exceeds M

is composite and Q has no prime factor less than 100,000,000
Propogition 5



Lemma 17.2

Proof

Note

T33%*X

PEELLADS
3x19x9439
T33**Y

3x19x9439
FEE S §
3x19x9439
T33%*Y
3x19x9439
EERLLD §
3x19x9439
T33%*Y
3x19x9439
733%%y
3x19x9439
T3IxkY
Ix19x9439
T33NrY
Ix19x9439
FEKLES 4
3x19x9439
73344y
Ix19x9439
TI3r*Y
3x19x9439
T33F*yY
3x19x9439
T33x*Y
3x¥9x9439
T334
5641xp
T33%+2
5641xP
T334*7
5641xP
T3Ik*rg
5641xP
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If N is an odd perfect number less than M and if 307**¥| [N for
Y(mod 3) = 2, then the number 3 x 7 x 43 x 631 % 433 cannot be
a factor of N. We note that §(307**2) = 3 x 43 x 733.
It is sufficient to show that, except for the conclusicn, any other
possibility leads to a contradiction.
S(733**%2) = 3 x 19 x 9439 S(733%%4) = 5641 x 51245141
Possibilities And Reasons By Which They May Be Excluded
Lemma - 17.1
9439%*Y 29701387**Y 42008210448817%**] N  Exceeds M
3xP 3Ix7xP 2x67x9857xP .
9439%*Y 2970138T**Y 42008210448817%%2 N Exceeds M
IxP IxTxP 3x7x19xQ QHNPFLT 9,99%,997
9439%*Y 29701387**Y 42008210448B17**S Proposition 5
IxP 3x7TxP
943940y 29701387**4 N Exceeds M
3xP 31xQ QHNPFLT 10,000,000
9439%*Y 29701387*%*6 N Exceeds M
3xP 281xQ *
9439%*Y 29701387**A Proposition 5
Ixp
9439%*Z 2452398401%*X N Exceeds M
1181x2741xP 2x3x1063xP
9439%%3 2452398401**2 N Exceeds M
1181x2741xP 619x3480619xP
9439%%g 2452398401**4 Proposition 9
1181x2741xP
9430%k%7 2452398401**D Propesition 5
1181x2741xP
9439%%p N Exceeds M
5839xP
9439%%10 Proposition 8B
11xQ
9439%*%]12 Proposition 6
13xQ
9439%4p Proposition 5
51245141**X 656989%*Y Proposition 6
2x3x13xP 3x7x19x577xP
51245141*%¥ 656989**%4 Proposition 8B
2x3x13xP 11xQ
51245141**X% 656989*%p Proposition 1
2x3x13xP 29x43x197x15289x0 ©Q is composite QHNPFLT 65,265,397
51245141*%*x 656989**B Proposition 5
2x3x13xP
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T33%%7 51245141%*2 143579119*=*2 302250313**1 18290017**2 Theorem 4

5641xP 18290017xP 3x139x163561xP 2x23x853xP 3IxTx409x23773xp

T33%%7 51245141%42 143579119%%2 302250313**%1 18290017**4 N Exceeds ]

5641xP 18290017xP 3x139x163561xP 2x23x853xP 11x251xP

TII**Z 51245141+%%2 143579119%#*2 302250313**) 18290017**C N Exceeds M

3641xP 1829G017xP 3x139x163561xP 2x23x853xP

T33%k7 S5124514]1%*2 143579119%*2 302250313*%2 163561**X Proposition 1

5641xP 18290017xP 3x139x163561xP IxQ 2XTxTxP

T33*%%7 51245141**2 143579119%%2 30225031 3% 163561**2 N Exceeds M

5641xP 18290017xp Ix139x163561xP 3IxQ 31xP

T33%%7 51245141*w2 143579119*#2 302250313%>3 163561*%**4 Proposition 7

5641xP 18290017xp Ix139x163561xP IxQ 5x61x%x4651x0

T33A*RT 51245141442 143579119%%2 302250313**2 163561**D N Exceeds M

5641xP 18290017xP 3x139x163561xP JxQ(Composite) QHNPFLT 26,316,247

T33%#7 51245141%%2 143579119*%%*2 302250313**¢ : N Exceeds M

5641xP 18290017xP 3x139x163561xP

T33I**Z 51245141*#*2 143579119%%4 N Exceeds M

S641xP 18290017xP 2791x21881x8192671xpP

T33*%7 51245141%»2 143579119**¢ N Exceeds M

5641xP 18290017xP 0 QHNPFLT 4.3m

TI3Nw 51245141%%2 143579119%+F Proposition 5

5641xP 18290017xp

733wz 51245141++*4 Corollary 3.1

S641xP S5x31x181xQ ’

T33+%Z2 51245141%#%g N Exceeds M

3641xP 29x673x646549xP

T33%%3 51245141%*G Proposition &

5641xP

T33*%§ 8875104113y Proposition 11
8737x2003xP 2x3x41x353xP

T33%%6  §875104113%%2 305513679613**] Proposition 6
8737x2003xP 5689x45319xP 2x11x13x281x1283xP

T33**6 B875104113%%2 305513679613%*2 91493574241**X N Exceeds M
8737x2003xP 5689x45319xP 3x7x607x5749x13921xP 2xTxP

T33%%g 8875104113%%2 305513679613**2 91493574241**2 N Exceeds M
B737x2003xP 5689x45319xP 3IxTx607x5749x13921xP 3%562711x1478287%P y

T33**6  §875104113**2 305513679613%#2 91493574241**4 Proposition 9
8737x2003xP 5689x45319xP 3xTx607x5749x13921xP 5x11x41xQ

T33*%5 8875104113+%#2 305513679613%%2 91493574241**H Proposition 5§
8737x2003xP 5689x45319xP 3x7x607x5749x13921xP

T33*%6 8875104113%*2 305513679613%*4 N Exceeds
8737x2003xP 5689x45319xP 3lxQ(composite) QHNPFLT 10,000,000

TI3**5  BBTS5104113%42 305513679613 %*1 Proposition
8737x2Q03xP 5689x45319xP

733%%6 B8B875104113%%4 N Exceeds M
B737x2003xP 31x20771xQ(composite) QENPFLT 10,000,000

T33%%6 8875104113*%3 Proposition 5
8737x2003xP

733#*]10 2 Block 433
12084491x0 ¢ is composite and Q has no ptime factor less than 100,000,000

T 733%m12 N Exceeds M

53x79x4759xP -

Ti3*4)g 19381%*g N Exceeds M

19381xQ Q is composite and QHNPFLT 131,624,881

EEERLL S Proposition 5§



Lemma 17.3

Proof

Note

307**Y
307**2
307%%Z
307**2
307*rZ
307**z
307**3
307%*2
307%*g
307%*z
307%*g
307%*g
307**Z
307*%2
307**z
I0T**Z
307**g
30TR*Z
30Tk

307**¢
659xP
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The number 3 x 7 x 43 x 631 x 433 x 307 cannot be a factor of an

odd perfect number N which is less than M.

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction,

S(307**4) = 1051 x 5231 x 1621

Possibilities And Reasons By Which They May Be Excluded
Lemma 17.2

5231**Y 3909799**Y 190771647 7*%X 953858239**2 N Exceeds M
Txp 3x2671xP 2xP Ix13x367x11953xP

5231%*y 3909799*%*Y 190771647 7**X 953858239**4 N Exceeds M
7xP 3x2671xP 2xP 11x281x79861x0{comp) 25m
5231%*Y 3909799%*Y 190771647 7**X 953858239**a Proposition 5

TxP 3x2671xP 2xPp
5231%ry 3509799*%*Y 180771647 7%*2 KN Exceeds M
TxP Ix2671xP IxTx19x124291x73386315523
5231**y 3909799**y 19Q7716477**4 N Exceeds M
TxP 3x2671xP 0 Q 1is composite QHNPFLT 25,000,001
5231%*y 3909799**Y 1907716477**B Propeosition 5
7xP 3x2671xP
5231**Y 3909799**4 N Exceeds M
TxP 11x11551x5396621x12882177x26456251
5231%+*y 3909799%*5 N Exceeds M
Txp 6959x624149xP .
5231%*Y 3909799**C Proposition 5
TxP
5231**4 Proposition 7
5x601xP
523]1%%g 288624373085970303047**2 71**Y 5]113**X Proposition &
T1lxP 13x37xQ 5113 2x2557
5231%%¢ 288624373085970303047**2 T71**12 N Exceeds M
71xP 13x37xQ 0
5231%*§ 288624373085970303047*%2 T1#**]18 N Exceeds M
71lxp 13x37xQ Q is composite and QHNPFLT 9,999,991
5331**6 288624373085970303047**D Proposition 5
xP
5231**10 4643%*2 . 19%%y 127%%R Block 3x127
4643x42571xQ Tx19x223xP
5231**10 4643**4 N Exceeds M
4643x42571xQ 41x131xP
5231**10 4643**E N Exceeds M
4643x42571xQ Q is composite and QHNPFLT 13,374,901
5231%*F N Exceeds M
1274564409623 *+%2 659%*y Proposition &

19x211xQ 13x33457

i .
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307*%¢ 1274564409623 *%%2 659%%4 31k*y 331**Y N Exceeds M
659xP 19x211xQ 31x6131x993821 3x331 IxTx5233
307*%g 1274564409623**2 659*%*p Tleny 5113**X Proposition 6
659xP 19x211xQ 7x71x109789xP 5113 2x2557
A07*%g 1274564409623*%2 659%%6 T1l#+%12 N Exceeds M
659xpP 19x211xQ 7x71x109789xP Q
307%%* 1274564409623%*2 §59%%p Tlk*1lg N Exceeds M
659xP 19x211xQ 7x71x109789xP Q '
307%%g 1274564409623%%2 659%*10 N Exceeds M
659xP 19x211xQ 199xP
307%*§ 1274564409623%»2 659%*]12 N Exceeds M
659xP 19x211xQ 2939x0 Q 1is composite and QHNPFLT 1l0m
307%*6 1274564409623%%2 659%*G N Exceeds M
659xP 15x211xQ Q is composite and QHNPFLT 35,400,001
307+*g 1274564409623**4 N Exceeds M
659xP 7151xQ Q is composite and QHNPFLT 4,000,000
3p7+%%6 1274564409623**H Proposition 5
659xP
307%*10 12135499643725265489%*1 Proposition 9
23x26731xP 2x5x71xQ
307**10 12135499643725165489%*2 N Exceeds M
23x26731xP Ix43xQ QHNPFLT 9,099,997 Q is composite
307**10 12135499643725165489 %+ Proposition 5
23x26731xP
307%%12 20390887542170848365521**]1 Proposition 11
53x131x4967xP 2x3x3x17xP P-1 = 53x73x0
307*%12 20390887542170848365521%*3 N Exceeds M
53x131x4967xP
307**1¢ 16661%*X Proposition 11
17x16661xQ 2x3x2777
307*%1§ 16661%*2 N Exceeds M
17x16661xQ 277605583
307**16 16661%*4 Proposition &
17x16661x0 5xQ
307**16 16661 %*K N Exceeds M
17x16661xQ ¢ bas no prime factor less than 36,000,000 and is comp
307**18 N Exceeds M
731729x1716613xP
3Q7%*R Proposition 5



Theorem 17 The number 3 x 7 x 43 x 631
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number N that is less than M.

cannot be a factor of an odd perfect

Proof It is sufficient to show that, except for the conclusion, any other

possibility leads to a contradiction.

Note S5(631%*12) =

131 x 443 x 26339 x 103091 x O

QHNPFLT 945,999,991

Possibilities And Reasons By Which They May Be Excluded

6032531%*2
9319xP
603253124
5xQ
6032531%+%a

Lemma 17.3
Proposition 9
Propoeition 11
N Exceeds M
Proposition 9
N Exceeds M

Block 6032531

3x316903xQ is composite and QHNPFLT 2,799,997

6A1*%*xY
3x307x433
631%*7
5x11x41x1511xP
631¥%*g 1497157061**X
7x6032531xP 2%3x521xP
631%*5 1497157061%%2 790165013221**1
7x6032531xP 103x27541xP 2x13xP
631*%§ 1497157061%%2 790165013221*%*]
7x6032531xP 103x27541xP 2x13xP
631**¢ 1497157061%*2 790165013221%*]1
1x6032531xP 103x27541xP 2x13xP
631*%%6 1497157061%*2 790165013221*%*2
7x6032531xP 103x27541xP ’
631x*p 1497157061%*2 790165013221**4
7x6032531xP 103x27541xp
631%%¢g 149715706)1%%2 790165013221*+*B
7x6032531xP 103x27541xP
631%%6 1497157061*%4
7x6032531xP 5%x11x31x151xQ
631%*6 1497157061**C
7x6032531xP
631**10 112614002823945502163679249*%]
89xP 2%x5x5x5x139xQ Q has no prime factor less than
633**10 112614002823949502163679249**D
9xP
631%*12 26339**Y 693769261%%X
131x443%x26339xPxQ P 2x29x709xP
631%**12 26339%+Y 693769261%%2
131x443x26339xPxQ P 3x13x36855787xP
631%*12 26339%%Y 693769261*%4
131x443x26339xPxQ P S5x11xQ
631**12 26339% %Y 693769261**]
131x443x26339xPxQ P
631%*]12 26339*%*4 89112666844321%*]
131x443x26339xPxQ 11x491xP 2x1ix101xP
631**]12 26339%*%4 B9112666844321**E
131x443x26339xPx0 11x491xP
631%*12 T 26339%*5
131x443%x26339xPxC 29x1009x5503xP

Proposition 9
Proposition 5
Corollary 3.1
Proposition 5

Proposition 9

30,000

Proposition 5
Proposition 1
N Exceeds M

Propesition 7

wn

Proposition
Proposition 1
N Exceeds M

N Exceeds M
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631%%12 26339%*F N Exceeds
131x443x26339x10309%1xQ Q is composite and QENPFLT 975,249,991

631**16 2347%%2 N Exceeds
103x2347xQ Ix7x397x661

631*%*1¢g 2347%%4 Proposition
103x2347xQ 11x41xP

631**]16 2347%*G N Exceeds

103x2347xQ Q is composite and QHNPFLT 100,000,000

For Case 14 of Theorem 17 it is assumed both
{A) that for some natural number X(Mod 4) = 1, 693769261**X||N
and
(B) that 631*%*12||R.
It follows that S{631*%12) = 131 x 443 x 26339 x 103081 x Q@ divides N.
Since Q
(A} has no prime factor less than its cube root,
{(B) is not a perfect square,
and -
{C) has no prime factor which occurs to an odd power in the prime fac-
torization of N

then by Proposition 1, Q**2 must divide N.



Lemma 18.1

Proof

2467%%Y
3x271xP
2467%*Y
3x271xP
2467%%Y
3x271xP
2467%%Y
3x271xP
2467%*Y
3x271xP
2467n*Y
Ix271xP
2467%*Y
3x271xP
2467 *Y
3x271xP
2467%*2
11x331xp
2467%*%2
11x331xP
2467**2
11x331xP
2467%*¢
43xP
24670 %5
43xP
2467**]0
23xB9xP
2467%*%12
79xp
2467%%]12
79xP
2467**E
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Let N be an odd perfect number less than M. Then, not all three
of the fellowing can happen simultaneoulsy.

(A) T**z|IN {B) 2801%*Y||N (C) 4933**X||N
S(7%*4) = 2801 S(2801**2) = 37 x 43 x 4933 5(4933%%1) = 2xP

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

7489%%y 6lrvy Proposition 6
AIx6lxP 3x13x97
7489%*4 Proposition 6
11lxp
7489% %5 Theoren 13
29xQ QHNPFLT 20,000,000 and Q is composite
7489%%]10 25741%*Y N Exceeds M
1321x25741xP 3x7x37xP
7489%*10 25741**4 Proposition 9
1321x25741xP 5x101xP ) ’
7489*%%10 25741%*p N Exceeds M
1321x25741xP
G212 N Exceeds M
13x53x161773x5187859x0 QHNPFLT 5187859
74B9%*B N Exceeds M
10177286401%*2 Proposition &
3x7x13x97x3313x545473x2164387
10177286401%*4 N Exceeds M
5x4021x1644691x0(comp) QHNPFLT 10,000,000 -

10177286401%*C Proposition 5
5244722549705267119**2 N Exceeds M
3x73x0 Q0 is composite and QHNPFLT 10 million
5244722549705267119%*p Proposition 5§

N Exceeds M

To*wy N Exceeds M
3x7x7x43

79**x1g N Exceeds M

Proposition 5
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Lemma ]8.2 Let N be an odd perfect number that is less than . M, and suppose
that 43**Z||N, Then, the number 3 x 7 x 193 x 331 x 127**12 can-
not divide N.
Note S(43**4) = 3500201
Proof It is sufficlent to show that, except for the conclusion, any other
possibility leads to a contradiction.
Possibilities And Reasons By Which They May Be Excluded
3500201%*x 583367 *Y 27645624 7% *Y 17821801**2 N Exceeds M
2x3xP 1231xP 3x7x73x127x22027xP 3x7x31x271xP
3500201%+x $83367%*Y 276456247**Y 17821801**4 proposition 9
2x3xP 1231xp 3x7x73x127x22027%P 5xQ
3500201%*x 583367%*Y 276456247%*Y 17821801*#*6 Theorem 13
2x3xP 1231xp 3x7x73x127x22027xP 29x43x71xQ-composite 7.7m
3500201%*x 583367%%Y 276456247**Y 17821801**a Proposition 5
2x3xP 1231xPp 3xTx73x127x22027xP
3500201 **x 583367%¥%y 276456247%*4 N Exceeds M
2x3xP 1231xP 17011x586541xQ (composite) QHNPFLT 10,000,000
3500201*+x 583367 *Y 276456247**B Proposition 5
2x3xP 1231xp
35002014*X 583367%%4 10528717963958615161331**2 N Exceeds M
2x3xP 1lxp Q{comp)} QHNPFLT 10,000,000
3500201**x 583367%%4 10528717963958615161331**C Proposition S
2x3xP 11xp -
3500201+ *Xx 583367%*%6 Proposition 1
2x3xP Tx379x178627x327797xP
3500201**x 583367**D Proposition 5
2x3xP
3500201+*y 6779972629%*X Proposition 7
13x139xP 2x5%19727xP
3500201 *+y 6779972629**2 Theorem 17
13x139xp 3x631xP
3500201**y 6779972629%*%4 N Exceeds M
13x139xP 186761x4078211x0 QHNPFLT 10,000,000
3500201**Y 6779972629**E Proposition 5
13x139xP
3500201*%3 Proposition 7
5x689261x0 Q is composite
3500201*%s N Exceeds M
Q Q is composite and Q has no prime factor less than 10,300,003
3500201%+F Proposition 5
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193nry
2x97
193#%*y
Ix7xp
193%+4
P

193%%6
43xP
193**10

-3 The number 3 x 7 x 37 x 43 x 193 x 331 x 4933 x 127%*%13
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a factor of an odd perfect number N that is less than M.

Block 193
331*%*y Block 5233
3x7x5233
N Exceeds M
N Exceeds M
N Exceeds M
N Exceeds M

23x67x27259x644557x2662289521

Proof

Note

43%*y
43xng
43%%5
43%*¢
43+%g
43**%§
43%*g
43%*6
43**%p
43**6
43x%p
43%*%p

43*%§

It is sufficient to show that, except for the conclusion,

cannot be

193%#12 N Exceeds M
131x65027x104287xP
193**]6 N Exceeds M
137x20707xQ composite 100m
193%*1g N Exceeds M
Qi{comp) QHNPFLT 100,000,000
193%%22 N Exceeds M
54419xQ0{comp) QHNPFLT 100,000,000
193**a Propogition 5§
any other

possibility leads to a contradiction.

S5(43*%*2) = 3x631 S(43%%4) =

3500201 S5{43**6) = 7x5839x158341

Possibilities And Reasons By Which They May Be Excluded

5839%+y
3IxPp
5839**y
3xp
5839**y
3xpP
58394*y
3xp
5839%*y
3xP
S5839**y
3xP
5839%*y
3xP
5839%*y
axp
5839%*y
IxPp
5839**y
3xp
5839%*y
3IxP

11366587**y
3x67xP
1136658 7**Y
Ix67xP
11366587%*y
Ix67xP
11366587%*Y
3x67xP
11366587*+*4
P
11366587%%4
P

11366587%%4
11366?87**4
11366?87**4
11366587**4

11366587**5
Tx2237327xQ

Theorem 17
Lemma 18.2
642782643757%*) Proposition 11
2x281xp
6427826423757+ +2 Proposition 6
3x7x19%31x193x0
642782643757%%4 N Exceeds M
241x6151x0 (comp) QHNPFLT 10m
642782643757%*p Proposition 5
158341**x 1931**2 N Exceeds M
2x41xp P
158341*#*x 1531**4 Proposition §
2x41xP
158341*%=x 1931**B N Exceeds M
2x41xp
15834]1**2 N Exceeds M
3xp
158341%%4 Proposition 9
158341**C N Exceeds M
N Exceeds M
Q is composite QHENPFLT 14,837,355
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d3*%g 5839%*y 11366587**p Propesition 5
Ixp
435 5839%%4 213567331%*Y Proposition &6
11x191x2591xP Ix13x73xp
43¥%%5 5839%*4 213567331*%4 Proposition 9
11x191x2591xP
43*%g 5839%#%4 213567331*%¢ N Exceeds M
11x191x2591xP 15831xP
43¢ 5839#%%4 213567331**E Proposition 5
11x191x2591xP
43*ng -5839#%%¢g 158341**x N Exceeds M
Txp 2x41xP
43%%g 5839%*g 158341#%*2 N Exceeds M
Txp 3x8357343541
43%*g 53%9**6 158341 1%*4 Proposition 9
XxP
43n%g 5839**g 158341*%¢ N Exceeds M
TxP 7x113x6065221xP
43**g 5839*%¢ 158341**F Proposition &
T3P
43%%g 5839**%]10 N Exceeds M
26489x515163xQ (composite) QHNPFLT 13,374,901
43*%g 5839#%*]2 N Exceeds M
] Q is composite and QHNPFLT 100,000,000
43%%4 5839%»;g Proposition 5
43*%10 3664405207%%2 182699505078481#**] Proposition 11

6038099xP 3x24499xP 2x7x167x563x138798403
43%=]10 3664405207%*2 182699505078481**H N Exceeds M
6038099xP 3x24499xpP .
43**]10 3664405207%*4 N Exceeds M
6038099xp 87041xQ (composite) QHNPFLT 10,000,000
43*+10 3664405207**1 Propesition 5
6038099xP
43*+%12 40911050578149760601%*] 31**Y A3L**y Block 5233
P 2x7xQ Q is composite and QHNPFLT 10,080,000
43%%12 40911050578149780601**J Block 193
P
43**]¢g Block 153
647xQ Q@ is composite QHNPFLT 252,999,781
43%*18 Block 193
229%2699x4219x46399xP
43%%22 Block 193

Q(Composite) Q has no prime factor less than
434428
523x10499xQ O is composite and QENPFLT 263,124,541
43%%30
7069x37712369xP
43**K

100,000,000

N Exceeds M
N Exceeds M

Proposition 5



146

Lemma 18.4 Let N be an odd perfect number less than M. Then, not both of
the following can happen simultaneously.
(A) Te*Z | IN {B) 2801%*Y]| N
Note S{7**4) 2801 5(2801**2) = 37 x 43 x 4933
Proof It is sufficient to show that, except for the conclu31on, any cther
possibility leads to a contradiction.
Possibilities And Reasons By Which They May Be Excluded
4933 %%} Lemma 18.1
45933%*Y 331xny 127#%*Y Theorem 6
3x193x127xP 3x7x5233
4933%>y 331%*Y 127%%g Theorem 6
3x193x127xP Ix7x5233
4933%*y 331%*y 127+%+¢ Theorem 6
3x193x127xP 3x7x5233
4933%*Y 331%*y 127**10 Theorem 6
3x193x127xP 3x7x5233
4933%ry 33)e*y 127%%p Lemma 18.3
3x193x127xP 3x7x5233
4933%xy 3)1**y EXBRA0 4 Proposition BD
11x31x7541xP 3x331 3x7x5233
49333%*§ 3221*+*x 179%*B Proposition 11
3221x360851xP 2x3x3xP
4933%%g | 3221%*C Block 3221
3221x360851xP
4933**]0 Block 43
Q Q is composite and has no prime factor less than 30,000,000
4933%*12 N Exceeds M
Q is composite and has no prime factor less than 30,000,000
4933%*D Proposition S

-
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is an odd perfect number less than M, then for no 2 such

Z{Mod 5)
5(7%*4)

will 7+%Z||N when
and 23 x 1372537 divides

2801**10j |N.
5(2801**10)

Possibilities And Reasons By Which They May Be Excluded

1372537%*X
2xP
1372537*+*X
2xP
1372537%*X
2xP
1372537*%X
2xP
1372537%*X
2xP
1372537**X
2xP
1372537 **»X
2xP
137253 7%y
3xT3x6547xP
1372537%nyY
3x73x6547xP
13725374y
3IxT73x6547xP
1372537*»Y
3x73x6547xP
1372537% %4
751x3041xp
1372537%»D

Note:

686269**Y 61540027**Y Block
3x2551xP 3Ix13x31x4999xP
6862697y 61540027+%%4 N Exceeds
3x2551xP Q QHNPFLT 4,000,000
686269%*Y 61540027+*p N Exceeds
3x2551xP
6862697 *4 71**Yy 5]113%=*Y 2557%*#Y Proposition
71xP 5113 2x2557 3x7x13x13x19x97
686269%*4 Tléw12 N Exceeds
71xP
686269%*4 F1l*x18 N Exceeds
T1lxP
686269**p N Exceeds
1313899%2Y Proposition
3x19x67x1483x304813
1313899%%4 61**X Proposition
11lx11x61x1061x3511x3631x2985111321 2x31
1313899*wn4 61l**Y Proposition
11x11x61x1061x3511x3631x2985111321 3x13x97
1313899#%»C N EBExceeds

N Exceeds

N Exceeds

§{1372537**4) = 751 x 3041 x 155396131 1679140731 = 751 x 3041 x Q

Q-1

3**{(0-1)/2] {Mod Q]
d**[(Q-1) /5] [Mod Q]
3**[(0-1)/79] [Mod Q]

3*%[(0-1)/4261] [Mod Q)

3°x[(0-1) /461638027467) [Mod Q]

2 x 5 x 79 x 4261 x 46 1638027467

155396131
52225618
85311369

105660919

111918062

1679140730
3793434402
5671322422
2552469778
8839827670

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

o,

2 =
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Theorem 18 If N is an odd perfect number less than M, then it is not true
that 7**Z]|[N.
Note S(7**4) = 2801
Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.
Note S(28B01**1} = 2 x 3 x 467 §(2801**4) = S5 x 1956611 x P
Possibilities And Reasons By Which They May Be Excluded
2801*+X Proposition 11
2x3xP
2801 **Y Lemma 18.4
2801%*4 6294091 #xy Proposition 7
5x1956611xP IxP
2801**4 6294091**4 1956611%*2 144751%*p N Exceeds M
5x1956611xP 5x1963111x2692801xP 277x95479xP
2801%%4 6294091%**4 1956611%%4 61l**X Corollary 3.1
5x1956611x¥F 5%1963111x2692801xP Sx61xP 2x31
2801%**4 6294091*%4 1956611+**4 61**Y Proposition 7
5x1956611xP 5x1963111x2692801xP 5x61xP 3x13x97
2801**4 6294091**4 1956611*4B N Exceeds M
5x1956611xP 5%1963111x2692801xP
2801*~4 6294091**6 N Exceeds M
5x1956611xP P
2801%+4 6294091%*C Proposition 5
5x1956611xP
2801xxg 2884629032993**] 480771505499%%2 N Exceeds M
7x71x211x1597xP 2x3xP 10099xP P = 228B8B753742947378539%
2801%**g 2B84629032993%*] 480771505499%%4 61**Y N Exceeds M
7x71x211x1597xP 2x3xP 61x101x5403481xP 3x13x97 QHNPFLT
2801*%¢6 2884629032993%+*] 480771505499**D Proposition 5
Tx7T1x211x1597x? 2x3xP
2801*%*¢ 2884629032993 +**2 T1lr*y 5113* %Y 2557 %*Y Proposition 6
Tx71x211x1597xP 619xP 5113 2x2557 3x7x13x13x19x97
2801+*%6 2884629032993%*2 F1l**12 Proposition 1
Tx71x211x1597xP 619xP
2801**¢ 2884629032993+ %2 Fi**18 Proposition 1
7x71x211x1597xP 619xP
2801**6 2884629032993 **E N Exceeds M
Tx71x211%1597xP
2801*#*30 Lemma 18.5
23x1372537x10196539x45437789xP
2801**12 1483%*Y 733591#%+*2 N Exceeds M
1483x8932457x0 3xP 3x51487xP
2B01®x]12 1483**y 733591**¢4 Proposition $§
1483x8932457xQ 3xP
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28Q01**12 1483%*y 733591**F N Exceeds
1483x8932457xQ Ixp

2801%*]12 1483%%4 N Exceeds
1483x8932457xQ 11x64661xP

2801%*]12 ’ 1483*%p N Exceeds
1483x8932457xQ 43x197x524231xP

2801%%]2 1483%%g N Exceeds
1483x8932457x22867937xQ0 Q is composite and QHNPFLT 100,000,000

2801%*g Proposition

Note: S(2884629032993*#2) = 619 x Q0 = 619 x 134 4278620030 5355269097
To show that Q is a prime number, for each prime factor P of
Q-1 = 2%*3 x 3*%2 x 7 x 179 x 463 x 4127 x 64451 x 1209931
we find a prime Px which is relatively prime to @ such that
Px**(Q-1) [Mod Q] = 1 and Px**[{(Q-1)/P] [Mod Q] is not 1
{(See Table XXI below)

P Px Px**(Q-1) [Mod Q] Px**[(Q-1)/P] [Mod Q]
2 5 1 134 4278620030 5355269096
3 3 1 288 4629032993
7 3 1 9 1569289226 6788050139
179 3 1 64 4281208866 8538953629
463 k) 1 120 9762792127 6087230188
4127 3 1 67 5494443064 1871827689
64451 3 1 30 39592245192 0420339734
1209931 3 1 89 4058640190 5671941223

TABLE XXI

=

X o=z =X



Lemma 19.1

Proof

293459%*Y
277xP
293459**y
277xP
293459**Y
277xP
293459**Y
277xP
293459**Y
277xP
293459*+Y
277xP
293459%*y
277xP
293459%*Y
277xP
293459**y
277xP
293459%*y
277xP
293459**Y
277xPp
293459%*y
277xP
293459%*Y
277TxP
293459*%4
751xP
293459%%4
751xP
293459%%¢g
49]1x8429x
293459%*g
491x8429x
293459**g
491x8429x
293459%%§
491x8429x

150
There is no odd perfect number N less than M such that 7**10|IN
Note S(7#*10) = 1123 x 293459
It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

In this lemma no { has a prime factor less than 1,000,000.

Possibilities And Reasons By Which They May Be Excluded

310897033%*X Proposition 11
2x7x263xP
310897033*%*2 139017523**2 1667353**X N Exceeds M
3x139x1667353xP 3x523x1950391xP 2x13x13xP
310897033**2 139017523%**2 1667353%*2 N Exceeds M
3x139x1667353xP 3Ix523x1950391xP 3x7x7xBB069xP
310897033%*2 139017523*+*2 1667353%*4 N Exceeds M
3x139x1667353xP 3x523x1950391xP 431xxQ {composite) QHNPFLT3lm
310897033%*2 139017523**2 1667353%%a N Exceeds M
3x139x1667353xP 3x523x1950391xP
310897033%*2 139017523%*%4 : N Exceeds M
3x139x1667353xP 131xQ ¢ is composite and QHNPFLT 31,000,000
310897033%*#*2 139017523%*B N Exceeds M
3x139x1667353xP
310897033%*4 160651**Y B602968151**2 N Exceeds M
160651xQ xp 3x61xP
310897Q33%*%4 160651**Y 8602968151**C N Exceeds M
160651x0 3xPp -
310897033%*4 160651**4 N Exceeds M
160651x0 5x39371xP .
310897033%%4 160651**6 N Exceeds M
160651xQ Tx29%x2008973x0Q Q0 is composite and QHNPFLT1Om
310897033*%4 160651**D Proposition 5
160651x5492801x0 Q is composite and QHNPFLT 31,000,000
310897033**E Proposgition 5§

9875322243666178231%**2 N Exceeds M

Ix7x1303x36919xP

9875322243666178231**F Proposition 5

B429%%Y Proposition 7
Q 2x3x5xP

8429%*y 262201**X 131101%*Y N Exceeds M
Q 271xP 2xP 3x13x37x349xP

B429%*y 262201**x 131101%*4 Corollary 3.1
Q 271x? 2xP 5x11x31xQ

B429%xy 262201**X 131101**G N Exceeds M
Q 271xp 2xP

[}
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293459% %4 B429*ny 262201**GG N Exceeds

491x8429xQ 271xP

293459*%*¢ 8429%%4 N Exceeds

491x8429xQ 11x331711xP

293459%%¢g 8429%*%6 N Exceeds

491x8429xQ Tx617x13553%x21520451xP

293459%%¢ 8429%+g N Exceeds

491x8429xQ @ is composite QHNPFLT 15,000,000

293459* %] Proposition
Note: (A)

5(B602968151**2) = 3 x 61 x Q = 3 x 61 x 40443202 7408324191
To show that ( is a prime number, for each prime factor P of
Q@ -1 = 2x3 x5 x11 x 191 x 293 x 397 x 2153 xz 25621
we find a prime Px which is relatively prime to @ such that
Px**(Q-1) [Mod Q] is 1 and Px**[(Q-1)/P] [Mod Q] is not 1

(See Table XXII below)}

P Px Px** (0-1) [Mod Q) Px**{{Q-1) /P] [Mod Q]

2 11 1 40443202 7408324190

3 11 1 8602968151

5 7 1 32713257 3378221021

11 3 1 304033 3737687272
191 3 1 6435580 4245085228
293 3 1 35642523 5800904853
397 3 i 21194091 1423666930
2153 3 1 8971593 4425939614
25621 3 1 35913545 1835776487

TABLE XXIIX
(B)
$(160651**4) = 5 x 39371 x Q = 5 x 39371 x 338368 5468044831
To show that @ is a prime number, for each prime factor P of
Q-1 = 2 x5zx 13 x 23 x 63377 x 17856121

we find a prime Px which is relatively prime to (Q such that

Px** (0-1) [Mod Q] is 1 and Px**[ (Q-1)/P] [Mod Q] is not 1

zZ T X X

wm



{See Table XXIII below)

P
2
5
13
23
63377
17856121
Block 3 x 127
Jrny 13%*%
13 2x7
xRy 13%*x
13 2x7
ety 13%%x
13 2x7
I*ky 13**x
13 2x7
EL A 4 13%ry
13 3x61
3hry 13%*Y
13 3xel
Inky 13%*y
13 3Ix61
Irxy 13%ry
13 Ix6l
ELED'd 13%*y
13 3Ix61
3xry 13**3
13 P
3xry 13*%7
13 P
Inwy 13*%z
13 P
Irxy 13%%32
13 P
ELED § 13%x*2
13 P
3xay 13%%g
13 P

Bx

1

W W W

127%*R
127+*12
Q
127*%16
Q
127 %%]

152

338368 5468044830
2 5808743801
64981 4042436731
10528 2863365435
255578 7163128124
229153 1006199232

e b

R not equal to 12, 16, or 18

(See Lemma 19.9 for technique)

QHNPFLT 100,000,000
B

Q QHNPFLT 164,599,969

6LY¥*X
2x31
Bla*x
2x31
Glaxy
2x31
61l*¥*Y
3x13x97
6le*y
3x13x97
30941*%*)

30941%*Y
2x3x3x3x3xXP
30841%*y
157x433x14083
30941**Y
157x433x14083
30941%%4
5x11xQ
30941**8

127*%]12
Q QHNPFLT 382,179,981
127*%16

Q
127**18
¢]
gTR*Y
2xTx7
g k*p

Px**{(Q-1) [Mod Q] Px**[(0-1) /P] [Mod Q)

Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Proposition

Block

127**R R not equal to 12,16,18Theorenm

127**R R = 12, 16, or 18

157%%x
2x79
157**16

Theorem
Theorem
N Exceeds
Proposition

N Exceeds

o © o
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6

97




o
"

L .

I

e atin

\

153
13**g 5229043%*Y
P 3x31x4051xP
13*#g 5229043 %%4
P 151x151841xP
13%*§ 5229043**C
P
13**1Q 18041**X
23x419x859xP 2x3x31x57
13**10 18041**Y
23%419x859xP TxP
13*%]10 18041%*4
23x419x859xP Sx26801xP
13**]0 18041**¢
197x757x25384507xP
13*%10 18041*%D
23x415x859xp
© 13*%x12 1803647%%2
$3x264031xP 31xp
13*%]12 1803647**E
53x264031xP
13**1é 15798461357509*#%]
103x443xP 2%5%x13x73xP
13**]16 15798461357509**2
103x443xP Ixp
13%*16 15798461357509%*F
103x443xP
13**18
P P = 121B26690864620509223
13*%22
1381xP P = 2519545342349331183143
13%*%28
1973x2843x353%xP
13%3G
11**y
Tx19
11w*Z Gaay
S5xP
11a*z 5**H
SxP
1in¥]
Details are found elsewhere within

TABLE XXIII

N Exceeds

N

Exceeds

Exceeds

Theorem

N

=z 2 =

Exceeds
Exceeds
Exceeds
Exceeds
Exceeds

Exceeds

Theotem

N

N

Proposition

Proposition

Exceeds
Exceeds
Exceeds
Exceeds
Exceeds

Exceeds

Block

Block

Block

T ¥ ®E B X2 ¥ o =2 X X

o

X2 Tz =2 T F =

6

3221
11

3
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Lemma 19.2 There is no odd perfect number N less than such that 7**]12]|K
Note S(7**%12) = 16148168401
Block 17971 ;
17971**Y 415669**Y N Exceeds M 17971%%3 N Exceeds M
3x7x37%xP 3x7x49801xP 5xP
17971%*%Y 415669**4 N Exceeds M 17971%*6 N Exceeds M
Ix7x37xP 3671x16668401xP 10,000,000 29x127xP
17971**Y 415669%*§ N Exceeds M 17871**10 N Exceeds M
3xTx37xp 16073xP 23x67x199x1409x77023xQ (comp) QHNPFLT 1l3m
17971**Y 415669**]0 Proposition 8B 17971%*12 N Exceeds M
IxTx37xP 11x23x89xQ{comp) QHNPFLT13,374,901 79x5049x4267927xQ QHNPFLT 30m
17971**Y 415669**a Proposition 5 17971**B Proposition 5
3xTx37xP
Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.
Possibilities And Reasons By Which They May Be Excluded
16148168401%X 110563**y 22674]1%%y Block 17971
2x103x709xP 3x17971xP 3xT7x7xTx7Tx1867xP
16148168401*%*X 110563%*y 226741%**4 Proposition 9
2x103x709xP 3x17971xP Sx11xQ
16148168401* xx 110563**y 226741%%¢6 N Exceeds M
2x103x709xP 3x17971lxP 197x94907xQ @ is composite and QHNPFLT 5.2m
16148168401%*x 110563 **Y 226T741**p Proposition 5
2x103x709xP 3x17971xP
16148168401**x 110563*+4 FO9** Y 2397)%*2 N Exceeds M
2x103x709xP P 3x7xP 3x4909x39019
16148168401**X 110563**4 T09**Y 23971%*p K Exceeds M
2x103x709xP P IxTxp
16148168401 **X 110563%*4 TOox*4 N Exceeds M
2x103x709xP P 11x103231xP
16148168401**X 110563**4 709%*g N Exceeds M
2x103x709xP P 43xP
16148168401%*X 110563**4 T09**C N Exceeds M
2x103x709xP P
16148168401 **X 110563*+%¢6 Proposition 1
2x103x709xP 113x140533x36107xP
16148168401**X 110563**p Proposition 35
2x103x709xP i
16148168401**Y 200741603328100897**] Proposition 11
Ix433xP 2x7xTx4966373xP

Eizs o
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f 16148168401 **Y 200741603328100897+*%2 N Exceeds M
3x433xP 3x1327xQ Q is composite and QHNPFLT 10,000,000
16148168401**y 2007416033268100897**E Proposition 5
3x433xP
{s 16148168401*%4 6le*x Corolliary 3.1
5x61xP 2x31
16148168401%*4 Glaky Proposition 7
5x61xp 3x13x97
16148168401**F Proposition 5
E Note: S5(16148166401**2) = 3 x 433 x Q = 3 x 433 x 20074160 3328100897
i To show that Q is a prime number, for each prime factor P of
Q-1 = 2%%§ x 167 x 277279 x 67736689

we find a prime Px which is relatively prime to @ such that

Px**(Q=-1) (Mod Q] is 1 and Px[{(Q-1)/P] [Mocd Q] 1is not 1

sl

(See Table XXIV below)

wl
a P Px Px**{(Q~1) [Mod Q] Px**[(Q-1)/]1 [Mod Q]
2 5 1 20074160 3328100896
167 3 1 1308210 6750267048
277279 3 1 9021779 5162060286
67736689 3 1 8438101 9409247286
TABLE XXIV

S
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Lemma 19.3 There is no odd perfect number N less than M such that 7**1¢| |N
Note 5{(7**16) = 14009 x 27676311689
Block 14009
The following block is used in Lemma 19.3. Except where indicated
otherwise each subcase is eliminated by N being greater than M.
14009%*) PRY 14009%*Y 125731**6 1499%*4 N>M
2%3x5x467 7x223xP 29x1499xP 11x131xP
14009**Y 125731**Y 4618291*+*y N>M 14009**y 125731**6 1499**B N>M
Tx223xP Ix7x163xP 3Ix3373x15451xP 7x223xP 29x1499xP
14009*%*Y 125731**Y 4618291**4 FR7 14009**Yy 125731%*C N>M
Tx223xP 3x7x163xP 5x31x41x71x751xQ Tx223xP
14009%*y 125731**Y 461829]1*%**5 14009**Z 113990869481 %*x N>M
Tx223xP IxTx163xP 9526973xQ 337901xP 2x3x7x31xP
14009%*Y 125731*%*Y 461829]1**p PRS 14009*+%2 113990869481**D N>M
Tx223xP 3x7x]163xP 337901xP
14009%*y 125731%*z2 PR1 14009% %4 N>M
7x223xP 5x101x96911x5106325320721 7834583xP
14009%*y 125731*%¢ 1499%%2 N>M 14009*%*E N>M
Tx223xP 29%x1499xP 199x11299
Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.
Posgibilities And Reasons By Which They May Be Excluded
2767631689**X 276763169*%*Y Corollary 3.1
2X5xP Tx19x31x8209x%P
2767631689**X 276763169%%4 Block 14009
2x5xP T1x2621x345221x9327281xP
2767631689**) 276763169%%p Block 14009
2x5xP
2767631689%%2 34199239%%2 N Exceeds M
3xTx7xTx109x751x2659xP 3x7x13x43x103x139x1567x4441
2767631689%*2 34199239+*#%3 N Exceeds M
IxTxT7x7x109x751x2659x%P 1lxP
2767631689%*2 34199239%*%§ N Exceeds M
3x7x7x7x109x751x2659xP Tlx211x5923x32999x0 (composite) QHNPFLT 10,000,000
2767631689%*%2 34199239+%*B Proposition 5
3x7x7xTx109x751x2659xP
2767631689**4 Block 140609
11x5228501xQ QHNPFLT 31,000,000
2767631689**D Proposition 5
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Lemma 19.4

Proof

Texlg
419xP
Fe*18
§19xpP
ALY}
419xP
ALY Y]
47x3083xP
Te*22
47x3083xP
The22
47x3083xP
T*®22
47x3083xP
Tr®22
47x3083xP

157

There {s no odd perfect number N less that M such that either of
the following is true.

(A) 7**18| N (B) 7**22||N

It is sufficient to show that, except for the c¢onclusion, any other
possibility leads to a contradiction.

Posgibilities And Reasons By Which They May Be Excluded

45341667404037*2 4721697244987**2 N Exceeds
31x199x229x373x8263xP {comp) 3x7x37x101173xQ QHNPFLT 15m

4534166740403 %%2 4721697244987**A Proposition
31x199x229x373x8263xP

4534166740403**B

826632619**2 N Exceeds

M

5

Proposition S

31479823396757**1 157=%%16 M
M

2x3x11x577xP Ix157x859x1117x3769xP
31479823396757%*] 826632619**C N  Exceeds
2x3x11x577xP
31479823396757%%2 942891799325443297108957**]1 Block 5233
1051xpP 2x31xP
3l4792§3i96757**2 942891799325443297108957**D) N Exceeds M
S1xP
31479823396757%*E Proposition 5

Rote: 8(942891799325443297108%574*1) = 2 x 31 x Q where

Q = 152 0793224718 4569308209

To show that Q 1is a prime number, for each prime pactor P of

Q-1 = 2%*4 x 3 x 13 x 19 x 11261 x 34603 x 3291859321

we find a prime Px which is relatively prime to Q such that

Px**(Q0-1) [Mod Q] is 1 and Px**[{Q-1)/P] {Mod Q] 1is not 1

P

2

3

13

19
11261

34603
3291859321

Px Px**(Q-1) {Mod Q] Px**[(Q-1)/P] [MOd Q]
7 1 152 0793224718 4569308208
3 1 67 6415048376 5070419028
3 1 146 B293968270 9290941674
3 1 123 2445093642 6410964346
3 1 19 3935560893 7317955615
3 1 118 2380616463 1869761013
3 1 82 7131109217 6998413945
TABLE XXV
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Lemma 19.5 If

N 1is an odd p

that Y(Mod 3) = 2

Note S5(7**28) =

158

erfect number less than M, then for no y such

will 59**Y||N when 7#*%28]||N.

59 x 9095,778971,223671,544739 where the larger

factor is composite and has no prime factor less than 100,000,000.
S(59**2) = 3541
Proof It is sufficient to show that, except for the conclusion, any other

possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

3541%*X
2x7x11x23
3541**X
2x7x11x23
3541%*x
2x7x11x23
3541%*y
3x19x19x37x313
3541**4
5x427001xP
3541%%4
5x427001xP
354]1+%4
5x427001xP
3541%*4
5x427001xP
3541%%4
5x427001xP
3A541%*¢
42759529xP
3541 **¢6
42759529xP
3541*%*%¢
42759529xP
3541%*p
42759529xP
3541%%g
42759529xP
3541*+¢
42759529xP
3541**p
42759529xP
3541%*p
42759529xp

23%%Y
x79
23%ry
7x79
23047

1gw**y

73659281%*+*X
2x3x1013212119
73659281 **Y
P . P
73659281*%*4
Sx11x421x5441xP
73659281**6
Q QHNPF
73659281**B

42759529 %y
2x5x11x23xP
42759529 %%y
2x5x11x23xP
42759529%*)
2%x5x11x23xP
42759529#**%
2x5x11x23xP
42759529%«y
2x5x11x23xP
427595294
2x5x11x23xP
42759529%*2
3x5953xP

42759529%*4
10291181xQ

T9x*Y Proposition 6
Ix7x7TxP
79**]1¢6 N Exceeds M
Block 23
127%%R R =12, 16, or 18 Block 3x127
Propoeition 7
N Exceeds M
= 5425689751096243
N Exceeds M
N Exceeds M
LT 10,500,000 Q is composite
Proposition 5§
16901 »*Y N Exceeds M
P P = 258660703
16901**4 944362901**1 Proposition 7
5x11x1570991xP 2x3x7x29x251x3089
16901*+4 944362901**2 N Exceeds M
5x11x1570991xP 19x751xP
16901%%4 944362901**F N Exceeds M
5%11x1570991xP
16901%*6 Proposition 1
29x3119089xP
16901%+*C N Exceeds M
N Exceeds M
N Exceeds M

QHNPFLT 13,000,000

.. III. ]



159
3541%*§ 42759529%*¢ N Exceeds
42759529xP 7x337xQ QHNPFLT 5,199,979 and P = 46115329121443
3541%45 42759529%*D N Exceeds
42759529xP P = 46115329121443
3541**10 Proposition
Q Q is composite and QHNPFLT 13,374,901
3541**12 N Exceeds
79xQ OQBNPFLT 10,000,000 and Q is composite
3541**E Proposition

Note: S(73659281*%2) = Q =542568 9751096243
To show that Q is a prime number, for each prime factor P of
Q-1 = 2x 3 x 1013 x 12119 x 73659281
we find a prime Px which is relatively prime to Q@ such that
Px**{Q-1) [Mod Q] is 1 and Px**[{Q-1)/P] [Mod Q] 1is not 1

{See Table XXVI below)

P Px Px**(Q-1) [Mod Q] Px**[(Q-1) /P] [Mod Q]
2 3 1 542568 9751096242
3 5 1 542568 9751096242
1013 3 1 345896 7271365595
12119 3 1 274136 0673210795
3 1 481347 3410581147

73659281
TABLE XXVI

2 = T ==



Lemma 19.6

Proof

59%ry

59%*Z
11x41x151xP
59k ¥g
43x281x757xP
59%*g
43x281x757xP
59%*g
43x281x757xP
59%*¢
43x281x757xP
59%*g
43x281x757xP
59%*g
43x281x757xP
59**¢g
43x281x757xP
59*xg
43x281x757xP
59*%g
43x281x757xP
59*+§
43x281x757xP
50%%g
43x281x757xP
59%*10
23x67x419xP
59%%]1(Q
23x67x419xP
59%*]10
23x67%x419xP
59%%]2

P
59%%]2
P
59*%12
P

160
There is no odd perfect number N less than M such that 7+#*#28||N

Note S{7**28) = 59 x 9095,778971,223671,544739% which ia composite

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

where Y¥(Mod 3) = 2 Lemma 19.5
In using Block 151, we shall use small primes. Block 151
4691*%*Y Block 103
97x103xPp
4691**32 140785321%*X Corollary 3.1
5x11x71x881xP 2x31x1187xP
4691 **2 140785321%+Y Proposition 7
5x11lx71x881xP 3x1021xP
469]1%*2 14078532]1%%4 71%+*Y 2557%*Y Proposition 7
5x11x71x881xP 5x393121xQ 5113 3x7x13x13x19x97
4691**Z 140785321*%4 71*%12 N Exceeds M
5x11x71x881xP 5x393121xQ
4691%*Z 140785321*%*%4 71x*18 N Exceeds M
5%11x71x881xP 5%393121xQ (composite) QHNPFLT 25,000,000
4691**z 140785321*%¢ N Exceeds M
S5x11x71x881xP 29x379x4327x1279727x0
4691 %%32 140785321 **a Propogition 5§
S5x11x71x881xP
4691**6 N Exceeds M
7x43x953x3966803xP
4691**10 N Exceeds M
199x727x2003x394241xP
4691*4B N Exceeds M
8052439542]19%+*2 175467775137640243**C Block 23
3x13x19x4987xP
8052439542]19%*4 . N Exceeds M
Q 1is composite and has no prime factor less than 25m
805243954219**p Proposition 5

1809873235795386729241%*]
2211x37x97x257x89190560937307

Propoesition 11

1809873235795386729241**2 6l**X Proposition 1
3x61x5347xQ 2x31
1809873235795386729241%+*2 6l**Y Proposition 6

3x61x5347xQ (composite) 3x13x97

N e
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Note:

59%%]12
P
59%%]g
137x443xP
S9*%1g
571x183503xQ
S59%%]g
571x183503xQ
59*%#13
571x183503xQ
59%+]18
571x183503xQ
59%%272
47x829x6763XP
59*=#%28
29xB80986039xQ
59%+y

Q-1 =

11**{(Q-1) /2]
3vx[{Q~1)/3]
3*x[(Q-1)/5]
3x*[{Q-1)/7)
3**[{Q-1) /13])
3*+{ (Q-1) /55]

3**[(Q-1) /163]

ls6l
1809873235795386729241**E
361353204962363828785531**F

183503%+*y

32869xP

183503**4

101x661xP

183503**5
29x211x337x8387x335

183503**GG

Q 1is composite and

QHNPFLT 263,124

5(59**12) = g = 18 0987323579 5386729

We use the following information to show that @

2%%3 x 3*%*2 x 5 x ¥ x 13 x

{Mod Q]
[Mod Q]
{Mod Qi
[Mod Q)
[Mod Q]
{Mod Q1
[Mod Q)

3*+[(Q-1)/1741] [Mod Q]
3**[(Q-1}/3541] {[Mod Q]
3%%[(Q-1)/931837) (Mod Q]

9287xP
QHNPFLT 100,000,000

541

241.

Proposgition
N Exceeds
N Exceeds
N Exceeds
N Exceeds
Proposition
N Exceeds
N Exceeds

Proposition

is a prime number.

59 x 163 x 1741 = 3541 x 931837.

18 0987323579
8 2325625593
12 6473291469
l6 5901648337

3235847993
8898618933
9196712962
6083874801
2531185617

(=N 0 SN ]

5386729240
1456499817
1659547327
5297101592

59
5144715425
8734310611
6625115322
2094089956
4651866583

X X X X v
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Lemma 19.7

Proof

7**3Q
311x21143xpP
T**30
311x21143xP
T**30
311x21143xP
FH*36
223x2887xp
FARK]
223x2887xP
7**356
221x2887xP
Tr*36
223x2887TxP

162

There is no odd perfect number N 1less than M such that either
7**30| [N or T**36||N. ’

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

3999068279399464409%*]

Proposition 11
2x5%x43x89x3917x26677735199% :

3999088279399464409%%2 N Exceeds M
3x7x61x463xQ Q 4is composite and QBNPFLT 10,000,000
3999088279399464409**) Propesition 5
4B05345109492315767981401*+] 157%+x Proposition 2

2x107x157x2269x6726821xP
4805345109492315767961401**] 157*%16 N Exceedsg M
2x107x157x2269x6726821xP
4805345109492315767981401*%*2 N Exceeds
3x7Tx5659xP .
4805345109492315767981401+**B Proposition 5

For the second case of Lemma 19.8 one assumption is that 48037081#%*X}I|N

for some X[Mod 4] = 1. This implies that S5(48037081**1) = 2 x 2393 x 10037 di-

vides N. By Proposition 2, the prime 2393 must appear to an even power in

the prime factorization of N, Except for an odd power, only for a power W

greater than

237 can there be a prime P such that S(P**W) is divisible by

2393. We may apply Proposition 11 here.

For Case 11

of Lemma 19.8 it will be assumed that for some X[Mod 4] = 1,

11411291417**X|[N. With this assumption it is implied that 2 x 3 x 281 x P di-

vides N, where P = 6768263, It is left to the reader to show that because

of this P,

N necessarily exceeds M.

s
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Lemma 19.8 There is no odd perfect number N less than

Note The prime 83 divides §(7**40)

Proof

possibility leads to a contradiction.

garry
19x367
83%*2

P
B3w*g
I
g3nxz

P

B3%%2

P
g3r%Z
P
B3**Z
P
g3wng
29xP
83kkg
29xP
gin#*g
29xP
g3wng
29xP
83=*10
13003x75527xp
83*%10
13003x75527xP
83#%*]1Q
13003x75527xP
83**10
13003x75527xP
J**1)
13003x75527xP
g3wx]2

See Lemma 17.1

48037081**X
2x2393xP
48037081%%2

3x2269x19603x17293183

48037081**2

3x2269x19603x17293183

48037081**2

3x2269x19603x17293183

48037081*%4
5x11x11x31x211xQ
48037081**C

11411291417#%%X
2x3x281x6768263
11411291417%*2

for details

such that 7*+*40||N

It is sufficient to show that, except for the conclusion, any other

Possibilities And Reasons By Which They May Be Excluded

Block 367

Proposition 11

17293183*%2 719657023**2 N Exceeds M
3x138517xP  3x43x433x292021xP
17293183**2 719657023**A N Exceeds

3Ix138517xP
17293183**B

709%x13597x155841x86123299

11411291417%*4

11x41x721111x5%63011xQ0 QBNPFLT 19,999,991

11411291417**D

15991874273%%%
2x3x41x65007619
15991874273*#%2
Tx20323x487387xP
15991874273%%4
61xP
15991874273#%%4
61xpP
1593187427 3%*E

1249x1396513x1423319xP

§3%*12

1249x1396513x1423319xF

83wx]2

1249x1396513x1423319xPF

glweyx

2x31

Glrry
3x13x97

43580447 *Y
67x414553xP
43580447**4
11x61x150571xP
43580447*%5

M
N Exceeds M
Corollary 3.1
N Exceeds M
Proposition 11

N Exceeds M

N Exceeds M

Proposition §
N Exceeds M
N Exceeds M
Proposition 1
N Exceeds M
Proposition 5
N Exceeds M

N Exceeds M

N Exceeds M

7xQ(composite) QHNPFLT 5,199,979
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83%+*12 §3580447**F Proposition 5

1249x1396513x1423319xP

B3**]6 Theorem 4
409x1259x8161xQ Q is composite and QO has no prime factor less than 100,000,000

EELLDY: N Exceeds M
6689x11933xQ O is composite and QBNPFLT 28,000,000

B3%*22 N Exceeds M

47xP
83**G Proposition 5

|- _ &
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Lemma 19.9
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Let N be an odd perfect number and suppose 7**42||N. Then N is

greater than M. We shall assume the contrary and show that every
other possibility leads to a contradiction.

Let Q = S(7%%42)

The following statements are proved easily.

A) Q is composite,

B) Q has no prime factor less than 1,712,380,573

C) Q is not a perfect cube,

D} Q is not a perfect sguare,

E)y If P is prime and S(P**2) is divisible by 7+%%6, then either
P{Mod 117649) = 34967 or P(Mod 117649) = 82681, and

E) Q has no prime factor P less than 2 x 10**16 for which

P{Mod 117649) = 34967 or P(Mod 117649) = 82681.

Proof of Lemma 19.9

(1) If Q

It follows from the above that { may be written as a product of
powers of primes in exactly one of the following forms

Q = Pl x P2 Q = Pl x P24%*2 Q =Pl x P2 x P3
where for each form, Pi = Pj if and only if i = j

is of the first ot third form, then the following cases exhaust

all other possibilities.

Posgibilities And Reascns By Which They May Be Excluded

Case A The prime 3 divides N

JEwny 13%*X where X(Mcd 4) =1 Proposition 1
3wny l3s*y Glesy Proposition 1
Jrry l3xsy Gl¥*y Proposition 6
Jxay 13=%7 30941%*y 157%*X Proposition 1
3xky 13%=%7  30941*+y 157*%16 N Exceeds M
3xwy 13#%7  30941%#*7 Propoesition 6
Jxny 13#2Z  30941#%*p ) N Exceeds M
Jxry 13%%2  30941%=*a N Exceeds M
Inny 13**y) 5229043**Y T2577051**Y N Exceeds M
3wy 13=*g 5229043%»Y 72577051%*4 Proposition 9

M

Jnry 13=»y 5229043*%*Y 72577051**B N Exceeds



168

Theorem 19 The prime 7 cannot be a factor-cf an odd perfect number N that is

less than M.

Proof It is sufficient to show that, except for the conclusion, any other

possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

JrEY 19%ay 127%%R R=12, 16, or 18 Block 3x127
3x19
Trey 19%*xg For all cases other than above Theorem 16
3x19
TrRET Theorem 18
2801
Ty Theorem 13
29x4733
TE*LI0 Lemma 19.1
1123xP
Thx]12 Lemma 19.2
P
Texle Lemma 19.3
14009xP
I**18 Lemma 19.4
419xP
Tre22 Lemma 19.4
4Tx3083xP
Tr*28 Lemma 19.5
59x127540261xP
Tx%3( Lemma 19.7
311x21143xP
Trex3g Lemma 19.7
223x2887xP
THk4Q Lemma 19.8
B3x20515909xP
Tael2 Lemma 19.9
o] ¢ is composite and (@ has no prime factor less than 5,324,380,573
Trr46 Lemma 19.9
o] is composite and Q has no prime factor less than 1,204,463,737
Tr*52 §269%+*Y N Exceeds M
8269x319591xP 2x5x827
TeR52 B269%%p N Exceeds M
8269x319591xP
T**58 459257%*Y N Exceeds M
459257xQ 2x3x76543
T*%58 459257 %%y N Exceeds M
459257xQ 115227xP
Trx58 459257**g N Exceeds M
459257x134927809xQ QHNPFLT 154,875,001
TRAC Proposition 5
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Corollary 18.1 If K is an odd perfect number less than M, then 31 does not
divide N.

Corollary 19.2 If N is an odd perfect number less than M, then 2 x 331 does
not divide N.

Lemma 2.1 Let N be an odd bezfect number less than M and suppose further
that 3**Z||N and 11**¥||N where Z(Mod 5) = Y(Mod 5) = 4.
Then the following is not true.

3221**18( |N

We need consider only two sub-cases.

(1} S**1}|N and {2) 5**W]IN where W is greater than 1. In
the latter case, we get our contradiction from Prop B8E.

In the former case, we consider two sub-cases, the case for primes
that are less than 1808 and that for primes greater than 1244.

(1) Other than the prime 11, the primes P less than 1868 for
which there are natural numbers W such that S(P**W) is divisible
by 3221 are the primes 89, 281, 491, 583, 541, 643, and 983. For
@ach of the primes P = 89 and P = 491, W = 69 is the smallest W
such that 8(P**W) is divisible by 3221. For each of the primes
P =28l and P = 503, W= 91 is the smallest W such that S{P**W)
is divisible by 3221. For each of the primes P » 647 and P = 983
W =19 1is the smallest such W. 1In each of these cases, BP**W is
greater than 18**58 and hence, by Prop. 5, P**W cannot be a fac-
tor of N. .

(2} on the other hand the primes P greater than 1800 for each
of which there exists a8 W less than 17 such that S(P**W) is di-
visible by 3221 and at the same time P**W is less than le**5p
are given in Table XXVII.

Powers W of P Such That

P{Mod 3221) S(P**W) Is Divisible By 3221
; (4) 11, 121, 1331, 1757 W(Mod 35) = {4
(B) 166, 476, 744, 1433, 1589, 2115 W{Mod 14) = 13
(C) 234, 2987 W({Mod 4) = 3
(D} 1186, 1712, 1788, 2477, 2745, 3055 W(Mod 7) = 6
(E} 1464, 1898, 3182 W(Mcd 18) = 9
(F) 3220 W(Mod 4} = 1

4 TABLE XXVII




Proof

3221%*X
2x3x3x179
3221%*Y

P
3221=%*Y
P
3221 **Y
P

3221 **Y
P
3221%%Y
P
3221 %%y
P

32214y
P

3221**Y
P

3221%*Y
P

3221 %%y
P

3221**Y
P
3221 %*Y
P
3221**Y

P
3221wy
P
322]1**Y
P
3221%*Y
P

Block 3221
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This block, labeled Block 3221, is used in Theorem 20 as well as in
Lemma 23.7.
that for some z (where z{mod 5) = 4), 11**Z||N.

In each sub-case where this block is used,it is assumed

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Some ©f the details of this block have been used in Lemma 2.

Possibilities And Reasons By Which They May Be Excluded

179%*3

10378063%*Y
3x769xP
10378063 **Y
3x769xP
1037B063%*Y
3Ix769xP
10378063%%4
11x33151xP
10378063**4
11x33151xp
10378063**4
11x33151xP
10378063%*4
11x33151xP
10378063%%4
11x33151xP "
10378063%>4
11x33151xP
10378063 %4
11x33151xP
10378063**4
11x33151xP
10378063%%4
11x33151xP
10378063**4
11x33151xP
10378063%*4
11x33151xP
10378063*%¢
29x113x127xP
10378063%*G

Proposition
46685826619**Y .N  Exceeds
Ix13x601x1321x1609x109537xP
46685826619%*4 N Exceeds
11x31xP
46685826619+%+B Proposition
33151 *%*y 366340651+%*2 68409301**X Proposition
3xP 3x3229x202519xP 2x13x43x43xP
3315]1%=Y 366340651%%2 68409301**Y Proposition
3xP 3x3229x202519xP 3x7x5095939xP
33151+%*y 366340651*+*2 68409301**4 Proposition
3xp 3x3229x202519xP 5x1lx61x13ixQ
33151#%*y 366340651**2 68409301**6 N Exceeds
Ixp 3x3229x202519xP 71x3137x1B23683x0(comp)
33151y 366340651%%2 68409301**C Proposition
IxP 3x3229x202519xP
33151 %*Y 36634065]1*n4q Proposition
IxpP 5xQ
33%51**Y 366340651*+D Proposition
xP
33151**4 31810898376456201755581**X Proposition
5xP 2x41x547xQ (composite) QHNPFLT 3m
33151x%4 3181089B8376456201755581**E N Exceeds
SxP
33151**¢ N Exceeds
43x127x371071xP
33151 **F ¥ Exceeds
P = 31B10898376456201755581
N Exceeds
Proposition

11

— .
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3221**% 1957658863931*%2 Proposition

5x11xP 3x7x13xP

3221 %42 1957658863931+ *%4 N Exceeds

Sx1lxp Sx41xQ QHNPFLT 1,000,900

3221%*3 19576500863931**H N Exceeds

5x11xP

3221*%¢ 92284351**2 N Exceeds
7x673x18333x248879xP 19x1833x56263x76988513

3221 %*6 92284351 **4 N Exceeds
Tx673x108333x248879xP 5%Q G is composite QHNPFLT lom

3221**§ 92284351**6 N Exceeds
7x673x10333x248879xP Tx379x342049xP

3221*%g 922043514+ N Exceeds
Tx673x18333x248879xP

3221**C c > 9 N Exceeds

Note: S(33151**6} = 43 x 127 x 371071 x Q where
Q-1 = 2 x 3#*2 x 7**2 x 85891 x 8727934883.

The entries in Table XXVIII may be used to show that @ is prime.

P Px Px**(g-1) [Mod @] Px**[ {(Q-1)/P] [Mod Q]
2 3 1 65503379 9688089346
3 3 1 439214629 9271714277
7 3 i 48330674 9420441813
45891 3 1 46663422 99158998353
8727934883 3 1 41328953 9457944450

TABLE XXVIII

Alsc, S(31818898376456281755581**1) = 2 x 41 x 547 x Q. To imply that Q

is composite, it is sufficient to make the following statement.

5**(0-1) [Mod Q] = 20002923 2883497748,

& di tn,wg - i o

gl

L

e

Bz



Theorem 20 The number

Proof

11**y
7x19
1l#=Z2
5x3221
11%*g
5x3221
11%4z
Sx3221
11*w2
5x3221
11%*2
5x3221
11%=7
5x3221
11%%g
S5x3221
11*+g

11**1g
1l%*12
11*%]16
11**]8
11*%22
11%=28
11**3p
11**36

1i**49

3**4 x 11

17¢

N that is less than M.

It ie sufficient to show that,

possibility leads to 2 contradiction.

except for the conclusion,

Possibilities And Reasons By Which They May Be Excluded

3221%*x
3221*%y
3221 %%z
3221%%6
3221**1p
Q
3221%*12

P
3221*+*p

Q

is composite and QHNPFLT

83x1231x27061x509221x140892193%x29866451

11+%42

Q
A1**p

Q

is composite and QHNPPFLT

100,000,000

200,090,000

cannot be a factor of an odd perfect number

any other

Proposition ¢

Block
Block
Block

- Block

Lemma

N Exceeds

3221
3221
3221
3221
2.1

M

Proposition &

Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
Lemma
N Exceeds
Propositic

N Exceeds

28,2
28.2
20.3
20.3
2¢.3
20.4
20.4
2¢.4
20.4

M
n 1

M

-
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Lemma 21.1 Suppose N is an odd perfect number less than M and that 13*%Z{|N.
Then for ne Y such that Y(Mod3) = 2 will 3**Y||N.

Block 4281671749

4281671749%%] Proposition 6 4281671749*%A N Exceeds M
2x5x5x5xP
4281671749%*2 Proposition 1
3x439xP
Proof It is sufficient to show that, except for the conclusion, any other

possibility leads to a contradiction.
Note S{13**4) = 30941 §(191**6) = 127 x 197 x 10627 x 183569

Possibilities &And Reasons By Which They May Be Excluded

30941%=x 191**y 1Ay 331*5y Theorem 19
2x3x3x3x3xP 7x13x13x31 3x331 Ix7x5233

30941%*y 191*%3 Proposition 8aA
2x3x3x3x3xP Sxllxl1871xP

30941 *%x 191**g 183569**2 127%»y Theorem 6
2x3x3x3Ix3IxP 13xP

30941x*Y 191*»g 183569*%2 127%wg Theorem [
2x3x3x3x3xP 13xp

30941%*x 191%**g 183569*%*2 127*%¢ Theorem 6
2x3x3x3x3xP 13xP

30941%*x 19]1**g 183569**2 127%*]10 Theoren 6
2%3x3x3x3xP 13xp

3094]1%*x 191%#%p 183569#%#2 127%*%]12 Proposition 1
2x3x3x3x3IxXP 13xp

30941**x 191+*g 183569+%¥%2 127+*16 Proposition 1
2x3x3x3x3xP 13xP

3094 ]1%*x 191*#*g 183569*%2 127+*]18 Proposition 1
2x3x3x3x3xP 13xPp :

30941%*y 1914+ 1B83569%%32 Py LLSY Theorem [
2x3x3x3x3xP 13xp

309414*x 191**¢ 18356G%*4 Glrwy N Exceeds M
2x3x3x3x3xP 61x761x51249241x477307001 3x13x97

30941%*x 191**¢ 183569*%¢ N Exceeds M
2x3x3x3x3xP 7x1163x34469x4689413xP

30941**y 191**4 183569**B Propgsition 5
2x3x3x3x3xP

30941**yx 191%*]1( 3%wg T57 0%y 1473 3%*Y 3798019**2 BK 4281671749
2x3x3x3x3xP Q 13xP 3x13xP Ix19xP 3x1123xP

30941ix*x 191#%%1( 3*4§ FEYAAD 14713%*y 3798019**¢ N Exceeds M

2x3x3x3x3xP Q lixp 3x13xP 3x19xP 11x1491571xP



3094]1**X
2x3x3x3x3xP
30941%*x
2x3x3x3x3xP
30941**x
2%x3x3x3x3xP
30941**x
2x3x3x3x3xP
30941%*y
2x3x3x3x3xP
3094]1%%x
2x3x3x3x3xP
30941*%)
2x3x3x3x3xP
30941**x
2x3x3x3x3xP
30941%*%
2x3x3x3x3xP
30941**x
2x3x3x3x3xP
30941**x
2x3x3x3x3xP
30941+%*y
2x3x3x3x3xP
30941%%Y}
2x3x3x3x3xP
30941**y
2x3x3x3x3xP
30941 %*x
2x3x3x3x3xP
30941*%xx
2x3x3x3x3xP
30941**Y
2x3x3x3x3xP
30941« *x
2x3x3x3x3xP
3094)**X
2X3x3x3x3xP
30941%*X
2x3x3x3Ix3IxP
30941wxy
2x3x3x3x3xP
30941**x
2x3x3x3x3xP
30941%%x
2x3%3x3x3xP
30941**x
2x3x3x3x3xP
30941*%*X
2x3x3x3x3xP

191**10
Q
191*+*10
Q
191**30
Q
191**]10
Q
191**}10
Q
191**]10
Q
191*+30
Q
191*#1¢
Q
191**10
Q
191*%10
Q
181*+%]10
Q
191%*10
Q
191**10
Q
191**10
Q
191*+]10
Q
191**]10
Q
191**]10
Q
191**]0
Q
191%**10
Q
191**10
Q
191*%*10
¢
191+%*12

178

3**g T57%*y 14713%*y 3798019%%C
13xP 3x13xP 3x19xP

3nxg T57**Y 147]13%%4

13xP 3x13xP 1774921xP

Inkg 757>y 14713%*g

13xp 3%13xP 7673x8387xP

3x»g 757>y 14713%%p

13xp 3x13xp

3xxg FEY ALY

13xp 11x181x2521x62081

3**g 757%%¢p 30629717273**E
13xP 7x87887xP

3exg 757**10

13xp 89x6654649xP
3y T57%*F

13xP

3*x]4g

11x11x13x4561

3**20

13x1093x368089

3*k34
13x109x433x757x8209
I*%32
13x23x3851x2413941289
3*k3g
13x13x313x6553x7333x797161
ki bt ¥
11x11x13x181x757x1621%x4561x927001
3%*5Q

13x1871x34511xP

3ux5g
13x1597x363889x%Q
3k*52

13x757x1093xQ

3**6§
13x47x1001523179xP
3%x74

11x11x13x4561x0

3%%8Q0

13x757x109x433x8209xQ

3xxg

Q is composite and QHNPFLT 187,549,891

131x1483x9049x82041x301627xP

191**1¢6

o]
191**3g
19xQ
191**G

lProposition

Proposition
Proposition

Proposition

= = = n

Proposition

N Exceeds

Proposition

EE I L I 4

Proposition
Theorem 20
Theorem 15
Block 757
Block 23
N Exceeds M
Theorem 20
N Exceeds M
N Exceeds M
Block 757
N Exceeds M
Theorem 20
Elock 757
Proposition 1
Block 757
Block 757

is composite and has no prime factor less than 126m

QHNPFLT 146,799,967

Biock 757

Propasition 5
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30941*2y 157#%x T9**Y Theorem 19
157x433x14083 2x79 Ix7x7xP

30941 %y 157%=x 79%*18 14083%*y Propasition 1
157x433x14083 2x79 3x4591xP

30941»*y 157#%x 79418 14083%%4 Proposition 1
157x433x14083 2x79 11x71xP

30941y 157%2) 79%+*13 14083#%»¢ Proposition 1
157x433x14083 2%79 P

3094 1**y 157%%x 79**18 14083**H Proposition 1
157x433x14083 2x79

30941*»y 157*#%3¢6 Block 14083
157x433x14083

30941%*%4 Proposition &

5x11xQ Q 1is composite and has no prime factor less than 5,381,991
30941%ng Theorem 19
7x0Q

30941+*10 N Exceeds M

23x4027xP

30941%3*T Proposition 5

For Lemma 21.1 we assumed that for some Y (Mod 3) = 2, 3*%*Y||N. For most cases
it is also assumed that for some X{Mod 4) = 1, 30941**X||[N. Fortunately, it
is true that S(30941%*]) = 2 x 3 x 3 2 3 x 3 x 191 which means that for Y=2

3**Y | |IN is false.

To imply that S(191**10) = Q@ = 649 5512737881 4706256961 is comﬁosite. it
is sufficient to state the fact that

5% (Q-1) [Mod Q] = 254 0631698054 0386537317.
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Lemma 21.2 Let N be an odd perfect number less than M and let 3*+*2|{N. No
one of the following can happen under these conditions.
13#%]0| [N (C) 13*#]12||R (D} 13%*16]||N

(A} 13**U[IN (B}

Block 264031 This block is used only in Lemma 21.2.

264031 %%y
3x19x29683xP
264031x*Y
3x19x29683xP
264031 %*Y
3x19x29683xP
264031 **Y
3x19x29683xP
26403 *»Y
3x19x29683xP

Proof

Note

13%xy
13%=p
13%+*y
13*+*p
13x»*y
13**1Q
13%%10
13**10
13%*]10
13*%j0
13%%19

indicated otherwise,

tradicts N being less than M.

41203%*Y 29784709*% X PAH 264031%*Y
3x19xp 2x5x1399xP 3x19x29683xP
4§1203%*Y 297B4709%*Y 264031 %*Y
3x19xP 3x967xP 3x19x29683xP
41203%*Y 297B4709**4TH19 264031**Y
3x19xP 11x31xQ 3x19x29683xP
41203%*y 29784709*#¢ 264031 %>y -
Ixioxp 4327xp Ix19x29683xP
41203%*Y 29784709%*p 26403)1%*Y
3x19xP Ix19x29683xP
264031**C

It is sufficient to show that, except for

possibility leads

to a contradiction.

S(l3**6) = 5229043 S(13**10) = 23 x

Except where possibly

each subcase is eliminated because it con-

41203%+Z Cor 19.1
31x0Q '
41203*%6 Theorem 19

7xQ Q is composite
41203**]10
Q(comp) QHENPFLT 10m
41203%%]12
18617xQ (composite)
41203*+*B Prop 5

the conclusion, any other

419 x 859 x 18041

Possibilities And Reasons By Which They May Be Excluded

5229043%+y
3x31x4051xP
5229043% %4
151x151841xP
5229043*%4
151x151841xP
5229043+%%§

Tx29x239x0
5229043% %)

18041%+x
2x3x31x97
18041#%*y
7xP
18041nwn4
Sx26801xP
1B041%*4
5x26801xP
18041%*4
5x26801xP
18041**4
5x26801xP

32607907713428723311%*2

3xQ{composite
32607907713428723311*%+J

790579404481**X
2x7x68281x827023
7905794044B1%+2
3x13x32443xP
790579404481 %%4
Sx11xQ
790579404481**C

Corollary 19.1
N Exceeds M
} QHNPFLT 8,799,991
Proposition 5
Theorem 19
Proposition 5
Corcllary 19.1
Theorem 19
Proposition 7
N Exceeds M

Proposition BE

Proposition 5§

_‘
H
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13*#%]10 18041**g 9108709959749%*] Proposition 6
197x757x25384507xP 2x3x5x5x5x853x2559
13**]10 18041%%5 9108709959749%%2 N Exceeds M
197x757x25384507xP 277x236773x10723561x117967608271
132=]1Q 18041*%¢ 3108709959749**D Proposition 5
197x757x25384507xP
l3»=10 18041**E N Exceeds M
13%x]12 1803647#*y Corollary 19.1
53x264031xP 31x104940138847
13%%12 1803647%%4 264031 %*F Block 264031
532264031xP 41xQ Q is composite and QHNPFLT 24,000,000
13#%]12 1803647*%¢6 Block 264031
53x264031xP 8737x2064077xQ
132%]2 1803647**G Propesition 5
53x264031xP
13*%]16 15798461357509%**] . Proposition 6
103x443xP 2x5x13x73xP
13*%16 15798461357509%+%2 Block 103
103x443xP IxPp
13*%16 15798461357509**H Proposition 5§
103x443xp

Note: S(5229043**4) = 3151 x 151841 x 3260790771 3428723311
Let Q = 3260790771 3428723311. Q-1 = 2 x 3 x 5 x 223 x 397 x 731363 x P

To show that ¢ is a prime number, we use the entries in Table XXIX.

rLn e

- e GO

-

P Px Px**(Q-1) {Mod Q] Px**[{Q-1)/P] {Mod Q]
2 3 1 3260790771 3428723310
3 7 1 1770345601 4612370715
5 3 1 1254552033 9179449263
223 3 1 241635239 3215747241
397 3 1 2526279978 6529964260
731363 3 1 1243031563 9525332143
| 16787009 3 1 1902214868 9162164436
TABLE XXIX
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Lemma 21.3 Let N be an odd perfect number less than M and let 3**2|{N. Then
no one of the following is then true. '

(&) 13**18]| N (B) 13*222||N (C) 13**28]||N
(D) 13**30||N (E) 13»#*3¢||N {(F) 13**42||N

Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

—

Note ©S(13**28) = 1973 x 2843 x 3539 x P

Possibilities And Reasons By Which They May Be Excluded l
13#413g 121826690864620509223%%2 Theorem 19
P . 3x7x0 I
13**18 121826690864620509223%*p Proposition 5
P
13%%22 2519545342349331183143*%%*2 Theorem 19
1381xP 7x13x127%199x0 I
13#%22 2519545342349331183143*+B Proposition 5
1381xP
13%*28 2B43%4y 9283%%y 22567**Y 169764019*%+Y N Exceeds M
13x67xP 3x19x67x22567 axp 3x13x19x421xP 7
13**28 2843%*y 9283%*y 22567**Y 169764019*+a N Exceeds M
13x67xP 3x19x67x22567 axp : I
13%%28 2843%*yY 9283rry 22567%% 4 61lr*X Corollary 19.1
13x67xP Ix19x67x22567 61x17442001xP 2x31
13*%28 2843%+y 9283%¥y 22567%%4 flr*y N Exceeds M
13x67xP 3x19x67x22567 61x17442001xP Ix13x97 I
13++2§ 2B43**y 9283%ey 22567%*B N Exceeds M
13x67xP 3x19x67x22567
13%x428 2843wy 9263%%yg 51357261982]) %+ Proposition 1
13x67xP 14461xP 2x3x233x1549xP
13%%28 2B43%*y 9283*%4 513572619821%»2 Theorem 19 l
13x67xP 14461xP 7xQ QHNPFLT 3,000,000
13%*28 2843%%y 9283%%4 513572619821 %%( N Exceeds M #
13x67xP 14461xP
13*%28 2843*+y 92B83*%¢g Theorem i9 .
13x67xP 7x239x%Q
13**28 2843%*y 9283%*p R  Exceeds M
13x67xP
13*+%28 284 3% %y 5941109264891 %%2 N Exceeds M
11xP B017x96259x109363xP E
13x%28 2?;3**4 5941109264891 **E Proposition &
xP
13*+28 2843%%p Theorem 1%
7%x16927x210421x21185895697 . |
13%%28 2843%*%]Q N Exceeds M
T27x1607xQ QHNPFLT 13,374,901
1
1
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13+#28 2843u4p N Exceeds M
13*%30 8170509011431363408568156369%+*] Proposition 1
311x1117xP 2x3x5x61x199x1511x158371x162091xP
13*%30 8170509011431363408568156369+**G Proposition &
311x1117xP
13*»36 1481wy Proposition 1
1481x0Q 2x3x13x19
13*#%36 1481 #*Y Theorem 19
1481x0Q TxP
i3#%=36 1481l%*4 962816607761 %*1 5810531**2N Exceeds M
1481xQ S5xP 2x3x27617xP 4705387x7175239
13**36 1481*%4 962816607761%*] 5810531**4N Exceeds M
1481xQ SxP 2x3x27617xP 5x0 (comp) QHNPFLT 25m
13w*3p 1481*%4 962816607761**} 5810531*+*HN Exceeds M
1481xQ 5xP 2x3x27617xP
13x#36 148lenyg . 962816607761%*2 N Exceeds M
l481xQ 5xP 3403441x10815733xP
lix*3p 1481l*=%4 962816607761%+L N Exceeds M
1481xQ 5xP .
13**3¢6 1481**%p N Exceeds M
1481xQ 953x2087x265007xP
13#%#%3¢ 1481%+%10 N Exceeds M
1481xQ 23x397x80917xP
4 13%*3§ 1481 *+*J N Exceeds M
I 1481xQ Q is composite and Q has no prime factor less than 200,000,000
13##42 119627%%2 Theorem 19
119627xP 7x7x1567xP
i- 13a%42 119627*%*K N Exceeds M
E 119627xP
Note: §S(13*%22) = 1381 x 25 1954534234 9331183143
li 25 1954534234 9331183142 = 2 x 23 x 42899 x 2197469 x 581024467
S#*[(Q-1) /2] [Mod Q) 25 1954534234 9331183142
== [(0~-1) /23] (Mod Q] 13

21 0129408142 4060774634
14 3359246199 6935994632
24 7339221807 1058502151

3**[(0-1) /42899] [Mod Q]
3**[(Q~1)/2197469] [Mod Q]
I**[(Q-1) /581024467] [Mod Q)

. —

.
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Lemma 21.4 Let N be an odd perfect number less than M. Then not both of the
of the following can happen simultaneously.

(A} 13%#*Yl[|N (B) 61l**Y2[|N
where ¥i{Mod 3) = Y¥Y2(Mod 3) = 2
Block 567661

S567661*%*X 283831 %2y Theorem 19 567661%%2 12373#*%2 Theorenm 19
2xPp 3x7x30427xP 3x71xP .

567661**X 283831 *%%4 Prop 6 567661*%*2 12373**4 Corol 19.1
2xP 5x631x2111x0Q 11x31x8831xP

567661%*X 283B31%*§ N Exceeds M 567661%*2 12373%*B N Exceeds M
2xp 1009x2801xP

567661%*X 283831%*xp N Exceeds M 5676617**4 N Exceeds M
2xp 5x41x211x271x10271xP

567661%*2 12373%%} Prop 11 567661*%( N Exceeds M

3x13x67x9967x12373

Note S(13**2) = 3 x 61, S(6i**2) = 3 x 13 x 97

Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

97enx Theorem 1%
2x7x7
UNAED 4 3169%*)X

Proposition 11
3xPp 2x5x317

gIx*y 3169%ry 3348577**X 1674289**Y 934415109937**2 N Exceeds M
3xP IxP 2xP 3xP 3x61x79x127x226903xP

9744y 3169%*y 3348577%%x 1674289**Y 934415109937**A N Exceeds M
IxPp 3xP 2xP 3xP

97xwy 31692y 3348577%*X 1674289*+E N Exceeds M
Ixp xp 2xP

97 kY 3169%»y 3348577%*2 3737657091169%%] Proposition 6
3ixP Ixp Ixp 2x5x443x4437149)9

97rry 3169**Y 3348577%%2 3737657091169*%2 Block 43
3xP Ixp ixp 3x43x0 (comp) QHNPFLT 1,000,000

g7%ky 3169*+*Y 3348577++2 3737657091169**B Proposition &
axp IxP 3xp

GTr&y 3169%+y 3348577%%4 86524531%*2 Theorem 19
xp Ixp 86524531xP Ix7xQ

97 *sy 3le9wn+ry 3348577**4 B6524531*%4 Proposition 8A
IxP Ixp 86524531xP




+3
ki
l!

g7eey
IxP
g7%ay
3xP
gImry
IxP
97k xy
IxP
gTa*Y
xP
gery
3xP
§97axy
3xP
g7axy
IxP
g7usy
3xP
gQ7%ry
3xP
GFeey
3xP
g7eny
3xp
g7w*y
xp
g7kay
3xPp
97**Y
IxP
97**y
3xp
g7eryY
ixP
g7rky
xP
QTRAY
11x31xP
97*nG
43x967xP
97e %G
43x967xP
97nrg
43x967xP
97*2g
43x967xP
Er AT
43x967xP
97*%g
43x967xP

185
3169**Y 3348577*%4 B6524531**F N Exceeds M
3xP 86524531xP
3169%*Y 3348577*%p Theorem 138
3Ixp Tx281x2129xQ QRNPFLT 1,000,000
3169%*Y 3348577%%G Proposition 5
IxP
3169%n4 1653850268201 **1 Proposition 11
61xP 2x3x11x19%19x59x577x2039
3169%*4 1653850268201*%2 78049**X Proposition 7
51xP 78049xQ 2x5x5x7x223
3169*%4 1653850268201**2 78049**2 N Exceeds M
61xP 78049xQ 3x97xP
3l69+*4 1653850268201%%2 7B049**{ N Exceeds M
61xP 78049x0 11x23981xP
3169%*j3 1653850268201**2 78049%*H N Exceeds M
61xP 78049xQ {com) QHNPFLT 10,200,001
31l69**4 1653850268201*+ N Exceeds M
61zP
3169%%g Tlx*y 5113%*X 2557 % %Y Proposition 6
71x491x8429xP 5113 2x2557 3x7x13x13x19x%x97
3169*%*p F1#*%12 N Exceeds M
T1x491x8429xP Q
3169%*g 71%*18 N Exceeds M
7T1lx491x8429xP Q
3169%*10 Block 23
11x23x0 QHNPFLT 13,000,000 Q is composite
3169%*12 53%xY} Proposition 1
S3xQ 2x3x3x3
3l69w*]2 53%%3 Theoren 4
53xQ 7x409
3169%#%]12 53nn4 N Exceeds M
53xQ 11x131x5581
3169%*12 53%%J N Exceeds M

53x0 Q is composite and QHNPFLT 10,000,000

3169*%*K

20241187**Y 1890771811**2

3x72229xP 3x2017x6829x152407x567661

20241187%*Y 1890771811**¢
Ix72229xP
202411874 *Y
3x72229xP
20241187+%%4
31xQ
20241187*%*6
7x0
20241187**R

5xQ
1890771811**L

Proposition 5
Corollary 19.1
Block 567661
Proposition 6
Proposition S
Coreollary 19.1
Theorem 19

Proposition 35
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97%*10 N Exceeds M
B89xP

97x%]2 8224356155341457#%*] Proposition 11
S3x79x20359xP 2x3x11x293x6301x67496441

97ex]l2 8224356155341457*45 N Exceeds M
53x79x20359xP

g7e*16 N Exceeds M

P

97*%18 21433%*} 1531#*y N Exceeds M

21433x0 2x7xPp 3x19xP

97*%18 21433%+% 1531+%%4 Proposition 9

21433x0 2x7xP 5x691xP

97%*18 21433%4% 1531*%¢ N Exceeds M

21433x0 2x7xP 29x631x9247939x76148717

g7*%18 21433%=2x 1531#%*7 N Exceeds M

21433x0 2x7xP

97%%]18 21433%ny N Exceeds M

21433xQ 3xl3x37x241xP

97%%}g 21433%%4 N Exceeds M

21433x0 11x1051xP

97%%13 21433%*5 N Exceeds M

21433xQ 357421xP

97**18 21433%=Q N Exceeds M

21433xQ Q is composite and Q has no prime factor less than 100,000,000

97*%22 N Exceeds M

47x10021699xQ Q has no prime factor less than 30,000,000

97% =g Proposition S
Lemma 21.5

Let N be an odd perfect number less than M and let 3**Y||N. It
follows that the following is not true.

13#%40} |N
We observe that S5(13%**40) has no prime factor less than 100 million
Other than 3 and 13 it is a reldtively easy matter to eliminate
cases involving small primes to small powers. Otherwise, it would

be necessary for N to have several other factors thereby making N
greater than M contradicting our hypothesis.

LN
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Theorem 21

Proof

13nayx
13nsy
13»»y
13»%g
13*2Q
13%%10
13*#12
13*%16
13**18
132%22
13#»28
13*#30
13#**3¢
1349
13*%42

13*#n
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Let N be an odd perfect number less than M. Then it is not

that 3%**Y]||N.

true

It is sufficient to show that, except for the conclusion, any other

possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

Theorem 19

6lewx Corollary 19.1
6lery i Lemma 21.4
Lemma 21.1

where U(M0Od 7) = 6 Lemma 21.2
° Lemma 21.2

Lemma 21.2

Lemma 21.3

Lemma 21.3

) Lemma 21.3

Lemma 21.3

Lemma 21.3

Lemma 21.3

Lemma 21.5

Lemma 21.3

Proposition 5
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Let N be an odd perfect number less than M.
that 3**10]|N if at the same time

Note 5{3**10) = 23 x 3851

Block 2573621

2573621 %%y

3673xP
2573621++Y

3673xP
2573621%*Y

3673xP

1803301831**2 TH19
Ix7x31xQ
1803301831#%*4 PRBE
5xQ
1803301831%=p PR 5

Block 2937190033

2937190033%%2

Ixp

2937190033*%*2
3xP
2937190033**2

Proof

1141081#%*x
2x337xP
1141081*+x
2x337xP
114108]1*+*X
2x337xP
1141081%*%
2x337xP
1141081=*x
2x337xP
1141081%*X
2x337xP
1141081**x
2x337xP
ll141081%%}%
2x337xP
1141081%*x
2x337xP
1141081**X
2x337xP

156941**2 337405951+%%2 N> M
73xP 3x14173x40423xP

156941%%2 3374(05951%*4 DPREE
73xP S5x11x41x211xQ

156941*%*2 337405851**A PR 5

3B51**Y| |N.

2573621*%+4
5x0Q

2573621 %+*§
7x0

2573621*+B

5(3851**2) = 13 x 1141081

2837190033%%2 ]156941*%*4

5xQ

Then it is not true

PRSE

TH19
PR 5

PR6

2937190033%%2 156941*%B NO>M
3xp

2937180033%*C

N>M

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

1693*%»y A48T *y
3x13x151xP
1693%*y 487w %3
Ax13x151xP 1lxllx181xP
1693% %y 487%%§
3x213x151xP 29x156941xP
1693n*y 487*%10
3x13x151xP 23x23x1336039xP
1693%*y 487**12 157**]¢6
3x13x151xP 53x157x29723279xP
1693%#Y 487**1¢6
3x13x)51xP 1123x51307xP
1693**y 4BT*4F
3x13x151xP
1693%=%7 10012471081%+*2
821xP 3x7xP
1693%%32 10012471081**4
821xP 5xP
1693*%#2 10012471081%2;
821xP

Theorem
Block 257
BK 29371%
Block

N Exceeds
N Exceeds
N Exceeds
Theorem

N Exceeds

Propositio

19
3621
0033

23

M
M
M
19
M
n 5

.-‘ n m ". “ -\

..m.m“ﬁ
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1141081*#X 1693**g
2x337xP 43x337x7673x37171xP

1141081%*x 1693%%¢
2x337xP 43x337x7673x37171xP

1141081%*y - 1693**¢
2x337xP 43x337x7673x37171xP

114108]1**x 1693%*§
2x%337xP 43x337x7673x37171xP

1141081 %*y 1693%*]10
2x337xP 89xp

1141081**x 1693%*]12
2x337xP 154571xQ Q

1141081#**x 1693%*]
2Xx337xP

1141081**Y

3x7x7x53233x166393

1141081%%4

Sx31x31x41x101x331xQ

1141081*%¢

P
1141081**3

Note: 5(2937190033**2) = 3 x

is composite and

189

570073]1%*y
43x13933x542423547
5700731**4

S5x11x811xQ (comp)

5700731*%6
7x211xQ
5700731**H

Block 54243547
Proposition 8E
QHNPFLT 1,000,000
Theorem 19
Proposition &5
Block 23

N Exceeds M

QHNPFLT 90,000,000

Proposition 5
Theorem 19
Corollary 19.2
Block 23

Proposition 5

3 x 287569509 7630577041 where

Q - 1 = 2*%%§ x 5 x 37 x 499 x 643 x 2606717257,

We can use the entries in Table XXX

to show that Q is prime.

P Px Px**{Q-1) [Mod Q] Px**[{Q-1) /P] [Mod Q]

2 11 1 287569509 7630577040

S 7 1 210714756 9473173663

37 3 1 12258392 6983073295

499 3 1 207160002 0579886185

643 3 1 177957421 4213924188
2606717257 3 1 230707144 2956400554

TABLE XXX
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Lemma 22.2 Let N be an odd petfect number less than M. Then it is not true
that 3**10||(N.
Note S5(3**]0) = 23 x 3851
Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.
Possibilities And Reasons By Which They May Be Excluded
3B51**y Lemma 22,1
3851%¥y 19218301*%*x 2289401%*y Proposition 7
5x2289401xP 2x211x45541 7x37xP
385]1%*3 19218301%+*x 2289401%*4 Proposition BE
5x2289401xP 2x211x45541 5x11x0
3851*%%32 19218301**x 2289401%*¢ N Exceeds M
5x2289401xP 2x211x45541 29x631x701x() QHNEFLT 10,000,000 Q is composite
3851+%*Z 1821830]1%*x 2289401**a Proposition 5
5x2289401xpP 28211x45541
3851*»z 19218301%*y Proposition 7
5x2289401xP 3x7x103x303619xP
385]1*%g 19218301**4 Proposition 8E
5x2289401xP 5x11x9281ixp
3851%2g 19218301**¢ N Exceeds M
5x2289401xP Q Q is composite and QHNPFLT 10,000,000
3851+%+z2 19218301**B ) Proposition 5
5x2289401xP
385]1**¢ Theorem 19
7x29x1373x1777973x6583580711
3851%*10 Block 23
11xQ 0 is composite and QHNPFLT 59,499,901
3851*%]12 84449%+] Propesition 11
131x84449xP 2x3x5x5xP
385]**]12 84449%+2 Coreollary 19.1
131x84449xpP 31x67x193xp
3851*%12 84449%4C N Exceeds M
131x84449xp
3851**D

Proposition 5§

T
i

-
.1
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Lemma 22.3 If N is an odd perfect number less than M, then none of the fol-
lowing is true.

{A) I**12||N (B) 3**16]|N

Block 2049790620979

2049790620979**2pProp 1 2049790620979%* N Exceeds M
3x249811xP

Block 1871

1871*+*y Theorem 1% 1871**10 Block 23
Tx157xp 11x23x67xB9x18488779xP

1871%*g Prop 6 1871#%*]12 ; N Exceeds M
5x71x151xP 53x10453x442807xQ Q is comp 95m
1871*#%g ¥ N Exceeds M 1871%%3 Prop 5

911xp

Proof It is sufficient to show that, except for the conclusion, any other

possibility leads to a contradiction.

Note S(797161**2) = 3 x 61 x 151 x 22996651

Possibilities And Reasons By Which They May Be Excluded

3**12 797161*wx Block 3gasel
P 2xPp

3**]12 T9T71l61**Y glu*x
P 3x61x151xP 2x31

Corollary 19.1

3**12  T9TLEL1**Y E1**Y 22096651**Y 4099581241957*%]
P 3x61x151xP 3x13x97 3x43xP 2x2049790620979
3*%12  TITL6L**Y gl**Y 22996651%*Y 4099581241957%%2
P 3x61x151xpP 3x13x97 3x43xP 3x31x7417xQ
3e*12  TITLEL**Y GlAnY 22996651**Y 4099581241957%wp

P 3x61x151xP 3x13x97 3x43xP
3*%12  T9T161**Y Gl*rY 22996651%*4
P 3x61x151xP 3x13x97 5xQ
3*%12 T9T161*4Y Gl**y 22996651**6
P Ix61x151xP 3Ix13x97 4159xQ{composite) QHNPFLT
3**]12 T9T7161%*Y Gl*dY 22995651%*p
P 3x61x151xP 3x13x97
3*%12  T97161%*4 169299992707751%%2
P 5x2671x178601xP 13x31x5209xQ
3%*)2 T797161l%**4 169299992707751**C
P 5x2671x178601xP
3**12 797161%*g
P Tx547x78919x959957x0

See Block
Corollary 19.1
QHNPFLT 1,000,000
Proposition §
Proposition €
N Exceeds M
10,000,000
Proposition 5
Corollary 3.1
Proposition 5

Theocrem 19
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3*#12  797161%**D ' Proposition 5 E
P 0 .

kLAY 3451} %y 4822039* ¢y 331%%y Corollary 19.2 .

1871xP 13x19xp 3x331xP 3x7x5233

3*%16 34511*+Y 4822039%+%4 Block 1871 :

1871xp 13x19xP 1230941x15965351xP I

3**]16 34511+%*y 4822039%+¢ Block 1871

1871xp 13x19xPp 281x121661xQ Q is composite and QHNPFLT 10,000,000

3**1g 345]131#%»y 4822039*%*g Proposition 5 -

1871xp 13xl9xp ;

3++16 34511%%¢ Corollary 3.1 |

1871xP 5xIlx31x71x131x89451727381

Il 345]11*%*g Theorem 19

1871xP 7x197xQ Q is composite -

KL ADY ] 34511**310 N Exceeds M

1871xP 0 Q is composite and QHNPFLT 13,374,501

3x*1g 34511**p Proposition 5

1871xP

Note: (A) S(1871**6) = 911 x Q = 911 x 4711471 0726125407
Q-1=2 x 7 x 13 x 25887 2036956733

S**[(Q-1}/2] [Mod Q] - 4711471 0726125406
3**[{Q-1)/7] [Mod Q] * 1871
3**[(Q-1)/13] [Mod Q] = 1234879 4575472346

3**[{Q-1)/258872036956733] [Mod Q] =420B189 9192055858

(B) Q1 = 25887 2036956733 and Q1
3**[(Q1-1)/2] [Mod Q1]
3**[(Q1-1)/31] [Mod Q1)
3**[(Q1-1} /978689] [Mod Q1]
3**[(Ql-1)/P] [Mod Q1]

1 = 2#%%3 x 31 x 987689 x P
25887 2036956732

1473 7222683932

25071 1376993168

9808 0953452044

1
N
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Lemma 22.4 If N is an odd perfect number less than M, then none of the fol-
lowing is true.

_—

{A) 3**18| IN (B) 3**22||N {C) 3**28]|N

Block 852460459981

852460489981*%*2 Prop 7 852460489981 %*p Prop 5

i 3x7x13x13x26701xQ QHNPFLT 1,000,000

;I 852460489981+ %4 cor 9.1

: ; 5x31xQ

Block 77230798373051
i 77230798373051%*2 N Exceeds M 77230798373051**3 Prop 5
. 3001x638767xP

[] Proof It is sufficient to show that, except for the conclusion, any other

possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

I*x1g 363889%*X 36389*ny 926659**Y 1599181**Y See Block
1597xP 2x5xP 1429xP 3x178987xP 3x852460489981
3**18 363889%+*X 36389y 926659**y 1599181**A N Exceeds M
1597xP 2x5xp 1429xP 3x178987xpP
l 3**]18 363889*%*) 36389**Y 926659%%4 See Block
1597xP 2x5xp 1429xP 41x701x332191x77230798373051
I**1g  363889%*X 36389%*y 926659446 N Exceeds M
1597xPp 2x5xP 1429xp 2549x15107xP
3**13 363889%*X 36389**y 926659%wL Proposition 5
1597xP 2x52P 1429xP
3 3*%18 363889%*) 36380%%4 10091**2 Proposition 7
E 1597xP 2x5xp 701x881x3911x10091x71941 7x13x109xP
3**18 363889**) 36389%#%4 10091%**4 Proposition &E
1 1597xP 2x5xP . 701x881x3911x10091x71941 S5x11x2711xQ
E 3%%]18 3638B9%*X 36389%*%y§ 16091**6 N Exceeds M
1597xP 2x5x2P 701x881x3911x10091x71941 p
3**]18 363889%*x 36389%%4 10091**C N Exceeds M
" 1597xP 2x5xP 701x881x3911x10091x71941
3**)18  363889%%X 36389**6 Proposition &
N 1597xP 2x5xP 29x43x71x659xQ
I**13 363889%*Y 36389*%%10 Proposition 8E
1597xp 2x5xP 11xQ

.

B oo
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M

5
M
5
1
5
M
5

19
5
19

19
0

M
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3*4]18  363889%+X 36389*%%p Proposition
1597xPp 2x5xP
3%**]18 363889%*Y 215143%*Y 15428908531**Y Corollary 19.1
1597xP 3x193x1063xP 3x31xQ
3%**]18 363889%*Y 215143 >y 15428908531%*4 N Exceeds
1597xP 3x193x1063xP 5xllxP
3**18  363889%*Y 215143**y 15428908531**E Proposition
1597xP 3x193x1063xP
3**18 363889%*Yy 215143*%4 4750445693592883451#%%2 N Exceeds
1597xP 3x193x1063xP llx41xP 67x751xP
3**1B 363889%*Y 215143*%4 4750445693592883451**p Proposition
1597xP 3x19371063xP 11lx41xp
3*%18 263B889**Y 215143%%¢ Proposition
1597xP 3x19371063xP 45767x0 Q@ is composite and QHNPFLT 10,000,000
3**18 363889%*Yy 215143**G ) Proposition
1597xP 3x19371063xP
3**]18 363889%%4 15782029270873877411%+*2 N Exceeds
1597xp 11x101lxP 751xQ QHNPFLT 2,799,997
3**18 363889%*4 15782029270873877411**8 Proposition
1597xPp 11x101xP
3*%]18 363889%*p Theorem
1597xP Tx0
3*%18 3638B9%*] Proposition
1597xP
3**22 1001523179**Y 61lx*xx 3Ly 331**Y Theorem
47xP 61xP 2x31 3x331 3Ix7x5233
3*%232 1001523179*%*y 6l%*y 16443420968455561**1 Proposition
47xP 61xP 3x13x97 2x227x5505377x6578839
3*%22 1001523179+%*Y Blwry 16443420968455561**2 N Exceeds
47xP 61xP Ix13x87 3x3373x120103xP
3*w22 1001523179**Y Gl*¥y 16443420968455561**3 Proposition
47xP 61xP 3x13x97
3r%32 1001523179**4 181%%x Theorem
47xP 181xQ 2x7x13
3x*32 1001523179+%*4 1g1**y Block
47xpP 181xQ 3x79x139
I**22 1001523179%*4 18]1%%4 Proposition
47xP 181xQ 5x11xQ
3re22 1001523179%+%4 181%+*g N Exceeds
47xP 181xQ 29x281xP
3*%22 1001523179%%4 181**R N Exceeds
47xP 181xQ Q 1is composite and QHNPFLT 25,000,001
3*%22 1001523179%*K Proposition
47xP
3*%28 20381027*%*Y Theorem
59x28537xP 7x67x19687x44%88319
3*x28 203B1027**4 28537%%) Theorem
59x28537xP P 2x19x751
3%+28 20381027*%4 285317**y 52783%%y N Exceeds
S9x28537xP P 3x37x139xP 3x13x613xP

TR BN EE Bl
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N Exceeds

N Exceeds

2 X 2 X o x

.- xceeds M

ceeds M

Proposition 5

N Exceeds M

10,000,000
sition 5

185
3*%28 20381027**4 28537%%y 52783%%4
59x28537xP P 3x37x139xPp 11x11x41x393871x3972475951
3**28 20381027%*4 28537*%%y 52783**6 71l**Y Proposition
59x28537xP P Ix37x139xP 71xQ
3x¥28 20381027%*4 28537*+y 52783**6 71**12 N Exceeds
59x28537xP P 3x37x139xP 71xQ
3*k28 20381027%%4 28537%%y 52783*%%¢ 71**18 N Exceeds
59x28537xP P 3x37x139xP 71xQ QHNPFLT 10,000,000
J**28 20381027**4 28537 %%y 52783*%5
53x28537xP P 3x37x139xpP
3*n2g 20381027%*4 28537*%4
59x28537xP P 11xP
A**28 20381027*%%4 28537%#%¢
59x28537xP P 412651xP
3%%28 20381027+%3 28537%*%1(0 N Ex
59x28537xP P 67x43627x511457xQ (comp) QHNPPLT 10,000,000
kL] 20381027*%4 28537%*T
59x28537xp P
3xw2g 20381027*%¢
59x28537xP 43x463x3557x351023x837313xQ Q is composite and QHNPFLT
3%%28 203B1027%*L, Propo
59x28537xP

Note: If Q = 1578202927 0873877411, then

-1 =

The entries in table

P

2

5

7

37

281

-3951
401936329

2 x5 x 7 x 37 x 281 x 53951 x 401936329.

XXXI.
Px Px**(Q-1) {Mod Q]
7 1
3 1
3 1
3 1
3 1
3 1
3 1
TABLE XXXI

may be used to show that

Q is prim

Px**[(Q-1;/P] [Mod Q]

1578202927

1552489750
1207160200
1148621200
229823288
805392846

0873877411

363889
6897364697
3417471555
4687582706
3700509585
2376044502

e,



Lemma 22.5

102673%*y
2x11x13x35
102673*%Y
3x7x7x67x
102673%%4
431x0

Proof

3*%30
683x102673xP
3%%30
683x102673xP
3*%30
683x102673xP
3**30
683x102673xP
3**36 17
13097927xP 19
3**36 17
13097927xP 19
3**36 17
13097927xp 19
3**36 17
13057927xP 19
3%*36 17
13097927xP 19
3%*36 17
1309792%7xP 19
3**36 17
13097927xP 19
3**3g 17
13097927xP
3**36 17
13097927xP
ELA T Yil 86
83x2526913xP

196

Let N be an 0dd perfect number less than M. Then, none of the
following is true. -

() 3**30]|N (B) 3*%36||N {C} 3**40]In (D} 3**42||{N
Block 102673

Prop 11 102673**¢ N Exceeds M
9 197x421x88523xP

Theorem 19 102673%*p Prop 5
P

N Exceeds M
Q has no prime factor less than 69,100,001 ~and is composite

It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded

4404047 %*Y Theorem 19
7x823x3366713137

4404047**4 Block 102673

131x211x461x2770771xP

4404047 %*5 N Exceeds M

29x29xQ Q is composite and QHKPFLT 10,000,000

4404047%%2 ) N Exceeds M
189128703%*2 13097927**y 782191%*2 Theorem 19
x43x10760647xP 19x139x83047xP 3x7x211x2437xP
189128703%*2 13097827%*y 782191**4 Proposition 8A
x43x10760647xP 19x139x83047xP S5x11x881xQ
189128703%*2 13097927* %y 782191%%¢g N Exceeds M
x43x10760647xP 19x139x83047xP 43x2689%6217x1973567xQ QHNPFLT 10m
189128703**2 13097927%*y 782191*%+B N Exceeds M
x43x10760647xP 19x139xB3047xP
189128703%*2 13097927%+%4 Proposition 1
x43x10760647xP 23388lxP !
189128703**2 13097927%%¢ N Exceeds M
x43x10760647xP 431x239x0Q(composite) QHNPFLT 2,000,000
189128703*%+2 13097927**C Proposition 5
x43x10760647x33608357287
189128703%*4 N Exceeds M
151x4801xP
189128703 %D Proposition 5
950696619**2 25269]13%%Y Proposition 11

P 2x13x17x5717




m

.

e -

1¢7

3xx4Q 86950696619%*%2 2526913**y Theorem 1%
83x2526913xP P Ix7x967x1033xP

kLAt 11 B6950696619%*2 2526913**4 N EXceeds M
83x2526913xp P 11x101x211x358811xP

3*n4Q 86950696619**2 2526913%%§ N Exceeds M
83x2526913xp P 197x659x2423x156577xQ (comp} QHNPFLT 10,000,000

3x%4q B6S50696619%*2 2526913*¥%E Proposition 5
83x2526913xP P

J*x40 B6950696619%%4 Corollary 19.1

31x271x1091x34421xQ Qg is composite

3x%40 86950696619 *%*F Proposition 5§

3%#42 380808546861411923**2 Thecrem 19

431xp Tx19x79x13477xQ

2;;4% 380B0B546861411923%*G Proposition §

x

Note: S5(102673*%§) =

197 x 421 x 88523 x 1 5956487468 0157418893,

If Q9 = 1 5956487468 0157418893, then Q - 1 = 2#%%2 x 3*%%2 x 7 x 13787 x P.

The entries in Table

P Px

2
3

3
15787
40108566994583

Wiv w o

XXXII are provided to show that ¢ is prime.

Px**(Q-1) [Mod Q] Px**[(Q-1)/P] [Mod Q]

1 5956487468 0157418892
1 3752642479 3423605205
1 1112838614 8097215041
1 1205478280 4281903145

6311517122 4123106897

ot o ot et

TABLE XXXII
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Lemma 22.6 Let N be an odd perfect number less than M. Then, none of the
following is true.

(&)

3*%461 I8 (B) 3*%52]|N (<)

3*%60] N (D) 3*%66]| N

Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.
Possibilities And Reasons By Which They May Be Excluded
3x*46 96656723%%2 Theorem 19
1223x21997x5112661xP 7x31x157xP
3x*46 96656723%%4 N Exceeds M
1223x21997x5112661xP 11xQ Q is composite QHNPFLT 10,000,001
3nt4p 96656723%4p N Exceeds M
1223x21997x5112661xP
3x*52 3747607031112307667%*2 Corollary 19.1
107x24169xP 31xQ
J*a52 3747607031112307667**B Proposition 5
107x24169xP
3**60 105293313660391861035901%*]) 603901 **y Theorem 19
603901xP 2x13x13x67x25117x85909xP 3x7x17366524843
3%%60 105293313660391861035901+**] 603901**4 Proposition 6
603901xP 2x13x13x67x25117x85909xP 5xQ
3*%60 105293313660391861035901**] 603901**¢ N Exceeds M
603901xP 2x13x13x67x25117x85909x%xP 127x66977xP
3%%gQ 105293313660391861035901**1 603901*+C Proposition 5
603901xP 2x13x13x67x25117x85909xP
kA d-11] 105293313660391861035901**2 Theorem 19
603901xP IxTx2551xQ
3**60 105293313660391861035901%*D Proposition 5
603901xP
3*%E6 221101**x Propesition 11
221101xQ 2x7x17x929
3%*66 221101**y 440413273%+%x Theorem 1l¢
221101xQ 3x37xP 2x7x7x19%x236527
3**66 221101%*y 440413273%*Y 22441727580121**1 N Exceeds M
221101xQ 3x37xP 3x43x67xP 2xP
3*%55 221101**y 440413273**Y 22441727580121**E N Exceeds M
221101x0 3x37xP 3x43x67xP
LT T 221101**y 440413273**F N Exceeds M
221101xQ Ix37xP
3*%56 221101%*%4 N Exceeds M
221101xQ 5x1601x21122911%14133498791
3xkgE 221101%*¢ : Proposition 1
221101x0Q Q Q is composite and QHENPFLT 7,000,000
3**g6 2211Q1%*g Proposition 5
221101x0 Q 1is composite and QHNPFLT 30,000,000

=5

——
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Lemma 22.7 Let N be an odd perfect number less than M. Then, none of the
fellowing is true.
(A) 3**72]IN (B) 3**§2{|N {C) 3**g8||N (D} 3*%9&]| [N
Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.
Note S{3**72) = 11243x20149xQ 5(3**82) 167x12119xQ
! Possibilities And Reasons By Which They May Be Excluded
Ix*q2 20149**X Propositcion 8E
2x5x5x13x31
3xx72 20149#%2 128767%%2 Theorem i9
3x10S51xP 3x7x631xP
3*x72 20149w%*2 128767**a N Exceeds M
3x1051xP :
3xx72 20149%*3 N Exceeds M
11243x20149xQ Q is composite QHNPFLT 1,000,000,000
Jexg2 12119#%*2 Theorem 19
Tx13x43xP
3x+g2 12119%%4 N Exceeds M
5701x16001x236485661
3%*82 12119%*C N Exceeds M
167x12119x0Q Q is composite QHNPFLT 560,250,001
3»*gg 179%%Y Theorem 19
179xQ 7x4603
3**gg 179#%%4 N Eiceeds M
179x0 1lxP
3*%3§ 179%*%¢ N Exceeds M
179xQ 71xP
3*+388 179%**p N Exceeds M
179xQ Q is composite QHENPFLT 106,000,000
Ix*94 7663102y Theorem 19
76631xQ 720
3xx94 76631**E N - Exceeds M
76631x0 Q@ is composite QHNPFLT 106,000,060



Lemma 22.8
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If N is an odd perfect number less than M, then 3**58|(N is not
true.

Proof
In the proof of this lemma, we need only show that under our hypo-
thesis together with the fact that S({3**58) has no prime factor
less than 190,000,000,000, it follows that no one of the following
primes can be a factor of N.
5 7 11 13 19 23 31 41 43 47 59 61
Case ] The prime 5 cannot divide N.

The following sub-cases are exhaustive.

Possibilities And Reasons By Which They May Be Excluded

(A) 5%*X (for some P**Z, 5/S(P*%Z)) Theorem 0
{(B) 5%y Corollary 3.1
(C) 5*=%p Proposition B8E
(D) S*kp Block 5

Case 2 The prime 7 cannot divide R by Theorem 1§.
Case 3 .The prime 11 cannot divide N by Theorem 20.

Case 4 The prime 13 cannot divide N.

(A) 13%*#Xx Theorem 19
{B) 13**Y Glexx Corollary 19.1
(C) 13=*y Glery . Lemma 21.4
(D) 13%**2 30941**X See Block 191 N Exceeds M
(E) 13**Z 30941**A See Lemma 21.1 N Exceeds M
{(F) 13%*Q Lemma 21.2
(G} 13**10 Lenmnma 21.2
(B) 13%%]2 Lemma 21.2
(I) 1l3**]1¢ Lemma 21.2
{J) 1l3+*1§g Lemma 21.3
(K} 13%+%22 Lemma 21.3
(L) 13%*R N Exceeds M

Case 5 None of the primes 19, 23, 31, etc. can divide N.
{The details for this case are included elsewhere hereip.)

Disallowing the primes 5, 7, 11, 13, 19, 23, etc., the number N
must have at least 17 factors besides 3 and those of the number
§(3**58) ., Each, except possibly one, must occur to an even power in
the prime factorization of N. This leads to contradiction.

o
i

i -
L=



ey

201 .

Theorem 22 Let N be an odd perfect number less than M. Then, it is not true

that 3 divides N.

Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.
Possibilities And Reasons By Which They May Be Excluded
Inry Theorem 21
3h*Z Theorem 20
dxsg Theorem 15
3**& Lemma 22.2
JEay Lemma 22,3
3*xlg Lemma 22.3
3%*1g Lemma 22.4
Ina22 Lemma 22.4
3**28 Lemma 22.4
3*x*30 Lemma 22.5
3*%36 Lemma 22.5
I*x40 Lemma 22.5
Inng2 Lemma 22.5
Axngg Lemma 22.6
J=x52 Lemma 22.6
358 Lemma 22.8
Q Q is composite and Q has no prime factor less than 10,000,000,000
3*%60 Lemma 22.6
I**pé d Lemma 22.6
3*;70 3754733257489862401973357973128773**p N Exceeds M



I*xT2
11243%x20
3*%78
432853009xQ
3478
432853009xQ
3%%78
432853009xQ
3*%78
432853009xQ
3awg
167x12119xQ
Arxgy
179x0 Q
J*%9¢
76631xQ
3**100
33034273xQ
Ixk]02
P
Jt*E

202
149x0 CHNPFLT 1,000,000,000 Q is composite

432853009%*] 1169873#%*2
2x5x37x1169873 13x0

432B53009%*] 1169873%+B
2x5x37x1169873

432853009%%2

3x3259x53959xP

432853009 **C

Q is composite
QHNPFLT 560,250,001 @ is composite
is composite
Q is composite

5 Q is composite
6957596529882152968992225251835887181478451547013%+D

Lemma 22.7

Proposition
N Exceeds
N Exceeds

N  Exceeds

6
M
M
M

Lemma 22.7

Lemma 22.7

Lemma 22.7

Lemma 22.7

N Exceeds

Proposition

5

S N B

: :

- N
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Lemma 23.1 The number S5%%4 x 11 x 71 cannot be a factor of an odd perfect

v fiam] e | Ty

number N that is less than M.
Proof Suppose to the contrary, that N is an odd perfect number less
than M and that 5#%*4 x 11 x 71 is a factor of N. Then by our
Lemma 4.7, either all of the conditions in (A) are satisfied to-
gether or one of (B) and (C) 1is true,
(A) T1**Y | |N 5113%*X]|N 2557**Y| |N
(B) T1%*12| N {C) 71**18| |N
It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.
Possibilities And Reasons By Which They May Be Excluded
(A) Tlrwy S5113**x 2557 %Y Proposition 8B
5113 2x2557 3x7x13x13x19x97
(B) 71**12 Note S(71**12} HNPFLT 200,000,000
11**Y Theorem 19
7x19
11#=*3 Block 3221
5x3221
1y 45319+ %Y Proposition 8E
43xP 3x127xP
1l1l#=y 45319%*4 Block 151
43xP 151xP
1l+#g £§5319*%%¢ : Theorem 19
43xP 7x953x4327x7841x108866969xP
11*#Q 45319%*10 N Exceeds M
43xP 23x38677x0 Q is composite and QHNPFLT 10,000,000
11#**y 45319%%} Propesition 5
43xP
11**10 1806113##4x Theorem 22
15797xP 2x3x17xP
11**10 1806113*»Y 171686630257*%]1 Proposition 11
15797xP 19xP 2x13x7727xP
11**10 1806113#**Y 1716866302574*2 Proposition 7
15797xP 19xPp 3x7x19x34267xP
11**10 1806113 %wY 171686630257**B N Exceeds M
15797xP 19xp
11#*10 1806113*%4 N Exceeds M
15797xp 4051xQ Q is composite and QHNPFLT 10,000,000
11#*]0 1806113n=C N Exceeds M
15797xp
11#%12 3158528101%*] 1579264051**2 Theorem 22
1093xP ) 2xP 3x19xQ
11#%#12 3158528101**] 1579264051**D N Exceeds M
1093xP 2xP
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11**12 3158528101*%+2 Theorem 22
1093xP 3xp
11#%%12 3158528101++E N Exceeds M
1093xP
11%*)§ 50544702849929377%%] Proposition 1
P 2x23x4591xP
11l**]1¢ S05447028499293774*F N Exceeds M
P
11»*18 6115909044841454629%%] Corollary 3.1
P 2x5x31xQ
11++38 6115909044841454629%*2 Theorem 22
P 3xQ
11**]18 6115909044841454629%*G Proposition 5
P
11*%22 3740221981231*%2 Theorem 22
B29x28878847xP 3x73x283x487x811x1692283x337708039
11%%22 37402219812314*p Proposition S
B29x28878847xP
11##%28 303309617049998388989376043*%*B Proposition 5
523xP
11**30 2428541%*x Propesition 11
2x3**5x19%263 .
11*%*30 242854]1%=*2 24472256503%%2 Theorem 19
241xP Ix7x139x46147xP
11#**30 2428541%%2 24472256503*%%4 Corollary 19.1
241xP 31x0
11**3p 2428541**2 24472256503 %*) Proposition &
241xpP
11%*30 2428541%+4 Proposition 6
Sxllx61x71x151xQ .
11%%30 2428541**¢ N Exceeds M
29**2xQ0 © is composite and QHNPFLT 5,199,979
11#**3Q0 2428541%+*p Proposition &
2428541x0Q Q is composite and QHNPFLT 100,000,000
11**3¢ 36855109+%*] 3685511%*2 N  Exceeds M
2591x36855109x0 2%x5xP Tx61lxP
11%%3¢ 36B855100%+] 3685511*+4 N Exceeds M
2591x36855109x0Q 2x5xP 5x11x13721xP
11%+3§ 36855100%%] 3685511+*C N Exceeds M
2591x36855109x0 2x5xP
11*%3¢6 36855109%+*2 Proposition 7
2591x36855109x0 Ix7xQ
i1l**36 36855109**p N Exceeds M
2591x36B55109%x136151713xP :
(C) Ti*x=*1g See (Case(B) above Note HNPFLT 972,312,233

ittt
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Lemma 23.2 If N is an odd perfect number less than M, then neither 5**U||N
nor 5**V||N,

Block 4159
4159%*Y C3.1 4159%%§ TH19
3x31x186037 Tx421x1471x1005677x1187371529

4159%*4 72992167468441*%]1 N> M 4159%%10 N> M
41xP 2x179x2239x9106241 11xQ QENPFLT 10,000,000

4159%%4 7299216748441#%%2 TH19 4159%+B PRS
41xP Ix7xP

4159*%4 7299216748441 %%p N> M
41xP

Proof It is sufficient to show that, except for the conclusion, any other

possibility leads to a contradiction. 2

Note S(5**6) = 19531, S(5**10) = 12207031

Pogssibilities And Reasons By Whicb They May Be Excluded

SkxQ 19531**Y where Y(Mod 3} = 2 Theorem 22
3x127159831
5*xQ 19531%~4 32009891%»2 Theorem 19
5x191x4760281xP 7x283x468913xP
5%xQ 19531%ng 32009891**%4 Corollary 3.1
5x191x4760281xP 5x31xQ
Sa* 19531%=4 32009891**a N Exceeds M
5x191x4760281xP
S5*%Q 19531**g Theorem 19
7x631xP
SkxQ 19531+**%10 §159**2 Corollary 3.1
23x23x4159xQ 3x31x186037
S*n( 19531**10 4159%*D Block 4159
23x23x4159xQ Q is composite and QENPFLT 12,375,001
Sy 19531%*E Propositicn 5
G4y 12207031%%2 Proposition 7
3x7x1041757x6811369
S5xay 12207031#%4 131**16 N Exceeds M
5x131xp
5wy 12207031%*6 37871%%2 1434250513*%Y N Exceeds M
37871xP P 2x23x31179359
Sxny 12207031%**¢ 378712»2 1434250513%+F N Exceeds M
37871xPp P
S*y 12207031*4%¢ 37871%**¢G N Exceeds M
37871xP
S**y 12207031**85 Proposition 5



Lemma 23.

Proof

Note

S*ew
Sy
S5k
S5%*y
S**y
5%y
5%
S5**W
Sy
S5**y
S**W
Sty
Sk*W
S**y
Sx*y
SE*W
S**y
S**y

S**y

206

3 If N is an odd perfect number less than M, then, no one of the
following is true.

(a) S**W| N

+ (B) 5*%**16}IN

where W(Mod 13) = 12 Let X

{C} 5**1B}{|N
(Mod &) = 1.

1t is sufficlent to show that, except for the conclusion, any other
poasibility leads to a centradiction.

S(5**12) = 305175781 S(5**16) = 409 x 466344409

Possibilities And Reasons By Which They May Be Excluded

305175781 **x
2x3499xP
305175781**X
2x3499xP
305175781**X
2%3499xP
3051757681%*X
2x%3499xP
305175781**)
2x3499xP
305175781%%X
2x3495xP
305175781**X
2x3499xP
305175781#%*X
2x3499xP
305175781 **X
2x3499xP
305175781**X
2x3499xP
305175781**X
2x3499xP
305175781*%2
Ix271x9283xP
305175781*%%4
5x11x3011xQ
305175781%*4
5x11x3011xQ
305175781**4
S5x11x3011xQ
305175781 +*4
S5x11x3011x0
305175781%%4
Sx11x3011xQ
305175781**4
5x11x3011xQ
305175781%*4

5x11x3011xQ (composite)

43609%rY
3xp
43609%*%4
11x11701x9967721xP
4360G%%¢
11x11701x9967721xP
43609%%4
11x11701x9967721xP
43609%*4§
11x11701x9967721xP
43609*25
17137x0Q
43609**5
17137xQ
43609*g
17137xQ
43609**¢
127137xQ Q is
43609**]10
67xP
43609%**E

where P = 123401
3011%#2
P
3011#%+2

P
3011%*2

P
3011**2

P
3011**4
5x31x41xP
301)1%%§

Theorem 22

2819051**2 Theorem 1%
7x151x7518497029

2819051*+4 Corollary 3.1
5x11lx3)1x61x941x0

2B19051**6 N Exceeds M

127%x197x281x1938B89xP

2819051 %A Proposition 5

N 3499%%2 Theorem 22

3493**4 N Exceeds M

3499%%§ N Exceeds M

43x71x113x211x137831x182958749
3499**]D N Exceeds M

composite and QHNPFLT 50,000,000
N Exceeds M

Proposition 5

Theorem 22
72617

20691332} N Exceeds M
2xP

9069133%*2 Proposition BE

3x37x199xP

906913344 N Exceeds M

331xQ Q is composite QHNPFLT Im
90691 33%*F N Exceeds M

Corollary 3.1

Theocrem 19

Tx29xQ QBNPFLT 2,000,000

3011%»G

N Exceeds M

Q0 has no prime factor less than 25,000,001

"ﬂ~ﬂﬂm“
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Sway 305175781**H

S**]g
409xP
Gaxklg
191x6271xp
5+%18
191x6271xP
5+%]18
191x6271xP
S**]18
191x6271xP
5%%]8
191x6271xP
5%%]g
191x6271xP
S5kn]§

191x6271xP
Sw#x1g

191x6271xp
Sk*18

3981071s*2
13x1219148483701
3981071*%2
13x1219148483701
3981071#%#*2
13x1219148483701
3581071#%%2
13x1219148483701
3981071**4
5x9341xP
3981071%%4
5x9341xP
3981071**¢
71x127xp
3981071%*g
11x127xP
3981071%+L

207

1219148483701*%X
2%31xP
1219148483701**2
3x61507xQ
1219148483701**4
5x11x32371xP

Proposition 5
Theorem 4
Corollary 3.1
Theoren 22

N Exceeds M

1219148483701**]

5378193516362980863601*+*1

2x13x127x1471xP

5378193516362980863601*J

6271%%2

3x43x304897

6271%*K

Note: §5(3981071%**4) = 5 x 9341 x P where P

P-1 =

Proposition
N Exceeds
N Exceeds
Theorem

N Exceeds

Proposition

is a prime number.

2%%2 x 3**) x S5%*2 x 17 x 29 x 1063831 x 2848487797.

11*#([ (P=1} /2] [Mod P}
Is#[(p-1) /3] [Mod P]
S*#%[(P-1}/5] [Mod P]
3#%[(P-1}) /17] [Mod Q)
I*x[(p~1)/29] [Mod P] '

3**[(P~-1)/1063831]
3**[(P~1) /2B48487797] {[Mod P)

TABLE XXXIII

[Mocd P}

53
2

18
51
17
32

7819351636
7897502592
6309570090
8719206988
6696613165
5020473527
8674432920

2980863600
34161506204
2098020911
9954304396
2198903115
0759498799
9467892268
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Lemma 23.4 If N is an odd perfect number less than M, then no one of the

following is true.
(A) DO5**22|IN (B) B5%#2B||N (L) 5%**30|]|N

Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.
Note §(5%*+%22) = 8971 x 332207361361 S(5%*%28) = 59x35671x22125996444329
Possibilities And Reasons By Which They May Be Excluded
5#%22 332207361361%*X 612928711%*2 Theorem 22
2x271xP 3xQ
S%*22 33220736136)1%*X 612928711*%*4 N Exceeds M
2x271xP 5x296741xP
5422 332207361361%*%X 612928711*+p Propogition 5
2x271xP
S5%%22 33220736)361%%2 Theorem 22
3x19x97x27751xP
S5%%22 332207361361%*4 Corollary 3.1
5x31x37441xQ
5%%22 332207361361*%E . . Proposition 5
S*%28 22125996444329%%) Theorem 22
2x3x3x3x3x3x5x21069x822599
5%%28 22125996444329%*2 Corollary 3.1
31x67xQ QANPFLT 50,000
5#%28 22125996444329*%*F Propesition 5
S5**30 625552508473588471**2 Thecrem 22
1861xP 3x13xQ
5**3Q0 62555250847358B8471**G Proposition 5
1861xP

-‘ “‘ -
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7767

N>

M

TH22

N>

N>

1 x 103

Theorenm
Corollary 3
Block 6
Theorem
Proposition
Theoren

N Exceeds
Theorem
Proposition
Theorem
Proposition
N Exceeds

N Exceeds

2 ¥ T =

22
.1
91
22

5

19
M

o

x =

Lemma 23.5 If N is an odd perfect number less than M, then not both of the
following can happen simultaneously.
5%%36| |N 149|N
Block 691
691%*Y TH22 691**10 59951**B
Ix19x8389 59951x133717x183041x455489x3718
691%wz 6l¥*y c3.1 691*+12 2861*#x
5x11x61xP 2x31 Q 2x3x3x3xP
691#%%z 6lery PREB 691%n]2 2861#%»y
5x11x61xP 3x13x97 Q 19xP
691**g 201261481**X PR 1 691%»]12 2861%%4
29x211x88523xP 2x1971x33871 Q 5x92941xP
691%%g 201261481%#*2 TH22 691%%12 2861#%%g
29x211x88523xP 3x97xQ Q P
691x*g 201261481%*4 N> M 691#%]2 2861**C
29x211x88523xP 5x11x11x48731x257921xF Q QHNPFLT 24,624,991
691%w%g 201261481**A N> M 6691 **D
29x211x88523xP
Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.
Note S({(149**1) = 2 x 3 x 5*#2 S5{145%**2) = 7 x 3
Possibilities And Reasons By Which They May Be Excluded
149**x
149#»yY
149%xZ
251x691x2861
149%=¢ 11016462577051%%2
P 3x13x61x14593xQ
149*#g 11016462577051%»p
3
149%%19 81042426245204504653**]
67xP 2xTx31x43xQ
149+%+10 81042426245204504653%+B
67xP :
149%%]12 120547934639675608922684101%+]1
P 2x11x19x59x311xP
149#*»]12 120547934639675608922684101**C
P
149*%*1¢ 59416196556663663338167408436938B801**1
P 2x23xQ QENPPLT 600,000
149**1% 594161965566636633381674084369388014+D
P
149*+]§
2053xP
149%222
47xP
149**E

Proposition

w
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22
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M
M
19

22

Lemma 23.6 If N 1is an odd perfect number less than M, then none of the fol-
lowing is true.
S5«*x40| {N 5+%42) |N
S**60| [N S*%56| IN 5**70] |N
Proof It is sufficient to show that, except for the conclusion, any other
possibility leads to a contradiction.
Possibilities And Reasons By Which They May Be Excluded
S**40 5079304643216687969**]1 Theorem
2238236241xP 2x3x5x0
S**4() 5079304643216687969%4%2 N Exceeds
2238236241xP 739x3301x9649x0 QHNPFLT 2,799,997
S5%%4Q 5079304643216687969%*p Proposition
2238236241xP
S**42 1644512641**) B447**2 N Exceeds
1644512641xP 2x311x313x8447 19xP
S5%%42 1644512641**) B447*%4 N Exceeds
1644512641xP 2x311x313x8447 1601xP
Swkq2 1644512641*%] B8447**B N Exceeds
1644512641xP 2x311x313x8447
S%%42 1644512641*%*2 Proposition
1644512641xP 3x7xQ
SeRgQ 1644512641*2C N Exceeds
1644512641xP
S**ED B419**2 Theorem
8419xQ 3x241xP :
St%60 B84]9%*4 701055701*+] Proposition
8419x0 11x101x6451xP 2x3x3x3x3083xP
5%%6( 8419%%4 701055701%*D N Exceeds
8419xQ 11x101x6451xP
S%%gQ B4lo*¥E N Exceeds
8419xQ QHNPFLT 104,000,000
S5%*66 1609**] Theorem
269%1609x26399x%0 2x5x7xP
S5rxgh 1609%*2 Theorem
269x1609x26399xQ 3xP
Se%56. 1609**F N Exceeds

269x1609x26399xQ0 Q is composite and QHNPFLT
70

Sew

569% %G

100,000,000

N Exceeds

M

M
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[m'E Lemma 23.7 If N is an odd perfect number less than M, then neither of the
following is true.

(A} 5**52||N (B) 5**5B|IN

ot B

Procof for (A)

Suppose, to the contrary, that N is an odd perfect number less
than M and that 5##%52||N. It follows that S({5**52) alsc di-
vides N. Since 5 1is relatively prime to S(5**52), the pro-
duct of 5**52 and S({5**52) divides N.

[

Case 1 The prime 3 divides N. Theorem 22 eliminates this.

Case 2 The prime 7 divides N. Theorem 19 eliminates this.

Case 3 The prime 11 dividea N. The following possibilities

l are exhaustive.
: Possibilities And Reasons By Which They May Be Excluded

' {A) 1l*#*y Theorem 19
(B} 11%#*g Block 3221
{C) 11**U 45319*%y Theorem 22
) {D)}) 1ll**y 45319%%4 Block 151
{E} 11%*( 45319%%p N Exceeds M
_ (F) 11l%*]10 1806113#%]1 Theorem 22
(G) 11**10 1806113%%2 171686630257+%»] Prop 11
(H) 11%=*10 18061134*2 171686630257**B N Exceeds M
{I) 1l#**1Q 1806113**C N Exceeds M
’ {(J) 1l#**12 3158528101**] 1579264051%*2 Theorem 22
(Ky 1l**]12 3158528101**]1 1579264051**D N Exceeds M
i3 (L) Ill%**)2 3158528101**E N Exceeds M
- (M) 11**]16 50544702849929377%*F N Exceeds M
. (M) 11l**18 6115909044841454629**] Cor 3.1
(O) 11l**18 6115909044841454629**G Prop 5
z (P) 11+*#22 3740221981231**4 N Exceeds M
) {Q) 11**28 303309617049998388989376043%*] Prop 5
(R) 1ll»»J N Exceeds M

Case 4& The prime 13 divides N. It is shown easily thaé this
case may be eliminated.

Case § {3 x 7x 11 x13 , N) = 1

In as much as 5(5**52) has no prime factor less than 5,986,343,641
and since for each prime factor P of B8(5%**52) and positive ex-
ponent E it follows that P**E/S(P**E) is greater than .999999,
then disallowing the primes 3, 7, 11 and 13, N must have at least
eleven prime factors besides 5 and the factors of S(5**52). This
gives rise to a contradiction, that of M exceeding N.

aon

Since the sum of the factors of S(5**58) has no prime factor less
than 9,870,399,691 then, by similarity of argument, we can show

easily that 5**58||N is not true.

o —
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Theorem 23 The prime 5 cannot be a factor of an odd perfect number N that
is less than M.
Proof It is sufficient to show that, except for the conclusion, any other

possibility leads to a contradiction.

Possibilities And Reasons By Which They May Be Excluded
Sx*X Theorem 22
S*xy Corollary 3.1 I
S5wwg Lemma 23.1
S5*xp Lemma 23.2 '
5%y Lemma 23.2
% vl 7 - Lemma 23.3 -
S%¥16 Lemma 23.3 l
5%%18 Lemma 23.3 s,
S*x22 Lemma ~ 23.4 I
5*+28 Lemma 23.4 :
5%%30 ' ' Lemma  23.4 E
5*%36 Lemma  23.5 '
5+%40 Lemma  23.6
5%%42 Lemma 23.6 l
5¢%4¢ 177635863940025046467781066894531++a Proposition 5 -
S5 . Lemma 23.7 I
5%*58 ' Lemma 23.7 .
5%*60 Lemma 23.6 l
L3 13 Lemma 23.6
5«%70 2 Lemma 23.6
S%*p Proposition 5




: any prime P and exponent E we have the following inequality.

B/(P+1) 3 {P**E) /{S(P**E) ) > (P=1) /P

Now, suppose to the contrary that N is an odd perfect number less than
M, yet contains no prime factor less than 8. Then, N contains

at leaat 27 distinct prime factors, each of which, except pessibly one
must appear to an even power in the prime factorization of N.

Within the proof of Theorem A, each of the following conditions helds.

:

(A) The following primes cannot appear to the second‘pQWer in the
prime factorization of N. .

11, 13, 1%, 23, 37, 43, 47, 53, 67, 7i, 13, 179,
97, 103, 107, 109, 127, 137, 139, 149, 151, 157, 163, 179,
181, 191, 193, 199, 211, 223, 229, 233, 241, 263, 271, 2717,
283, 307, 313, 317, 331, 337, 347, 349, 359, 367, 373, 379.

(B) The prime 1l cannot abpear to the fourth power in the prime fac-
torization of N.

(C} The following primes can appear to no power in the prime fac-
torization of N.

31, 61, 409.

The product of any cellecticn of even powers of 26 or more primes that
are not excluded by the above conditions is greater than 10**100.

Hence, if N 1is an odd perfect number less than M and contains no
prime factor less than 8, then N 1is also greater than M. This is
a contradiction.

S
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